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Sip) = p/03 p for p=0,7rp =L

Commron 1rn Many—-éoa’y physics and
information Theory: syster composed of
several saésysiems, r.e. A®AL® ..©A,,
Feindamental: relations beleoeen entropies
of The pdl‘Z‘S 41; =/°€®I4/ (é(p lo 27 54(5582‘5
ZcLrl)?

S(I) = S(Az) = S(p,) = S(7r,

VA 4[/7]\1 P >



SYGAR ( P)
S(AV+S(BY-S(AB) = O (SA)
S(ABY+S(BCY-S(ABCY-S(B) = O (SSH)

SSAH is e?a/\/a/eni Zo Che contractividy
of Che é/megd(/f relative entropy wnder
cply maps N:
7r p(/og p—-/03 o) =: D(pllo)

> D(M(p)IN(T))

CEY. Lieby, M.—-B. Cuskar, TMP 14:1935-1941, 197#37]



. Von Newrmann entropy

S(AY = O ( P)
S(AV+S(BY-S(AB) = O (SA)
S(ABY+S(BCY-S(ABCY-S(B) = O (SSH)

For n parties: disjoint swbsets I,T,KcL»1.

Furifying the state Co ntl parties, and
a.)lf/’[ 5(%41>=5(f4[,7+r_]\_[>, 382‘ farfﬁermore:

S(ANV-S(BY+S(AB
S(ACY+S(BCY-S(AY-S( B

(A=)

y = O
Y > O (LWMO)

CEY. Lied, M.-B. Cuskar, TMP 14:1935 1941, 19731



. Von Newrmann entropy

S(AY = O ( P)

S(AV+S(BY-S(AB) = O (SA)

S(ABY+S(BCYN-S(ABCY-S(B) = O (SSH)

S(ANV-S(BY+S(ABY = O (A<

S(ACY+S(BCN-S(AN-S(B) = O (LMO)
777858 oé\//oas/y hold also #or pa’ S

(classical case). In addidion:
S(ABY-S(AY = O (MO)
More generally #or separable states!

CM.A. Nielsen, T. Kempe, PEL §6(22):5184-5157F, 200I7]



. Von Newrmann entropy

S(AY = O ( P)

S(AYH+S(BYV-S(ABY = O (SA)
S(ABY+S(BCY-S(ABCY-S(BY = O (SSH)
SEA—SB+SAEY=20 A=)
e

777858 oé\//oas/y /70/0/ d/So £or p.a’.'s
(cl/assical case). In addidion:

S(ABY-S(AY = O (MO)
More generally #or separable states!

CM.A. Nielsen, T. Kempe, PEL §6(22):5184-5157F, 200I7]



2. The lacos of info Z‘/?@ory

Why are they all linear /ne?ad/fz‘/es?

7o ask £for the wuniversal constrarnts or

n-party entropies ...

wconsider Tthe set of all entropy vectors:

2,7 = $(S(I) : o2Ic[r]) £or sone
n-party system and states

Kestricted o classical states (p.d.s): I,
Kestricted o separable states: 1,*

CA. Pippenger, Spec. Prob. CCC, 1956 & TEEE-TT7 H49(4):##3-%89, 20037]



2. The lacos of info Z‘/?@ory

Fact: 7 he Zopological clostres of these

sets, 2,7, [,*, and N,”, are comnex cones.

Wence, they are intersections of closed
half-spaces; 1n other cords, Chey are
described Ay /Inear /ne?aa/fz‘/es.

(More 5enera//y: /Iomoseneoas Corvex
/ne?aa/ 1Zres.)



Proof SléefC/’l: For stales p onr 4[,;_] and ©
OoN E[n], consider C;-‘-%,@B; and pRCT on
Cr,; clearly, S(C=5(Ar)+S(B7), so
Shannon cone closed wunder addition,

non—-negaz‘/\/e /nz‘eger linear combinalion.

LN Pippenger, TEECE-TT H9(4HN:##3-739, 20037]



Proof SléefC/’l: For stales p onr 4[,;_] and ©
OoN E[n], consider C,-=4,-®E,~ and pRCT on
Cr,; clearly, S(C=5(Ar)+S(B7), so
Shannon cone closed wunder addition,

non—-neﬁdz‘/\/e /nz‘eger linear combinalion.

For state p on Ap,q and 0L p<l, feN, /et
w:=pp @/ 2<L1l+(1-p)|0><0Ile]/0><0] on
D,---#f"%a:z. Clearty, S(D1Y=pKS(Ar)+A2(2),
Chus can approximately scalar—r»ulliply
Ay A>=0 via £ and p-‘-}\/(’«l.

LN Pippenger, TEECE-TT H9(4HN:##3-739, 20037]



2. The lacos of info Z‘/?@ory

2, = polvhedral cone defined Ay ZA e
Shdnnon—-z‘ype /'ne?aa/fz‘ies

S(AY = O ( P)

S(AN+S(BY-S(ABY = O (SH)
S(ABY+S(BCY-S(ABCY-S(B) = O (SSH)
S(ANV-S(BY+S(ABY = O (A<
S(ACY+S(BCY-S(ANV-S(BY = O (LMO)




2. The lacos of info Z‘/?@ory

2, = polvhedral cone defined Ay ZA e
Shannon—-z‘ype /ne?ad/fz‘/es

S(AY = O ( P)

S(AYF+S(BY-S(ABY = O (SA)
S(ABY+S(BCYN-S(ABCY-S(B)Y = O (SSH)
S(ANV-S(BY+S(ABY = O (A<)
S(ACY+S(BCY-S(ANV-S(BY = O (LMO)

? c 2, Ay defTnition & knocon rescw/ts

k,y 5?4(4/ 2 IF SO, above wocutld
be all lawos of §IT7



2. The lacos of info Z‘/?@ory

2, = polvhedral cone defined Ay ZA e
Shdnnon—-z‘ype /'ne?aa/fz‘ies

S(AY = O ( P)

SEAA+SB~SL LB prdant

IZ(A:Cl1BY = 0 (S

\

5(C/4>+5€C/£> > 0 (LWMO)
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? c 2, Ay defTnition & knocon rescw/ts

\,y é‘?aa/ 7 IF SO, above coutld
be all laws of LT



2. The lacos of info Z‘/?@ory

2, = polvhedral cone defined Ay ZA e
Shannon-type /'ne?aa/fz‘/es

S(AY = O ( P)
TZ(A:CIBY = O (SSH)
S(CIA+S(CIBY = O (LMO)

Eouivalent To entropy cone of (ntl)-
party pure stales: The purity implies
S(AN=S(Ar 177 For all IcLrl, and
makes erither SSA or tWMO redeendant



2. The lacos of info Z‘/?@ory

[, := polvhedral/ cone defined Ay ZAe

Shannon-type /ne?aa/ 1Z1es
S(AY = O

S(AN+S(BY-S(ABY = O (SA)
S(ABY+S(BCY-S(ABCY-S(B) = O
S(ABY-S(A) = O




2. The lacos of info Z‘/?@o/‘y

[, := polvhedral/ cone defined Ay ZAhe
Shannon-2ype /nefad/iz‘/es
S(AY = O
S(AN+S(BY-S(AB) = O
S(ABY+S(BCYN-S(ABCY-S(B) = O (SSH)
S(ABYV-S(A) = O

L cn®ct, by definition & fnown reswlts

&v c'?aa/ 7 IF SO, above wocutld

be all lacws of (NI



2. The lacos of info Z‘/?@ory

[, := polvhedral/ cone defined Ay ZAe
Shannon-type /ne?aa/ /Zres

—|
N
N
*
N

T, 5}/ definition & knocon resw/ts

&v ffad/ 7 IF SO, above wocutld

be all lawws oFf (NIT7



2. The lacos of info Z‘/?@ory

[, := polvhedral/ cone defined Ay ZAe
Shannon-type /ne?aa/ /Zres

—|
N
N
*
N

T, 5}/ definition & knocon resw/ts

&v ffad/ 7 IF SO, above wocutld

be all lawws oFf (NIT7



2. The lacos of info Z‘/?@ory

For n<3, we have all he /°ne?aa/fz‘/'es,
botHh classrcally and ?aaniam/y:
Z?(L:'Zs’d/’?a/r?(:@:r}

Proof’ sketch (guantum case): Construct
extremal rays of 23, as 4-party cone
Ith The pure-stale constrarnts
S(AN=S(Aryn\T), Chen for each of Chert
find a stale Chal realises 1Z...

LKW, Yeeng, ZEEE-TT, 43(6):1924-1934, 199%;
N. P/ppenger, TEECE-TT7 H49(4):##3-7#89, 20037]



2. The lacos of info Z‘/?@ory

23*"23@/’20’?:@:5-

Proof’ sketch (guarntum case): Extremal
rays of 23y, wp To permutalions

of parties ABC| AB | AC | BC
| o folof ]
B

NN NS

L. Pippenger, TEECE-TT H9(HN:##3-739, 20037]



2. The lacos of info Z‘/?@ory

23*"23@/70/?"@:“-

Proof sketch (guantum case): Extremal
rays of 23y, wp To permutalions
of parties

|EPRPIAE|0O >C2 =D |=CD|=BD|=AD
— |l rjojojol ]t

e e— ]
rrzd R

C . Pippenger, TEECE-TT7 H49(4):##3-789, 200371




3. Neew classrical /nefad/fz‘/es

For fowur As, there are information
/ne?aa/fz‘/es not 1mplred Ay Zhe Shannon-
Zype /ne?aa/iz‘/es, re. T,5 ¢ I

Frrs? Ay Z/’/ang & Ye&(ng:

Z(C:D) = I(A:BY+I(C:DIAV+2I(C:DIB)
+Z(B:CIDY+I(B:DIC)

Furthermore, 2his ineguality is not a

(ZY)

prositive linear combinalion of Sharnor-—
Z‘ype /ne?ad//f/es.
LZ. Zhang, L. Yeeung, ZECE-TT H44(4):14490-1452, 19981



3. Neew classrical /nefad/fz‘/es

LatZler part 15 proved Ay r’fna’/ng a vectZor
satis#ying all Shannon <'s, sut not (ZY).

Z(C:DY = I(A:BY+I(C:DIAN+2I(C :DIB)

+Z(B:CIDV+I(B:DIC). (ZY)

Ine?é(d/fz‘y: A/ B s P(BCDN=P(B'CD), /e.
B'CD has the same distribution as BCD,
and T(AB:B'|CDY=0, j.e. AB-CD-B' /s a
Moarkov chain. 7hen wuse £nocon /ne?aa/fz‘fes...

LZ. Zhang, KL Yeeng, ZECE-TT H44(4):1440-1452, 19981



3. New classrcal /nefad/fz‘/es
Nex? Ay Doag/’lerz‘y, Fre//fnﬁ & Zeger:

Z(C:DY < I(A:BY+I(C:DIAV+3I(C:DIB)

+2Z(B:CIDY+3Z(B:DIC) (PF2)

7 Ais /ne?aa/fz‘y, Zoo, I1s notl a positive linear
combinalion of Shannon-type /ne?aa//f/es.

Proved Ay MOoOrE e/aéo/‘aZ‘e \'cOpy/nsh of »ﬂ/s
saé/'ecz‘ Zo conditional independence.

Both are part of an infinite fariily...

L& Doaﬁ/'}erz‘y, C. Fre//[ng, K. Zeﬁer, arXw:104.3602, 20I]



3. Neew classrical /'ne?aa//z‘/es

Mat iz, for any nalural number s:

Z(C:DY = I(A:BY+I(C:DIANV+ZET(C DI B)

M
+3’-I(E:C/D}+57""I(3-‘D/C> .

LF Matas, Proc. ZSZ7 2007, pp. H1-4471



3. Neew classrical /nefad/fz‘/es

Mat iz, for any nalural number s:

Z(C:DY = I(A:BY+I(C:DIANV+ZET(C DI B)

by M)
+17(B:CIDV+SH I(B:DIC)

7These are independent non-Shannon-2ype
/ne?aa//z‘fes, and 1rnfi nfz‘e/y many of Ther
are necessary o delinit r,* (/ast point
proved via a smoolh curve of entropy
veclors and its Tangent al one point).

LF Matas, Proc. ZSZ7 2007, pp. H1-4471



3. Neew classrical /ne?aa//'z‘/es

Digress jon: There are Infinitely many
informaion /ne?aa/fz‘fes, but e don't
bnoww all of Z2herr (wwe don't even frnoco i

countably or wuncountably many).

But they are all c./.o.q. ‘balanced”, r1eaning
Zhey are linear combinalions of rmutual
informalions, e?a/\/a/enf/y, Zhelr entropy
expression vanishes on p.d.s.

L7 Chan, TEECE-TT 49(12):3261-326F, 200371



Y Same £or von Newricnn?

Start with 24, which we analyse as 5-
party cone with The addidional petre-
statle constraints S(AN=S(Aprs7).

12 Aas F6 extremal rays, £alling into §
classes wnder permutalion of The
parties.

The First three look fariliar FForr n=3,
buwtd 2hen it 382‘5 progressfwz/y ceorlder ...

CN. Linden et al., unpublished, ca. 2004]



Y Same for von Newricnn?

Up To permulalion of The parties:

Ll ijolofjololififirfrfifrfololo
2ol el
sl ijififolzlzalzajijzj2ff2]i]r
Al
slzli]i]i]i]s]s|s|s|2]2]2]2]2]2
el 1| 1]2]2]2]2]3]3]3]|3|3]3]2]2][2
7
8.



Y. Same £or von Newriann?
#l, #2 and #3 are the same as For r»=3:
(100 >+111 >YBe 1000 >C2E,
(10000 2+l >\BC2g | O ><,
> 1i2Al 2814, 2C1i+2/ 2210 2¢ (+ mod 3).

1y =051, 2

#4 /s realised by a S-party G Z stale:
(100000 >+l >NABEDE,

#5 and #6, too, are realised by variouwus
stabilizer code states.. But #F and #87

CN. Linden et al., unpublished; N. Linden, A, CMP 259:129-138, 200571



Y Same for von Newricnn?

Note that #7 and #§, Ae/ng extrenal,
Aave Zo salurale several Shannon
/ne?aa/fz‘/es Yrels e?aa/fz‘y, among Therr
Z(A:BIDY=0, Z(A:C1BY=0, Z(B:CIlA)=0.

LN Linden, AL, CMP 259:129-138, 20057]



Y Same for von Newricnn?

Note that #7 and #§, Ae/ng extrenal,
Aave Zo salurale several Shannon
/ne?aa/fz‘fes Yrels e?aa/fz‘y, among Therr
Z(A:BIDY=0, Z(A:C1BY=0, Z(B:CIlA)=0.

Thr. I p salisfies these constraints,
Zhen 1T £ollows Z(C:DY = Z(C:AB).

But the latler 1s Ffalse on rays # & S, so

Zhere are no stZales rea//'sfns Z em.
LN Linden, AL, CMP 259:129-138, 20057]



Y Same for von Newricnn?

Thm. I p s I(A:BIDV=0, I(A:CI1B)=0,
Z(B:CIAN=0, 2hen I(C:DY = I(C:AB).

Proof rests on characlerisalion of
eouality in SSA 2 Hayden et al, CMP 246:359-374,
200471 CAal identifies a classical property
Z in D, which can be measured coidhoct
a’isz‘aréfng Zhe state, and swech CAhat
T(A:Bl2N\=0, /ifkecoise for A and B..

LN Linden, AL, CMP 259:129-138, 20057]



Thri. I p s I(A:BIDY=0, Z(A:ClB)=0,
Z(B:ClAN=0, Zhen Z(C:DY = Z(C:AB).

CN. Linden, AL, CMP 259:129-138, 200571
Irnfinite farily of such constrarned
tnformation /ne?aa/fffesh 1n LT Cadney, M.
Linden, Aw), TEEE-TT 58(6):365F-3663, 20127], Ay Z/ e
Same MeZ‘/’loa/o/ogy.



Thri. I p s I(A:BIDY=0, Z(A:ClB)=0,
Z(B:ClAN=0, Zhen Z(C:DY = Z(C:AB).

CN. Linden, AL, CMP 259:129-138, 200571
Irnfinite farily of such constrarned
tnformation /ne?aa//f/esh 1n LT Cadney, M.
Linden, Aw), TEEE-TT 58(6):365F-3663, 20127], Ay Z/ e
Same MeZ‘/’loa/o/ogy.

Unlife Zhang—\/eang, we are not able Zo

pass to unconstrained inegualities,
A@Caé(se Z(/[é’ “COPy /8”7/)7@“ /;5 é(/?d\/a/./dé/e




5. Interlude: Kenyi entropy

Consrder Che set of all «—Kényr entropy
vectlors, where Su(p) = ﬁ = 7r po:

2,07 = §(Su(I) : @#ZCLA]) for some
n-party system and states

CN. Linden, M. Mosonyi, At Proc. Loy Soc London A 469:2012%3%, 201371



5. Interlude: Kenyi entropy

Consrder Che set of all «—Kényr entropy
vectlors, where Su(p) = ﬁ = 7r po:

Zn,o(* L= {(SO((D : @#IQI:/?—.D for some
n-party system and states

Thm. For OLa<l, 2,4* = Rino'"

T hm. For ol cone(2,«™) = Rino'"

Needed, as Chere are non-

l1near cons?rarnts ...
CN. Linden, M. Mosonyi, At Proc. Loy Soc London A 469:2012%3%, 201371



5. Interlude: £enyi entropy

7T hus, there are no norntrivial /ne?ad//Z‘/es
for The a—Kényr entropy when O0<La<l, &
no nontrivial lrnear/comnvex /°ne?aa/fz‘/es
when ol

A «=l 15 Che von Newumann entropy,
where we have plenty of /ne?aa/fz‘/es,
but there /y//:g/'/z‘ be even more.. (?7)

CN. Linden, M. Mosonyi, At Proc. Loy Soc London A 469:2012%3%, 201371



5. Interlude: Kenyi entropy

Az a=0, So(p)=/og rank p, has rich structure

For Up Zo 3 pa/‘Z‘/é’S, found:

So(A)+5So(BY-So(AB
So(ABY+So(ACY-So( A
So( ABY+So( ACY+So( BCY-2So( A

vV IV IV IV
Q © © O

)
)
)
)

LT Cadney, M. Hewber, N. Linden, Aw), Lin. 4/3 App/. 452:153-1F1, 20147]



5. Interlude: Kenyi entropy

Az a=0, So(p)=/og rank p, has rich structure

For Up Zo 3 pa/‘Z‘/é’S, found:

So(AV+So( BY-So(AB
So(ABY+So(ACY-So( A
So( ABYHSo( ACY+Sn( BCY~2S o( A

vV IV IV IV
Q © © O

)
)
)
)

Copjecture: So( ABY+So(ACY-So(BCY = O.

LT Cadney, M. Hewber, N. Linden, Aw), Lin. 4/5 App/. 452:153-1F1, 20147]



6. Juo vadis guantum?

(2ZYY, (DFZ2Y and a fec others have beern
extensively checked nutmerically for
guantum states of relatively small loca/
dimensron (LX5), and rno violalion Found.



6. Juo vadis guantum?

(2ZYY, (DFZ2Y and a fec others have beern
extensively checked nutmerically for
guantum states of relatwely small local
dimensron (LX5), and rno violalion Found.

7778y also hold for pure 4 —‘pd/‘fy siaies, 17
fact Chey reduce to Shannon-type
inegualities (checked case by case).

Do Zhey hold in senera/ 7 Yo o prove 127



6. Juo vadis guantum?

Looking at the constructions £or n<4,
one 119/t 2Aink Chat extremal rays are
aleoays 3/\/817 Ay stabilizer states (of
switable dimension).

[D. Gross, M. Waller, TMP 54:08220I, 20I13;
N. Linden, F. MaZciz, M.-B. Cuskar, AL, Proc. $th 78C, 270-254, 201371



6. Juo vadis guantum?

Looking at the constructions £or n<4,
one 119/t 2Aink Chat extremal rays are
aleoays 3/\/617 Ay stabilizer states (of
switable dimension).
But Zhis 1s not Crue: in fact, stabilizer
states obey Che Ins/ez‘on /ne?ad/iz‘y:
Z(A:BY = Z(C:DY+ZI(A:BICN+I(A:BlD),
which Aowever 1s False Ffor Shannor and
von Newrann entropy in 38178/‘@/.

[D. Gross, M. Waller, TMP 54:08220I, 20I3;
N. Linden, F. MaZciz, M.-B. Cuskar, AL, Proc. §th 78C, 270-254, 201371



6. Juo vadis guantum?

On 2he other hand, stabilizer states of
n parties automatically obey all balanced
Informalion /ne?aa/fffes of the Shannon
entropy, and These are all e need Zo

Lorry déan‘.

[D. Gross, M. Walter, TMP 54:08220I, 20I13;
N. Linden, F. MaZciz, M.-B. Cuskar, AL, Proc. §th 78C, 270-254, 201371



6. Juo vadis guantum?

Juestion: Are all balanced /ne?aa//f/es of
Zhe Sharnnonr entropy also ?aanz‘am
enfropy /ne?aa//ifes?

LT, Cadney, N. Linden, A, TEEE-TT7 58(6):3657-3663, 20121



6. Juo vadis guantum?

SJuestion: Are all balanced inegualities of
Zhe Sharnnonr entropy also ?aanz‘am
entropy /ne?aa/fz‘/es.7

Only possible approach seems o be, for
sZate p onrn 4[,;_], Zo /oo,é For O, on B;,
swuch that peo® .00, on Cr,1=Ar, 18,1,
cwirth entropres S(C )= 5(41)4‘2 S5(0)), Aas
classical entropy vector.

LT, Cadney, N. Linden, A, TEEE-TT7 58(6):3657-3663, 20121



6. Juo vadis guantum?

Juestion: Are all balanced inegualities of
Zhe Shanrnon entropy also ?aanz‘am
enfropy /ne?aa/fz‘/es.7

What we knoeo 1s that for a stale p on
A=Ar,, Chere exist /s X, .nX, correlated
with A (re. a cg-state), such that
S(XAY = S(A7) +/‘EZI 2/03/4,-/.

Kind of classical... bud classical enowgh?

LT, Cadney, N. Linden, A, TEEE-TT7 58(6):3657-3663, 20121



6. Juo vadis guantum?

What we knoeo is 2hal #or a state p on
A=Ar,1, Chere exist /s X, ..,X, correlated
with A (l.e. a cg-state), such that
S(XzlA) = S(AZ) + 3 2eglAl

Kind of classical... bwd classical eno&(g/’[?

M, z n,* M,S/z;z‘ be « 3000’ SZ‘arZ‘/ng poInt

LT, Cadney, N. Linden, A, TEEE-TT7 58(6):3657-3663, 20121






