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A probabilistic perspective to Uncertainty Quantification
1. Model not described by a single probability model (measure) P but

rather, due to uncertainties∗, by a set of probability measures:

Q = {Q “close” to some P}

2. Given a Quantity of Interest (QoI) f , can one find uncertainty
bounds/guarantees :

inf
Q∈Q

EQ [f ] ≤ EQ [f ] ≤ sup
Q∈Q

EQ [f ] all Q “close” to P

3. Desirable bounds: tight, computable, scalable, ??

—————–

∗Sources of uncertainty

- Uncertainties in parameters, P = Pθ and θ ≈ θ∗ where θ∗ may be due to
statistical estimation, sparse data, etc.

- The set Q may be determined by numerical approximations or
approximate inference, such as minimizing relative entropy.

- “Model-form” Uncertainty: “U on U”



Model Bias - Probability metrics

Uncertainty bounds 7→ Model Bias:

I+(f ,P; η) := max
Q∈Q

EQ f − EP f , I−(f ,P; η) = min
Q∈Q

EQ f − EP f

Example: Uncertainty in predictions1 as
function of a control parameter h.

(see optimization section)
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How to build Q = {Q “close” to P}?
I Need probability metrics/divergences to discriminate between two

probabilistic models P and Q:

d(P,Q) ≥ η or d(P,Q) ≤ η η : error tolerance

I What is a suitable metric?
1

K., Rey-Bellet, Wang, J. Comp. Phys., (2017)



Scalable UQ and Sensitivity Analysis

K: #	of	model	parameters	

N: #	of	degrees	of	freedom
thermodynamic	limits	 N	↑ ∞

T: time,	 long-time	integration	
steady	state,	T	↑ ∞

Necessary	Scaling Properties	for	
Uncertainty	Quantification	methods
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Test some probability metrics/divergences
I Kullback-Leibler Divergence (Relative Entropy) between P and Q :

R(P|Q) =

∫
log

dP

dQ
dP;

I Hellinger distance:

H(P,Q) = (

∫
(
√
dP −

√
dQ)2)1/2 = (

∫
(
√
p −√q)2dµ)1/2;

I 0 ≤ H2(P,Q) ≤ 2

I χ2 divergence:

χ2(P || Q) =

∫
(
dP

dQ
− 1)2dQ.

- Are they applicable for high-dimensional or long-time regimes ?
- Can we control in terms of d(PN ,QN), for N � 1

EPN [f ]− EQN [f ]

I First test product probabilities PN and QN where N � 1

PN(σ1, ..., σN) =
N∏
i=1

Pi (σi ) , QN(σ1, ..., σN) =
N∏
i=1

Qi (σi )

I QoIs for σ = (σ1, ..., σN): f (σ) = 1
N

∑N
i=1 g(σi ) , sample variance, ...



Some (poor) scaling properties

I Csiszar-Kullback-Pinsker: | EPN
(f )− EQN

(f ) |≤ ‖f ‖∞
√

2R(PN |QN)

Chain Rule for KL: R(PN |QN) = N × R(P|Q):

| EPN
(f )− EQN

(f ) | ≤
√
N‖f ‖∞

√
2R(P|Q)

I Hellinger: | EPN
[f ]− EQN

[f ] |≤|| f ||∞ H(PN || QN)

However, for P 6= Q

H2(PN || QN) = 2

(
1− (1−

H2(P || Q)

2
)N
)

N→∞→ 2

I Chapman Robbins: | EPN
(f )− EQN

(f ) |≤
√

VarPN
(f )
√
χ2(QN || PN)

- VarPN
(f ) = 1

N
VarP(g) and χ2(QN || PN) =

(
1 + χ2(Q || P)

)N − 1

- Then for P 6= Q: VarPN
(f )χ2(QN || PN)

N→∞→ ∞

1. ‖f ‖∞ can easily take large values, e.g. reaction networks;

2. When N � 1, the bounds either blow up or lose their selectivity.

1
K., Rey-Bellet, Wang, J. Comp. Phys., (2017)



Many parameters - why UQ/‘systems tasks’ scale poorly?

I Example: System of N ODEs

ẏ = f (y ; θ) , y(0) = y0 ∈ RN

• Goal: Perform SA on the model parameters θ ∈ RK .

I Define sensitivity indices:

sk =
∂y

∂θk
I A new system of ODEs is derived and augmented to the previous:

ṡk =
∂f

∂y
sk +

∂f

∂θk
, k = 1, ...,K

• need to solve K × N additional equations.
• Long-time integration necessary: engineering operating regimes are

(usually) at steady state!

Stochastic Dynamics
have significant additional challenges: high variance, rare events, etc.



This challenge is common:

Similar issues can also arise in numerous network dynamics problems, e.g. in

queueing systems, systems biology1, chemical reaction networks (later), ...

1
Schoeberl et al., Nature Biotechnology, 2002



A tool towards these challenges: UQ Info. Inequalities

Ξ−(Q|P; f ) ≤ EQ [f ]− EP [f ] ≤ Ξ+(Q|P; f ) ,

I A new divergence: Ξ±(Q|P; f )
I Ξ±(Q|P; f ) ≥ 0, (resp. Ξ−(Q|P; f ) ≤ 0)
I Ξ±(Q|P; f ) = 0 if and only if P = Q a.s. or f is deterministic P−a.s.
I Divergence contains information on QoI f , e.g.

I Variational representation:

Ξ+(Q|P; f ) = inf
λ>0

{
1

λ
log EP [eλ(f−EP [f ])] +

1

λ
R(Q|P)

}

I Bounds scale1with system size N, time T

;

1
Dupuis, Katsoulakis, Pantazis, Plechac SIAM JUQ ’16 Katsoulakis, Rey-Bellet, Wang, J. Comp. Phys. ’17;

earlier work: Chowdhary and Dupuis, ESAIM ’13.



Some needed theory work: How to compute/estimate Ξ± ?

I Advanced Monte Carlo for the direct simulation of Ξ±

(see related Phase I work)

I Linearization1: Ξ+(Q|P; f ) =
√

VarP [f ]
√

2R(Q|P) +O(R(Q|P))

I Concentration Inequalities2: Find Φ : R→ (0,∞] such that

EP [eλ(f−EP [f ])] ≤ Φ(λ) for all λ ∈ (−λ0, λ0) , (1)

Substitute in Ξ+(Q|P; f ) = inf
λ>0

{
1

λ
log EP [eλ(f−EP [f ])] +

1

λ
R(Q|P)

}

to obtain U+(Q|P; f ) := inf
λ>0

{
1

λ
log Φ(λ) +

1

λ
R(Q|P)

}
Typical examples of concentration inequalities:

1. Hoeffding, Bennett, sub-Gaussian
2. McDiarmid inequalities

3. For Markov Chains, Markov Random Fields, quantum systems, etc.

1
P. Dupuis, M. K., Y. Pantazis, P. Plechac SIAM/ASA J. of UQ ’16; H. Lam Math. Oper. Res. (2016)

2
Gourgoulias, K. Rey-Bellet, Wang, Arxiv, (2017)



Tightness of bounds and implications: a UQ Index

- Tightness: Upper/lower bounds in
family Qηare attained at Q± = Pc±

- 1-parameter tilted models
dPc ∼ ecfi dP corresp. to QoIs fi .

Pc+

Pc−

P

ecf1dP

Qη = {Q :R(Q || P) ≤η
2}

Q−

Q+

ecf2dP

I 1. Define the UQ Indices for any QoI f around model P as the two worst case scenarios:

I+(f ,P; η) = max
Q∈Qη

EQ f (2)

and
I−(f ,P; η) = min

Q∈Qη
EQ f (3)

where Qη = {Q : R(Q|P) ≤ η}
I 2. Tightness of bounds → Finite-dimensional representation of UQ Indices:

I+(f ,P; η) = min
λ>0

[ 1

λ
log

∫
eλf (ζ)P(ζ)dζ +

η

λ

]
(4)

I 3. If the uncertainty level η is small:

I+(f ,P; η) = EP f +
√

2VarP(f )η1/2 +
1

3

κ3(f )

VarP(f )
η +O(η3/2) (5)



Example1: UQ Indices for nonlinear response+“beyond”
in Gibbs measures, Markov random fields, etc

Qη = {Q : R(Q|P) ≤ η} , η = specified uncertainty level

I I+(f ,P; η) = maxQ∈Qη EQ f (top line)

and

I I−(f ,P; η) = minQ∈Qη EQ f (bottom)

I Red curve: EP f =average lattice
magnetization

I Bounds are tight1.

Also:

- QoI depends on parameter h ∈ [−2, 2].
h: (robust) optimization parameter −2 −1.5 −1 −0.5 0 0.5 1 1.5 2
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1
K., Rey-Bellet, Wang, J. Comp. Phys., (2017)



How to compute/estimate Ξ± ?

I Accelerated Monte Carlo methods for the direct simulation of Ξ±

(see talks by Paul Dupuis and Petr Plechac)

I Linearization1: Ξ+(Q|P; f ) =
√

VarP [f ]
√

2R(Q|P) +O(R(Q|P))

I Concentration Inequalities2: Find Φ : R→ (0,∞] such that

EP [ec(f−EP [f ])] ≤ Φ(c) for all c ∈ (−c0, c0) , (6)

Substitute in Ξ+(Q|P; f ) = inf
c>0

{
1

c
log EP [ec(f−EP [f ])] +

1

c
R(Q|P)

}

to obtain U+(Q|P; f ) := inf
c>0

{
1

c
log Φ(c) +

1

c
R(Q|P)

}
Typical examples of concentration inequalities:

1. Hoeffding, Bennett, sub-Gaussian
2. McDiarmid inequalities

3. For Markov Chains, Markov Random Fields, quantum systems, etc.

1
P. Dupuis, M. K., Y. Pantazis, P. Plechac SIAM/ASA J. of UQ ’16; H. Lam Math. Oper. Res. (2016)

2
Gourgoulias, K. Rey-Bellet, Wang, Arxiv, (2017)



Sensitivity Analysis via Linearized Information Inequalities
I Pθ = Pθ(X ): parametrized family of distributions, θ ∈ RK .
I EPθ f : Quantity of Interest (QoI) where f = f (X )
I Perturbations in Pθ: unit vector v , ε << 1

EPθ+εv f − EPθ f ≤ Ξ+(Pθ+εv |Pθ; f ) 7→ (linearization)

≤
√

VarθP [f ]
√

2R(Pθ+εv |Pθ) +O(R(Pθ+εv |Pθ))

R(Pθ+εv |Pθ) =
ε2

2
vTIR(Pθ)v +O(ε3) .

IR(Pθ): Fisher Information Matrix, Hessian of KL. As ε→ 0:

|∂vEPθ f | ≤
√

VarPθ (f )
√
vTIR(Pθ)v .

1. Cramer-Rao-type bounds for QoIs EPθ f

2. IR(Pθ): Information geometry, curvature at θ

3. Spectral analysis of IR(Pθ) 7→ sensitivity analysis for the entire Pθ.

See discussion in Dupuis, K., Pantazis, Plechac SIAM J. of UQ (2016)



“Cramer-Rao” type sensitivity bounds for risk-sensitive functionals

1. Comparing QoIs which are risk-sensitive functionals, e.g. partition functions, CGFs,
log P(A), etc.

1

γ
log

∫
eγgdQ vs.

1

γ
log

∫
eγgdP

2. Sensitivity Index for parametrized family Pθ and likelihood ratio method (analogous to
Glynn et al):

∇θ log E
Pθ

[eγg ] = E
Pθγ

[∇θ log Pθ ] where dPθγ ∝ eγgdPθ

3. Sensitivity Bounds:

vT∇θ log E
Pθ

[eγg ] ≤ Ξ+(Pθγ‖P
θ ; vT∇θ log Pθ) := inf

c>0
{ 1

c
log E

Pθ
ecγv

T∇θ log Pθ+
1

c
R(Pθγ‖P

θ)}

4. Compare to Cramer-Rao: γ → 0, γ−1 log E
Pθ

[eγg ]→ E
Pθ

g

R(Pθγ‖Pθ)

γ2
→

VarPθ (g)

2
, γ−1 log EPθ e

cγvT∇θ log Pθ → Cov(vT∇θ log Pθ) = vTIR(Pθ)v



Sensitivity on Path Space - Scalability in T � 1
For ergodic QoIs and path measures P0:T in [0,T ]:

f ({XT}) = 1
T

∫ T

0

g(Xt)dt

EPθ+εv
0:T
− EPθ0:T

≤ Ξ+(Pθ+εvP0:T |Pθ0:T ; f ) ≈
√
T · VarPθ0:T

[f ]

√
2

T
· R(Pθ+εv

0:T |Pθ0:T )

As T →∞:

T · VarP0:T
[f ]→ 2

∫ ∞

0

EP [g(Xt)g(X0)]dt Integrated Autocorr. Time

1

T
· R(Q0:T | P0:T )→ H(Q | P) Relative Entropy Rate

H(Qθ | Qθ+ε) =
ε2

2
vTIH

(
Qθ
)
v+O(|ε|3) Path-Fisher Info. Matrix (FIM)

I How do we use all that? Are they computable?
1

See statistical estimators forH in Pantazis, K., J. Chem. Phys. (2013)



1.Fast Sensitivity Screening for Reaction Networks
I Reaction network with:

- N species, S = {S1, ..., SN}
- M reactions, R = {R1, ...,RM}

I State: X(t) = [X1(t), ...,XN(t)]T :
- Xi (t): number of molecules of species Si at time t

I Stoichiometry vector of j-th reaction: νj.

I Continuous time Markov process with countable state space:

P{X(t+∆t) = x+νj

∣∣ X(t) = x} = aθj (x)∆t + o(∆t),

I Propensities depend on parameters θ = (θ1, . . . , θK ), e.g.

aθj (x) = θjgj(x), j = 1, ...,M (mass action kinetics)

aθj (x) =
θjxA

θj′ + xA
, (Michaelis-Menten kinetics)

I Generator:

Lf (x) =
M∑

j=1

aθj (x) [f (x + νj)− f (x)] ,



A simple example



Path FIM for networks: sparse structure

I path FIM of reaction networks: we typically have a block diagonal structure1

IH(Pθ) = Eµθ

M∑
j=1

aθj (xt)∇θ log aθj (xt)∇θ log aθj (xt)
T

µθ: steady state (unknown-needs to be sampled)

Reactions Parameters Fisher Information Matrix

θ1

θ2

θ3

θ4

θ5

θ6

θ7

R1

R9

R2

R3

R4

R5

R6

R7

R8

I Scalable computations - FIM scales linearly in the number of parameters.

I Contains key information:

1. Graph structure

2. Dynamics on the graph: reaction rates and their functional form

1
Y. Pantazis, M. K. J. Chem. Phys. (2013); M. K., Y. Pantazis, D. Vlachos, BMC Bioinformatics, (2013)



How to use the UQ bounds for sensitivity screening:

I 1. Definition of UQ Indices:

I+(f ,P; η) := max
R(Q||P)≤η

EQ f − EP f

I 2. Representation of UQ Indices:

I+(f ,P; η) = inf
c>0

[1

c
log

∫
ecf̄ (x)P(dx) +

η

c

]

I 3. Local Sensitivity Index (non-parametric):

I+(f ,P; η) = max
Q∈Qη

EQ f − EP f =
√

2VarP(f )η1/2 +
1

3

κ3(f )

VarP(f )
η +O(η3/2)

Non-parametric family ”around” P (for some small η > 0.):

Qη = {Q : R(Q||P) ≤ η}



Sensitivity of species vs. sensitivity of parameters

Comparing different QoIs/species f and g for fixed level of uncertainty η:

I±(f ,P; η) ≈ ±
√

2VarP(f )η1/2 vs. ±
√

2VarP(g)η1/2 ≈ I±(g ,P; η) .

To leading order, comparison between variances/autocorrelations:

VarP(f ) vs. VarP(g)

Comparing different model perturbations η1 and η2 for fixed QoI f :

I±(f ,P; η1) ≈ ±
√

2VarP(f )η
1/2
1 vs. ±

√
2VarP(f )η

1/2
2 ≈ I±(f ,P; η2) .

- Parametric models and parameter space unit vectors v1, v2 ∈ Rk and ε ∈ R,

ηi = R(Pθ+εvi |Pθ) =
ε2

2
vT
i IH(Pθ)vi +O(ε3) , i = 1, 2 .

Thus √
VarPθ (f )

√
vT

1 IH(Pθ)v1 vs.
√

VarPθ (f )
√

vT
2 IH(Pθ)v2



Sensitivity of species vs. sensitivity of parameters

Comparing different QoIs/species f and g for fixed level of uncertainty η:

I±(f ,P; η) ≈ ±
√

2VarP(f )η1/2 vs. ±
√

2VarP(g)η1/2 ≈ I±(g ,P; η) .

To leading order, comparison between variances/autocorrelations:

VarP(f ) vs. VarP(g)

Comparing different model perturbations η1 and η2 for fixed QoI f :

I±(f ,P; η1) ≈ ±
√

2VarP(f )η
1/2
1 vs. ±

√
2VarP(f )η

1/2
2 ≈ I±(f ,P; η2) .

- Parametric models and parameter space unit vectors v1, v2 ∈ Rk and ε ∈ R,

ηi = R(Pθ+εvi |Pθ) =
ε2

2
vT
i IH(Pθ)vi +O(ε3) , i = 1, 2 .

Thus √
VarPθ (f )

√
vT

1 IH(Pθ)v1 vs.
√

VarPθ (f )
√

vT
2 IH(Pθ)v2



Sensitivity of species vs. sensitivity of parameters

Comparing different QoIs/species f and g for fixed level of uncertainty η:

I±(f ,P; η) ≈ ±
√

2VarP(f )η1/2 vs. ±
√

2VarP(g)η1/2 ≈ I±(g ,P; η) .

To leading order, comparison between variances/autocorrelations:

VarP(f ) vs. VarP(g)

Comparing different model perturbations η1 and η2 for fixed QoI f :

I±(f ,P; η1) ≈ ±
√

2VarP(f )η
1/2
1 vs. ±

√
2VarP(f )η

1/2
2 ≈ I±(f ,P; η2) .

- Parametric models and parameter space unit vectors v1, v2 ∈ Rk and ε ∈ R,

ηi = R(Pθ+εvi |Pθ) =
ε2

2
vT
i IH(Pθ)vi +O(ε3) , i = 1, 2 .

Thus √
VarPθ (f )

√
vT

1 IH(Pθ)v1 vs.
√

VarPθ (f )
√

vT
2 IH(Pθ)v2



Example: Fast Sensitivity Screening - Information Metrics & QoIs
Biological network describing Epidermal Growth Factor Receptor. [Kholodenko et.al., J.
Biol. Chem., 1999]

47 reactions, 23 species, 23 observables, 50 parameters, 23× 50 = 1150 sensitivities
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I Screening model sensitivities:
SF ,v (Pθ) = limε→0 ε

−1 (EPθ+εv [F ]− EPθ [F ])

|Sf (θk)| ≤
√

VarµθP (f )
√
IH(Qθ)k,k

I Varµθ
P

(f ): Integrated Autocorrelation

I IH(Qθ): Path Fisher Info. Matrix

1
Arampatzis, Pantazis, K. PLOS 1, (2015); Dupuis, K., Pantazis, Plechac SIAM UQ, (2016)



Contrast to unsorted parameters/observables:

Figure 4: Sensitivity indices for the EGFR model on the transient regime t 2 [0, 50] (left column) and on steady
state t 2 [50, 100]. The ordering of the first row is the random ordering of species and parameters given by the
database. On the second row the sensitivity is ordered in the parameter direction using the FIM ordering. On
the last row the sensitivities are further ordered

11

Figure 1: Unsorted Sensitivity Analysis in (a) time interval [0, 50], (b) steady state

Fast Screening: 2-stage strategy for Sensitivity Analysis:

1. Screens out insensitive parameters using the UQ Information Inequalities:

K 7→ K ′ parameters

2. Accurately compute sensitivities for remaining K ′ parameters using exact
methods: adjoint equations, likelihood ratio, stochastic coupling,...

3. In the next example: K ≈ 8, 000, K ′ = 6



A complex system: Glycerol reforming for H2 production



Glycerol reaction network



Fast Sensitivity Screening: ∼ 104 Parameters

Figure: Left:	Total	information	most	sensitive	reactions.	Right:	Pathwise FIM	
estimation	most	sensitive	reactions.

Results

20

Application of New Math Tools: Fast Sensitivity 
Screening for Reaction Network with ~10n Parameters

Validation	of	Sensitivity	Findings

• Standard Sensitivity Analysis and UQ are impractical even for midsize 
realistic chemistries 
• UQ Information Inequalities framework enable scalable Sensitivity Analysis

38

Sensitivity	Screening	using	path	FIM

6 most important 
parameters
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+10%
−10%

Relative change in the observable (Glycerol 
concentration) by perturbing all but the most significant 
reaction channels (parameters) by ±10%. 

Reforming of Glycerol

I Out of 7796 reaction channels, we discover 6 which accumulate more than 99%
of the information (in the path-FIM).

I The SA is performed in a non-intrusive way with any existing
integrator/simulator as a black-box.

Based on the reduction in the # of reaction rates, the computational acceleration is ∼ × 1300.

1
ongoing work by P. Vilanova, K., D. Vlachos



2. UQ for Bayesian (reaction) networks
I Earlier: impact of model and parameter perturbations on complex, high

dimensional systems; parameter vector θ viewed as a constant that is
either known or that should be inferred from data with great certainty.

I Here: consider uncertainty and correlations in the parameter vector θ in
the sensitivity analysis.

I Ensembles of models (Bayesian network formulation):

P(x |θ)π(θ)

I P(x|θ): Forward model, i.e. pdf of state X = x for fixed parameter θ (reaction
network, KMC, etc). For example, for ODEs:

P(x|θ) = δ(x − Y (t; θ)) , where Ẏ = f (Y ; θ) , Y (0) = Y0 ∈ RN
, θ ∈ RK

.

I θ ∈ Θ: model parameters, indexing of different models, etc.
I π(θ): PDF of θ; uncertainty in knowledge of θ.
I Correlations between the parameter sets θ = (θ1, θ2):

π(θ1, θ2) = π(θ2|θ1)π(θ1) , π(θ1): marginal

I Model-form uncertainty:

P(x |θ)π(θ) vs. P ′(x |θ)π′(θ)

and respective predictions on QoIs

f = f (X ) , X ∼ P(x),P ′(x)



A structured probabilistic representation

Prior	informed	by	DFT	+	experimental	data:	
P(θ1)

P(θ2	 |	θ1)
Correlations	between	parameters	via	sparse
DFT	data	+	statistical	modeling

P(x	|	θ1 ,	θ2)
z:	state	variable,		
solves	ode,	KMC,	etc.

In	Deep	Learning:	
Directed	graphical	model,	
Bayesian	network

θ11

θ12

θ1n

θ21

θ22

θ2n

x1

x2

xn

Physical	Modeling

Machine	learning,	
Bayesian	Inference



Correlations Strongly Impact Predictions

I Apply the methodology to a complex reaction network of Ethanol Steam
Reforming on a Pt/Al2O3 catalyst with 67 species and 160 reactions.

I Correlations reduce significantly the number of important parameters

I Sensitivity of key parameters differ when correlations are included

20#
#

#

Figure 1. Bayesian estimated posterior predictive probability distribution function (contours) demonstrating strong 
correlated uncertainties in the ethanol and ethoxy enthalpies of formation (a). Contours correspond to the probability 
density (maximum probability density is about 1.5x10-2). The distribution describes the DFT data points (squares) 
very well. The multivariate probability distribution includes all other species energies which are not shown here. 
Correlations in uncertainties in the DFT computed activation energy of C-H bond scission (dehydrogenation 
reactions) vs. the corresponding reaction energy uncertainties (squares) (b). Similar correlations exist among other 
species energies and reactions. Effect of correlations on the identity of influential species enthalpy and reaction 
activation energy perturbations (i.e., those with a normalized global sensitivity index of at least 0.05) on the ethanol 
conversion (c). Normalized global sensitivity indices are calculated by dividing the raw global sensitivity indices 

1Sutton, Guo, Katsoulakis, and Vlachos, Nature Chemistry, (2016)



Example: Langmuir bimolecular adsorption modelPrototype Model: Competitive Adsorption

Prototype Physical Model

H2O2 Adsorption Desorption

K = kads/kdes = f(ΔEH, ΔEO)
determined by DFT 

1Feng, Lansford, Mironenko, Pourkargar, Vlachos, M. K., submitted (2017)



Prior and Correlations

Correlative UQ:
Langmuir Bimolecular Model

Table 1: Experimental and DFT-calculated enthalpies of adsorption for atomic oxygen
and hydrogen on Pt(111).

Adsorbate Experimental enthalpy (eV) DFT computed enthalpy (eV)
O 3.71 ±0.07 3.68
H 2.63 2.69

p(ΔEH ,ΔEO ) = p(ΔEO ΔEH )p(ΔEH )

EH ⇠ Gamma(aH , bH)

p(�EH) =
1

baH

H �(aH)
�E aH�1

H exp(��EH

bH
)

where aH=xH
2/(xH-yH)2 and bH=(xH-yH)2/xH

correlation  � prior

Prior distribution for ΔEH



Probabilistic model(s) for parameter correlations
Correlative UQ: Correlation Model

p Data-based stochastic model for correlations
between ΔEH and ΔEO :

n Ω = 0 (deterministic): 

n Ω is a parametric family of distributions:

n Ω is non-parametric models:

p Bootstrapping from the histogram:

p Kernel density estimators

(where K could be the density of Uniform or 
Normal distribution)

ΔEO = g(ΔEH ) = aΔEH + b+ω, ω ~Ω

p(ΔEO ΔEH )= δ(a ΔEH  + b - ΔEO )

pn (ω) = ν i
nh

I(ω ∈ Bi )
i=1

n

∑

p(ω) = 1
m

1
h
K(ω − Xi

h
)

i=1

m

∑

a. Different parametric distributions Ω

b. Different non-parametric distributions Ω

p(ΔEO ΔEH )= pω+1(ΔEO − a ΔEH  -b +1)



Completed Probabilistic Graphical Model formulation

ΔEH

ΔEO

kads
H2

kdes
H2

kdes
O2

kads
O2

✓̂H⇤

✓̂O⇤

Table 1: Experimental and DFT-calculated enthalpies of adsorption for atomic oxygen
and hydrogen on Pt(111).

Adsorbate Experimental enthalpy (eV) DFT computed enthalpy (eV)
O 3.71 ±0.07 3.68
H 2.63 2.69

p(�EH)

p(�EO|�EH)

KH2
=

kads
H2

kdes
H2

= exp
⇣
� �GH2!2H⇤(�EH)

kBT

⌘
P�1

o

KO2
=

kads
O2

kdes
O2

= exp
⇣
� �GH2!2H⇤(�EO)

kBT

⌘
P�1

o

p(kads
H2

, kdes
H2

|�EH)

p(kads
O2

, kdes
O2

|�EO)
P (✓̂H⇤ , ✓̂O⇤ |KH2

, KO2
)

P (✓̂H⇤ , ✓̂O⇤ |kads
H2

, kads
O2

, kdes
H2

, kdes
O2

)
Y

I=H,O

p(kads
I2

, kdes
I2

|�EI)p(�EO|�EH)p(�EH)



P(dx , dθ) =
k∏

j=1

P(dxj |Γ(xj))
[ n∏

i=2

ki∏
j=1

πi (dθi,j |Γ(θi,j))
] k1∏

j=1

π1(dθ1,j)

Γ(z): parents of node z n: number of layers ki : number of elements in layer

Chain rule for relative entropy: P = p(x2|x1)p(x1), Q = q(x2|x1)q(x1)

R(P|Q)) = EPR(p(·|x1)|q(·|x1)) + R(p(·)|q(·))

Conditional relative entropy:

EPR(p(·|x1)|q(·|x1)) :=

∫ (∫
log

p(x2|x1)

q(x2|x1)
p(x2|x1)dx2

)
p(x1)dx1 (7)



P(dx , dθ) =
k∏

j=1

P(dxj |Γ(xj))
[ n∏

i=2

ki∏
j=1

πi (dθi,j |Γ(θi,j))
] k1∏

j=1

π1(dθ1,j)

Γ(z): parents of node z n: number of layers ki : number of elements in layer

Chain rule for relative entropy: P = p(x2|x1)p(x1), Q = q(x2|x1)q(x1)

R(P|Q)) = EPR(p(·|x1)|q(·|x1)) + R(p(·)|q(·))

Conditional relative entropy:

EPR(p(·|x1)|q(·|x1)) :=

∫ (∫
log

p(x2|x1)

q(x2|x1)
p(x2|x1)dx2

)
p(x1)dx1 (7)



UQ on the Graphical Model
Quantifying uncertainty + errors  in 
DFT for Chemical Kinetics

Uncertainty in Correlations models Uncertainty in DFT, experiments

Global sensitivity: Group notes 2

Jinchao Feng

March 22, 2017

1 Introduction

In this note, we mainly use a variational formula for exponential integrals, which can be considered as an
infinite dimension version of the Legendre transform. Given any bounded and continuous function F and
any c 2 (0,1),

1

c
log

Z
ecF (✓)⇡(d✓) = sup

⇡0
[�1

c
R(⇡0||⇡) +

Z
F (✓)⇡0(d✓)] (1)

where we consider ⇡(✓) to be the nominal model, then by (1), for any alternative model ⇡0(✓), we have
the bound Z

F (✓)⇡0(d✓)  1

c
log

Z
ecF (✓)⇡(d✓) +

1

c
R(⇡0||⇡) (2)

where

R(⇡0||⇡) =

Z
log(

d⇡0

d⇡
(✓))⇡0(d✓) (3)

Moreover, consider the centered observable F̄ (✓) = F (✓) �
R

F (✓)⇡(d✓), we have

E⇡0 [F ] � E⇡ [F ]  inf
c>0

h1

c
log

Z
ecF̄ (✓)⇡(d✓) +

1

c
R(⇡0||⇡)

i
(4)

2 P (X|✓)⇡(✓) vs P (X|✓)⇡0(✓)

In this section, we consider the case that perturbing the model of the parameter ✓, and compare the
measure

E⇡ [EP ✓ [f(X)]] =

Z Z
f(x) P (dx|✓)⇡(d✓) (5)

for di↵erent parameter model, i.e. E⇡0 [EP ✓ [f(X)]]�E⇡ [EP ✓ [f(X)]] with three di↵erent layers of inequal-
ities.

2.1 First inequality

Let F (✓) =
R

f(x) P (dx|✓), and consider E⇡0 [F ] � E⇡ [F ], then applying (4) for F (✓), let

⇤+
1 =

1

c
log

Z
ecF̄ (✓)d⇡(✓) (6)

⇤�
1 = �1

c
log

Z
e�cF̄ (✓)d⇡(✓) (7)

where F̄ (✓) = F (✓) �
R

F (✓)⇡(d✓), we have

E⇡0 [F ] � E⇡ [F ]  ⇤+
1 +

1

c
R(⇡0||⇡). (8)

1

1 Chowdharyand Dupuis, ESAIM (2013)

Conditional Relative Entropy 
Is the “suitable” quantity  for UQ on PGMs:
bounds for QoIs+accounts for correlations

Hybrid 1 UQ information inequalities for QoIs F :



UQ on the Graphical Model - Implementation
UQ index in Langmuir Bimolecular Model 

Table 1: R(⇡0(✓1, ✓2)||⇡(✓1, ✓2)) by di↵erent models

⇡0
2(✓2|✓1) ⇥ ⇡0

1(✓1) ⇡2(✓2|✓1) ⇥ ⇡1(✓1) ⌘1 ⌘2 UQ index I(f, ⇡; ⌘1, ⌘2)
p(�EO)p(�EH) pn(�EO|�EH)p(�EH) 0 2.856 0.222

pev(�EO|�EH)p(�EH)n pn(�EO|�EH)p(�EH) 0 0.115 0.0132
ph(�EO|�EH)p(�EH) pn(�EO|�EH)p(�EH) 0 17.751 0.973

pn0.05(�EO|�EH)p(�EH) pn(�EO|�EH)p(�EH) 0 17.481 0.970
pn(�EO|�EH)p00.01(�EH) pn(�EO|�EH)p(�EH) 0.0446 0 0.00595
pn(�EO|�EH)p00.1(�EH) pn(�EO|�EH)p(�EH) 1.504 0 0.125
pn(�EO|�EH)p010%(�EH) pn(�EO|�EH)p(�EH) 12.12 0 0.0141



3. Design under UncertaintyCatalysis Center for Energy Innovation

Schematic	of	Power	Generation	Device:	Fuel	to	Electricity
1

s	=	0.508	cm

A	=	8.53	cm2

k	=	0.0145	W/cm	K

500	μm

250	μm

Heat	spreaders	 (Cu,	Al)

Micro-burner	 V	=	250	μL
Thermoelectric	 P	=	2.25,	4.50	watts

High-performance	
cooling

Thermoelectric	#1

Fuel/air	(Feed) Exhaust

Pt	Catalyst	on	γ–Al2O3

+

+

-

Thermoelectric	#2

Micro-burner

Paul Dupuis, M. K, Ivan Lee, Dion Vlachos

Funded by DARPA



Governing equations at steady state:
deterministic/stochastic system

Catalysis Center for Energy Innovation

Governing	equations	at	steady	state	

2

Tamb

TTE,	cold

Twall(L)

Tcatalyst(L)

TTE,	hot

Pt	Catalyst

Cooler

Thermoelectric

Heat	Spreader

Micro-burner

• Energy	Balance	
(steady	state	heat	equation)

• Materials	Balance

• Surface	Chemistry	Kinetics	
(Chemical	Reaction	Network)



An early test for device performance:

deterministic PDE+ mean field, unoptimized

Catalysis Center for Energy Innovation

Device	Performance:	
deterministic	PDE	+		mean	field	

3

1 P	=	1	atm,	Tfeed =	300	K,	Tamb =	300	K,	!≈ 1	– 3	msec,	Pt	Catalyst	Loading	=	800	cm2/cm3 ,	Catalyst	site	density	=	2.6	x	10-9 mol/cm2,	No	energy	losses

2.25	Watts

2.
06
	SL

PM

0.7

0.8

0.9

φ =	1.0

0.6

φ =	0.675

Fuel:	Propane

0.7
0.8
0.9

φ =	1.0

0.6

φ =	0.675

2.
06
	SL

PM

2.8%

Fuel:	Propane

Conversion
p =	99%
� =	95%
¢ =	90%Catalysis Center for Energy Innovation

Performance:	Temperature

4

φ =	1.0,	0.774,	0.675φ =	1.0,	0.774,	0.675

TTE,	hot =	249	C	
φ	=	all

TTE,	hot =	50	C,	φ	=	all

Fuel:	Propane Fuel:	PropanePower:	2.25	watts Power:	2.25	watts

1 P	=	1	atm,	Tfeed =	300	K	,	Tamb =	300	K,	!≈ 1	– 3	msec,	Pt	Catalyst	Loading	=	800	cm2/cm3 ,	Catalyst	site	density	=	2.6	x	10-9 mol/cm2,	No	energy	losses



Variables

I Spatially distributed state variables: obtained by solving energy/mass
balance and chemical kinetics:

z = z(L) = (T (L),Xfuel(L),Xsurface(L)) , 0 ≤ L ≤ Length = L0

I Optimization parameters

c = (Ffuel, φ, L0 = Length)

I Other parameters (or mechanisms) subject to uncertainty:

θ = (reaction rates, fluctuations in flow,missing mechanisms)

1. θ can be a random variable with (partly) known distribution Q.
2. State variables z depend also on θ and c:

z = z(c, θ, L) (8)



Optimization
QoIs

1. Power: Pw = Pw(c; z , θ)

2. Efficiency: Eff = Eff(c; z , θ)

3. Temperature(s) TTE, hot = TTE, hot(c; z , θ) and Tcat = Tcat(c; z , θ)

Optimization

max
c

Eff(c ; z , θ) = Eff(c∗; z , θ)

subject to the constraints:

1. Minimum power threshold:

Pw(c ; z , θ) ≥ Pw− = 2.25Watts

2. Maximum temperature on heat spreader and catalyst:

TTE, hot ≤ T+

TE, hot
= 249oC , Tcat ≤ T+

cat = 1000oC

The optimal c∗ may also need to satisfy a lower performance bound: Eff(c∗; z, θ) ≥ 2.8%



Robust Optimization under Uncertainty

I Desire guarantees of performance, in the presence of inherent
multiple uncertainties that need to be modeled and accounted in
the optimization.

I Rely on robust optimization/control framework:

I Dupuis, James, Petersen Math. of Control, Signals and Systems
(2000),

I Petersen, James, Dupuis IEEE Trans. on Auto. Control (2000).
I Substantial (more) recent literature in Macroeconomics, Operations

Research, Finance.

I UQ information methods to account for model uncertainties.



Probabilistic Formulation

1. Assume that the parameter vector θ is a random variable or
represents parameters in a structured probabilistic model (e.g.
directed graphs), with PDF P:

θ ∼ P

P = nominal, (surrogate, approximation, etc) of “real” model = Q

2. Optimized QoI:

EP

[
Eff(c ; z , θ)

]
= EP f (c)

3. Set of alternative probabilistic models to P, within model
uncertainty level η:

Qη = {Q : R(Q|P) ≤ η}

4. Constraints (later).



Robust Optimization Formulation

We consider the two robust (=worst case) optimization problems:

max
c

max
Q∈Qη

EQ f (c)

and
max
c

min
Q∈Qη

EQ f (c)

where Qη = {Q : R(Q|P) ≤ η}.
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Some challenges

I #1: How to solve the robust optimization problem given that

Qη = {Q : R(Q|P) ≤ η}

is infinite dimensional?
↓

We use the UQ information inequalities developed earlier.

- Non-parametric statistics aspects: uncertainty due to (a) sparse
data, or (b) lack of knowledge of the right class of parametrized
models

I # 2: Impose constraints on certain QoIs e.g. minimum power,
maximum temperature, but taking into account

I randomness, and
I model uncertainty



Robust optimization formulations

Remove the infinite dimensional uncertainty in Qη:

max
c

min
Q∈Qη

EQ f (c)
[
Eff(c ; z , θ)

]
= max

c
I−(f ,P; η)

1. maxc minQ∈QηEQ f (c) = maxc maxλ<0

[
1
λ log

∫
eλf (c,ζ)P(ζ)dζ + η

λ

]

2. If the uncertainty level η is relatively small, linearization implies:

max
c

min
Q∈Qη

EQ f (c) ≈ max
c

[
EP f (c)−

√
2VarP(f (c))η1/2 + ...

]

3. Can get more practical but less sharp robust bounds using
concentration inequalities1

∫
eλf (c;ζ)P(ζ)dζ ≤ Φ(c , λ) , λ ∈ (−λ0, λ0)

for some function Φ (that needs to be identified)1

1For UQ Info. Inequalities: Gourgoulias, K. Rey-Bellet, Wang, Arxiv, ’17.



Robust Optimization under constraints

Application constraints:

1. Minimum power threshold:

Pw(c; z, θ) ≥ Pw− = 2.25Watts

2. Maximum temperature on heat spreader and
catalyst:

TTE, hot ≤ T+

TE, hot
= 249oC ,

Tcat ≤ T+
cat = 1000oC

Catalysis Center for Energy Innovation

Governing	equations	at	steady	state	

2

Tamb

TTE,	cold

Twall(L)

Tcatalyst(L)

TTE,	hot

Pt	Catalyst

Cooler

Thermoelectric

Heat	Spreader

Micro-burner

• Energy	Balance	
(steady	state	heat	equation)

• Materials	Balance

• Surface	Chemistry	Kinetics	
(Chemical	Reaction	Network)

Mathematical formulation:

EQhi (X ) ≤ ηi (constraints)

max
c

min
Q∈Qη+constraints

EQ f (c) = max
c

max
λ,λi<0

[ 1

λ
log

∫
eλf (c,ζ)+

∑
i λi hi (ζ)P(ζ)dζ+

η

λ
+
∑
i

λiηi
]



Conclusions

I Information metrics for quantifying model form uncertainty: scaling
properties

I Tightness control of QoIs in terms of KL divergence 7→ UQ Indices

I Fast sensitivity screening using path FIM for high dimensional
Chemical Reaction Networks (CRN)

I Probabilistic Graphical Models (PGM) arise naturally in CRN and
related modeling

I UQ information methods are suitable for multiple sources of
uncertainty in PGMs

I Robust optimization, design and UQ.
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