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Numerical Weather Prediction

É Model: highly nonlinear discretized partial differential equations
É Data: heterogeneous mix of ground-, airborne-, satellite-based and

radar data
É 24/7 data assimilation service for optimal weather prediction
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Problem setting

Model:
dxt = f (xt, λ) dt + σ(xt) ◦ dWt, (x0, λ) ∼ π0

Data/Observations:

(A) continuous-in-time

dyt = h(xt, λ) dt +R1/2dVt

(B) discrete-in-time
ytn = h(xtn , λ) +R1/2 Ξtn .

Goal: Approximate conditional PDF π̃t(x, λ) = πt(x, λ|Yt) where Yt contains
all the data up to time t and π̃0 = π0 at initial time.
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Problem setting

Time evolved marginal distributions:

time t

P(x|Y0:t)

P(x)
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Problem setting

Applications

É assimilation of observations into computer model (e.g. weather
forecasting),

É assimilation of synthetic data from a high resolution model into a
model of lower resolution (e.g. parameter estimation),

É rare event simulation (data comes from possible rare event
scenarios),

É solution of inverse problems, minimization (model dynamics is trivial,
e.g., dxt = 0).
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Problem setting

Particle filters: Approximate conditional PDF π̃t by a set of particles

zi
t

= (xi
t
, λi

t
), i = 1, . . . ,M ,

with weights
wi
t
≥ 0, s.t.

∑

i

wi
t

= 1 .

E.g. sequential Monte Carlo.

Eulerian:
zi
t

= zi0 (particle locations are fixed)

E.g., grid-based methods.

Lagrangian:
wi
t

= 1/M (weights are fixed)

subject of this talk.
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Ensemble Kalman-Bucy filter

A control approach to the continuous-in-time filtering problem:

Kalman gain factor:
Kt = PxhR

−1 ,

Pxh denotes the covariance matrix between xt and h(xt)

Innovation:

dIt = dyt −
1

2
(h(xt)− h̄t) dt

or
dIt = dyt − h(xt) dt − R1/2dUt

Ensemble Kalman-Bucy filter:

dxt = f (xt, λ) dt + σ(xt) ◦ dWt +Kt ◦ dIt
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Numerical implementation

(i) Draw samples xi0, i = 1, . . . ,M from the initial distribution π0.

(ii) Solve the interacting particle system

dxi
t

= f (xi
t
, λ)dt + σ(xi

t
) ◦ dWi

t
+Kt ◦ dIi

t
,

with innovation

dIi
t

= dyt − dyi
t
, dyi

t
:= h(xi

t
)dt +R−1/2dUi

t
,

and gain factor

Kt = PxhR
−1,

Pxh :=
1

M− 1

M
∑

i=1

(xi
t
− x̄t)(h(xi

t
)− h̄t)T,

i = 1, . . . ,M.
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Feedback particle filter – motivation

Consider zero-drift & scalar SDE

dxt = σ(xt) ◦ dWt

with time-evolved expectation values:

πt[f ] = π0[f ] +

∫ t

0
πs[Lf ] ds, Lf :=

1

2
σ ∂x(σ ∂xf )

Interacting particle representation:

ẋt =
1

2
σ(xt)It(xt), It := −π−1

t
∂x(πt σ)

It holds that (Liouville plus integration by parts)

π̂t[f ] := π0[f ] +
1

2

∫ t

0
πs[(∂xf )(σIs)] ds

= π0[f ] +

∫ t

0
πs[Lf ] ds = πt[f ] .
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Feedback particle filter

Generalization of the ensemble Kalman-Bucy filter:

dxt = f (xt, λ) dt + σ(xt) ◦ dWt +Kt ◦ dIt

Innovation dIt as before, i.e.,

dIt = dyt −
1

2
(h(xt)− h̄t) dt

or
dIt = dyt − h(xt) dt − R1/2dUt ,

Kalman gain matrix Kt = ∇ψt with

−∇x · (π̂t∇xψt) = R−1π̂t(h− π̃t[h]) .

It can be shown that π̃t[f ] = π̂t[f ].
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Feedback particle filter

Structural form of filter formulations:
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Feedback particle filter – Numerical
implementation I

A) Diffusion maps: Define elliptic operator

Lπψ := −π−1∇x · (π∇xψ)

and introduce the approximation

eεLπ − Id

ε
ψ ≈ h− π[h]

The exponential eεLπ can be approximated using diffusion maps.

B) Optimal transport: Find optimal coupling Tε between π and

πε = π(1 + ε(h− π[h]) .

Then

∇xψ(x) ≈
Tε(x)− x

ε
.
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Feedback particle filter – Numerical
implementation II

The time-evolution of an ensemble of M particles xi
t

is given by

dxi
t

= f (xi
t
, λ) dt + σ(xi

t
) ◦ dWi

t
− K̃ i

t
◦ dIi

t

Gain:

K̃ i
t

:=
M
∑

j=1

x
j
t dji ≈ ∇xψt(xit)

Innovation:

dIi
t

= dyt −
1

2
(h(xi

t
)− h̄t) dt

or
dIi
t

= dyt − h(xi
t
) dt − R1/2dUi

t
,
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Bayesian inference

Bayes:
π(x|y) ∝ π(y|x)π(x)

Task: Given a set of samples xi0 ∼ π(x), produce an estimator for
expectation values with respect to the posterior distribution.

Application: Learn models

yout = Ψx(yin),

parametrized by x, which gives rise to the likelihood π(y|x).

Standard methodologies:
É importances sampling
É MCMC
É homotopy methods: learning models by making them interact
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Homotopy method I

Homotopy: Define family of distributions

πα(x) ∝ e−αL π(x) ,

where L(x) := − lnπ(y|x) and α ≥ 0. The posterior is obtained for α = 1.

The function L can also stand for a tilting potential in rare event
simulations/ importance sampling.

Dynamic formulation:
É Bayes

∂

∂α
πα = −πα (L− πα[L]) , π[e−L] = 1 +

∫ 1

0
πα[L]dt ,

É Liouville
∂

∂α
πα = −∇x · (πα ∇xψα)

and parameter dynamics given by

ẋ = ∇xψα(x) .
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Homotopy method II

Particle flow filter:

ẋi
α

= ∇xψα(xi
α

), xi0 ∼ π(x) ,

α ∈ [0,1], with potential ψα solving

∇x · (πα ∇xψα) = πα (L− πα(L)) .

Numerical implementation:
É diffusion maps
É optimal transportation
É (iterative) ensemble Kalman filter
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Homotopy method III

Extensions:
É Randomized particle flow:

dxα = ϵ∇x lnπα(x) dt +
p

2ϵdWα + ∇xψα(x) dt

= ∇x
�

ψα(x) + ε lnπ0(x)− εαL(x)
	

dt +
p

2ϵdWα ,

for α ≥ 0. Here ε ≥ 0 is a parameter.

It still holds that
∂απα = −πα(L− πα[L]) .

É Minimization: Method for finding

x∗ = argminV(x)

if α→∞, ε ∝ α−1, and
πα ∝ e−αV π0 .

Universität Potsdam/ University of Reading 18



Homotopy method III

Extensions:
É Randomized particle flow:

dxα = ϵ∇x lnπα(x) dt +
p

2ϵdWα + ∇xψα(x) dt

= ∇x
�

ψα(x) + ε lnπ0(x)− εαL(x)
	

dt +
p

2ϵdWα ,

for α ≥ 0. Here ε ≥ 0 is a parameter.

It still holds that
∂απα = −πα(L− πα[L]) .

É Minimization: Method for finding

x∗ = argminV(x)

if α→∞, ε ∝ α−1, and
πα ∝ e−αV π0 .

Universität Potsdam/ University of Reading 18



References

Particle flow:
É Moser (1965),
É Daum et al. (SPIE, 2010), Daum et al. (SPIE, 2017)
É SR (BIT, 2011)
É Heng, Doucet & Pokern (2015, ArXiv:1509.08787)

Extensions:
É iterative Kalman filters (Dean Oliver, Mark Bocquet, Marco Iglesias,

SR ...)
É sequential Monte Carlo & rejuvenation (..., Beskos, Crisan & Jasra

(Annals of Applied Prob, 2014), ...)
É Kalman filter as minimizer (Schilling & Stuart (2016,

ArXiv:1602.02020))
É stochastic minimization techniques/ simulated annealing (...)

Universität Potsdam/ University of Reading 19



References

Particle flow:
É Moser (1965),
É Daum et al. (SPIE, 2010), Daum et al. (SPIE, 2017)
É SR (BIT, 2011)
É Heng, Doucet & Pokern (2015, ArXiv:1509.08787)

Extensions:
É iterative Kalman filters (Dean Oliver, Mark Bocquet, Marco Iglesias,

SR ...)
É sequential Monte Carlo & rejuvenation (..., Beskos, Crisan & Jasra

(Annals of Applied Prob, 2014), ...)
É Kalman filter as minimizer (Schilling & Stuart (2016,

ArXiv:1602.02020))
É stochastic minimization techniques/ simulated annealing (...)

Universität Potsdam/ University of Reading 19



Conclusions

É ensemble Kalman filter has triggered renewed interest in Lagrangian
filtering and data assimilation

É stability and accuracy of the resulting interacting particle systems is
largely unknown

É many applications outside classic filtering context such as rare event
simulations and whenever a change of measure arises

É exploitation of geometric properties? E.g. data assimilation for highly
oscillatory Hamiltonian systems (Reinhardt, Hastermann, Klein, SR,
ArXiv:1708.03570)

É ...

Universität Potsdam/ University of Reading 20



Conclusions

É ensemble Kalman filter has triggered renewed interest in Lagrangian
filtering and data assimilation

É stability and accuracy of the resulting interacting particle systems is
largely unknown

É many applications outside classic filtering context such as rare event
simulations and whenever a change of measure arises

É exploitation of geometric properties? E.g. data assimilation for highly
oscillatory Hamiltonian systems (Reinhardt, Hastermann, Klein, SR,
ArXiv:1708.03570)

É ...

Universität Potsdam/ University of Reading 20


