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Rényi divergence

@ Let p,g € R} and a > 0, Rényi divergence

logz pia

Da(pllq) =

e Data-processing inequality: D, (Mp|Mq) < D,(pl||q) for a channel M
Consequence of convexity/concavity of (a, b) —+ a*b* ™
concave for a € [0, 1] and convex for o > 1

e How to extend D, to positive semidefinite operators p,c > 0?7
Requirement: Data-processing inequality (DPI)
Optional: Retain properties of classical D,,
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Quantum Rényi divergences

Recall: D, (pllq) = =11 log Qu(plla)  with  Qu(pllg) = 0y pigl

o [Peiz, 1986] Petz: Qu(pllo) = tr (p®al=®)
DPI for a € [0, 2]
Uses: Hypothesis testing [MH, 2011]
o [MDSFT, WwY 2013] sandwiched: Qa(p||o) = tr ((alz_T”palz_Ta)a>

DPI for o € [3, 0]
Uses: Hypothesis testing [MO, 2014], Entropy accumulation [DFR, 2016]

o [Matsumoto, 2013] geometric: Qa(pl|c) = tr (0#ap)
DPI for a € [0, 2]
Uses: Channel capacity bounds [FF, 2019]

@ [Donald, 1986] measured: DM (pllo) = max = Do (M(p)||M(0))

measurement
DPI for a € [0, 9]
Uses: Recoverability bounds [BHOS, 2014]

This talk: there are morel
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The Rényi divergence as a convex program

For the rest of the talk oo > 1

Observation: Q. (p|lq) = mf {Z aj : ,-177 o > p; V/}

{(a,x,y) eR3 : x!=%aw >y} is a convex set
= Qa(pl|q) is jointly convex
= D, (pl||q) satisfies DPI
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The Rényi divergence as a convex program

For the rest of the talk oo > 1

Observation: Q. (p|lq) = mf {Z aj : ,-177 o > p; V/}

{(a,x,y) eR3 : x!=%aw >y} is a convex set
= Qa(pl|q) is jointly convex
= D, (pl||q) satisfies DPI

R . . . 11
Quantum generalization: Use matrix geometric mean in place of x!~ = a@

For A, B > 0, the 3-geometric mean is [Kubo-Ando]
A#5B = AV/? (A_1/2BA‘1/2)5 AL/2
For B €[0,1], {(A X, Y) € Pos(C")3: X#3A > Y} is a convex set

Q% (pllo) = inf{tr(A) : o#1/aA 2 p}
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The #-divergence

D (pllo) == log @7 (pllo) Q¥ (pllo) = inf {tr (A) : o#1/aA > p}

1
a—1
Convex optimization problem. Semidefinite program when « rational
Q7 (p||o) jointly convex in (p, o) = DPI

If p, o commute QF (pllo) = Qa(pllo)
D#(p|lo) > 0 with equality iff p= o
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The #-divergence

1 .
Df (pllo) := — log Qf(pllo) QT (pllo) = inf{tr(A) : o#1/aA > p}
e Convex optimization problem. Semidefinite program when « rational
e Q7(p||o) jointly convex in (p, o) = DPI
o If p,o commute Q7 (pllo) = Qu(p|o)

D#(p|lo) > 0 with equality iff p= o
Interesting properties:

@ Dual form useful for computing conditional entropies for quantum
correlations (NPA hierarchy)

QZ (pllo) = max {tr(Cp) + tr (Do)
s.t. non-commutative poly. constraints on C and D}

@ Chain rule and additivity properties for quantum channels
@ Regularizes to the sandwiched Rényi divergence
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Comparison with geometric 5a

We always have D¥(p|lo) < Da(pllo) = -1 logtr (o#ap)

a—1

tr (c#ap) = min{tr (A) : A> o#ap}
> min{tr (A) : o#1/0A > p}
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A~

Comparison with geometric D,

We always have D¥(p|lo) < Da(pllo) = -1 logtr (o#ap)

a—1

tr (c#ap) = min{tr (A) : A> o#ap}
Z min{tr (A) : O—#I/O‘A Z p} x® is not operator monotone

Inequality can be strict

= Q¥ (pllo)
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A~

Comparison with geometric D,

We always have D¥(p|lo) < Da(pllo) = -1 logtr (o#ap)

a—1

tr (c#ap) = min{tr (A) : A> o#ap}
Z min{tr (A) : O—#I/O‘A Z p} x® is not operator monotone

Inequality can be strict

= Q¥ (pllo)

Difference can be large:

o For pure p = [¢)¢],  Da(pllo) = log((¢|o"6)) = Dmax(p]o).
o Let p = |¢)¢| with |¢) = /|00)xy + 1 —¢[1ll)xy, and 0 = Ix @ py

=~ 1 0
Dalpllo) = {5 =70

0 0.05 0.1 0.15 0.2
3
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Comparison with sandwiched [N)a

Remark: D¥ is not additive under tensor product, but it is subadditive

D (p1 ® p2lloy ® 02) < D¥ (pallor) + D (p2l|o)

Regularization: lim —D#( 2n6®") = Dy (pllo)
n—oo N
Proof: Use measured divergence DM(pllo) = max Do (M(p)||M(c)) and I|m LpM(pllo) = Da(pllo)

Di(plle) < DE(pllo) < Dy(pllo) + —— loglspec(o)|.
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Dal(pllo)

7/11



Comparison with sandwiched [N)a

Remark: D¥ is not additive under tensor product, but it is subadditive

D (p1 ® p2lloy ® 02) < D¥ (pallor) + D (p2l|o)

- oAl =
Regularization: lim =D#(p®"|6c®") = Dau(p||o)
n—oo N
Proof: Use measured divergence DM(pllo) = max Do (M(p)||M(c)) and nim LpMpllo) = Da(pllo)

n

[e%

DY(plle) < DX(pllo) < Di(pllo)+

log |spec(c)].
a—1
® DF(M(p)| M(0)) < D (pllo) for all M. Thus DX (pllo) < D (pllo)
@ Key fact: if p < p’ then Dﬁ(pHa‘) < Dﬁ(p'“o‘) .
Assume o = Y, AP spectral decomposition. Consider pinching map
Po(X)= > PaXPy.
Aespec(o)
Using pinching inequality p < |spec(o)|Ps(p):
Q% (pllo) < Q% (Ispec(a)|Ps(p)llo)
= |spec(a)|* Q% (P (p)llo)
= [spec(0)|* Q% (P (p) P (a)) < [spec(a)|* Qu (pllo).

7/11



Extension to channels

Definition of divergence for channels: Nx/_y, Mx:/_,y completely positive
trace-preserving maps

DENIM) = sup  DF((Wiisy @ Txosx) () [ (M @ Txx)(p))
pED(X®X’)

1 1 1 1

3N B M s
= sup Df("'};{JXYO‘))Z(”w)Q(JXYw;()’
wxE'D(X)

K = Txox @ Nxoy ) (|9N®|xx) where [®)xx: = 3 |i)x @ |i)x:

Can be written as a convex optimization problem:

1 .
Df(NHM) — a_1 |0g {ATYIQO ||tI‘ y(Axy)Hoo s.t. J%/#l/any > J)/é/;/}
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Main properties

@ Sub-additive

D# (N1 @ Na || My @ M) < DF (N1[|My) + DF (Na|| Mo)

@ Regularization coincides with that of Ea:
1 1~ ~
inf - DFV27.M®") = sup 1 Da(N=" M) = BN M)

Remark: DI°S(N||M) > Do(N| M) in general
@ Chain rule:
DE(N(p)IM(0)) < DEWIM) + Di(pllo).

Application:
Channel discrimination, adaptive strategies do not help in some settings
See David Sutter’s talk on Thursday
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Application: computation of D™8(\/|| M)

5;eg('/\/'||/\/1) = limp_ 00 %5a(N®”||M®”) can be approximated efficiently

Forany n>1
D# ®n ®n - D# ®n ®n
a(NnHM ) e(a,d,n) S D(l;(:g(NHM) S a(NnHM )
where
(d,n) = 2% (&4 d)log(n+ d)
€ b ) - na _ 1 g

and d =dimXdmY and a > 1

As n — oo converging hierarchy of upper bound on D°8(A/|| M)
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Conclusion

@ Divergences defined in terms of a convex optimization program

@ Has complementary properties (chain rule, “nice” variational
formulation,...) and useful as a proof tool

@ Applications to Shannon theory arXiv:2007.12576
and bounding rates for device-independent cryptographic protocols
arXiv:2007.12575

Open questions:
e lim D¥?
a—1

@ Other divergences via optimization? a < 1?
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