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Numerical Weather Prediction
|

» Model: highly nonlinear discretized partial differential equations
» Data: heterogeneous mix of ground-, airborne-, satellite-based and
radar data
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Model Results

» Model: highly nonlinear discretized partial differential equations

» Data: heterogeneous mix of ground-, airborne-, satellite-based and
radar data

» 24/7 data assimilation service for optimal weather prediction
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Problem setting ﬂ Tl
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Model:
dxt = f(x¢, A)dt +0(xt) odWr, (X0, A) ~ Mo

Data/Observations:
(A) continuous-in-time

dyt = h(xt, A) dt + RY2dV;
(B) discrete-in-time

yt, = h(Xt,, A) +RV? =t, .

Goal: Approximate conditional PDF fi¢(x, A) = mt(x, A|Yt) where Y contains
all the data up to time t and 7ip = mp at initial time.
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Time evolved marginal distributions:
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Applications

» assimilation of observations into computer model (e.g. weather
forecasting),

» assimilation of synthetic data from a high resolution model into a
model of lower resolution (e.g. parameter estimation),

» rare event simulation (data comes from possible rare event
scenarios),

» solution of inverse problems, minimization (model dynamics is trivial,
e.g., dxt =0).
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Problem setting
——

Particle filters: Approximate conditional PDF fi; by a set of particles
zZi=(x,A), i=1,...M,

with weights _ '
w’tzo, s.t.Zw’tzl.
]

E.g. sequential Monte Carlo.
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Problem setting ﬂ Tl
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Particle filters: Approximate conditional PDF fi; by a set of particles
zZi=(x,A), i=1,...M,
with weights _ '
w’tzo, s.t.Zw’tzl.
]
E.g. sequential Monte Carlo.

Eulerian:

zi = zf) (particle locations are fixed)
E.g., grid-based methods.

Lagrangian: _
w’t =1/M (weights are fixed)

subject of this talk.

Universitat Potsdam/ University of Reading 6



\y{\vewj@
Ensemble Kalman-Bucy filter @@E
|

* o0l
.@\0
&

A control approach to the continuous-in-time filtering problem:
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A control approach to the continuous-in-time filtering problem:

Kalman gain factor:
Kt = PxnR™1,

Pxn denotes the covariance matrix between xt and h(xt)
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A control approach to the continuous-in-time filtering problem:

Kalman gain factor:

Kt =PxpR™1,
Pxn denotes the covariance matrix between xt and h(xt)
Innovation: 1
dlt = dyt— E(h(xt) — hy)dt
or

dlt = dyt — h(x¢) dt — RY2dUs¢
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Ensemble Kalman-Bucy filter «1 u]

A control approach to the continuous-in-time filtering problem:

Kalman gain factor:

Kt =PxpR™1,
Pxn denotes the covariance matrix between xt and h(xt)
Innovation: 1
dlt = dyt— E(h(xt) — hy)dt
or

dlt = dyt — h(x¢) dt — RY2dUs¢
Ensemble Kalman-Bucy filter:

dxt = f(xt, A) dt + o(xt) o dW¢ + K¢ o dit
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Numerical implementation «1 u]
——

(i) Draw samples xi i=1,...,M from the initial distribution .
(ii) Solve the interacting particle system
dx! = f(x}, \)dt + o(x}) o dW! + K¢ o dI,
with innovation
dil =dyr—dyl,  dy!:=h(x)dt+R™YV2dU,
and gain factor

Kt = thR_l,
1 M o
Pan = 7 ;(x't —Xt)(h(x})—he)T,
=

i=1,...,M.
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Feedback particle filter - motivation -3 O
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Consider zero-drift & scalar SDE
er = O'(Xt) o th

with time-evolved expectation values:

t 1
mi[f] = mo|[f] +J ms[Cflds,  Lf:= 500x(0 axf)
0
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Consider zero-drift & scalar SDE
er = O'(Xt) o th

with time-evolved expectation values:
t 1
¢ [f] = mol[f] +J ns[Lflds,  Lf:= 50 dx(0 dxf)
0

Interacting particle representation:

o1
mzzqmmu¢ It ==L ox(mt 0)
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Feedback particle filter - motivation -3 O
|

Consider zero-drift & scalar SDE
er = O'(Xt) o th

with time-evolved expectation values:
t 1
¢ [f] = mol[f] +J ns[Lflds,  Lf:= 50 dx(0 dxf)
0

Interacting particle representation:
. 1
mzzqmmu¢ It ==L ox(mt 0)

It holds that (Liouville plus integration by parts)
1 t
it [f] := mo[f] + EJ nis[(oxf)(ols)] ds
0

t
= 1o[f] +f Mis[Lf]ds = mt[f].
0
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Feedback particle filter
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Generalization of the ensemble Kalman-Bucy filter:

dxt = f(xt, A) dt + o(xt) o dW¢ + K¢ o dly
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Generalization of the ensemble Kalman-Bucy filter:
dxt = f(xt, A)dt + o(xt) o dWt + Kt o dit
Innovation d/; as before, i.e.,

1
die = dye— > (h(xe) = he) dt
or

dlt = dyt — h(x¢) dt — RY2dU¢,

Kalman gain matrix K: = V¢ with

—Vy - (eVxt) = R~ e (h— fie[h]).
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Feedback particle filter -3 O
|
Generalization of the ensemble Kalman-Bucy filter:
dxt = f(xt, A)dt + o(xt) o dWt + Kt o dit
Innovation d/; as before, i.e.,

1
die = dye— > (h(xe) = he) dt

or
dlt = dyt — h(x¢) dt — RY2dU¢,

Kalman gain matrix K: = V¢ with

—Vy - (eVxt) = R~ e (h— fie[h]).

It can be shown that 7it[f] = 7it[f].
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Feedback particle filter
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Structural form of filter formulations:

X = a(Xy) + K1,
YL = h(Xz,>

Xi = a(X}) + B + K(X))I?
Yy = L(h(X}) +h)

4T
[

.
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(a): Kalman Filter

(b): Feedback Particle Filter
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A) Diffusion maps: Define elliptic operator
Loy = —m 1V (TVxy)
and introduce the approximation

e€tn —|d
¥ ~ h—mlh]

The exponential e€£7 can be approximated using diffusion maps.
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A) Diffusion maps: Define elliptic operator
Lny :=—1"Vx- (TVxY)
and introduce the approximation
g€t —1d
T([} ~ h—mlh]
The exponential e€£7 can be approximated using diffusion maps.
B) Optimal transport: Find optimal coupling T¢ between m and
e = (1 + e(h—mlh]).
Then

bty TEX
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The time-evolution of an ensemble of M particles xi is given by

dx} = f(x}, A)dt +0(x}) o dW] — K o I

Gain: "
Ki=>"x,dji & Vxe(x})
j=1
Innovation: 1
dil =dye— E(h(xi) — he)dt
or

df} = dyt — h(x})dt —RY2dU},
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Bayes:
m(x|y) o< m(y|x) m(X)

Task: Given a set of samples xg ~ 1(x), produce an estimator for
expectation values with respect to the posterior distribution.
Application: Learn models

Yout = Vx(¥in),

parametrized by x, which gives rise to the likelihood m(y|x).
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Bayes:
m(x|y) o< m(y|x) m(X)

Task: Given a set of samples xg ~ 1(x), produce an estimator for
expectation values with respect to the posterior distribution.

Application: Learn models
Yout = Vx(¥in),
parametrized by x, which gives rise to the likelihood m(y|x).
Standard methodologies:
» importances sampling

» MCMC
» homotopy methods: learning models by making them interact
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Homotopy method |
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Homotopy: Define family of distributions
Ta(x) x e %L n(x),
where L(x) :=—Inm(y|x) and a = 0. The posterior is obtained for a = 1.

The function L can also stand for a tilting potential in rare event
simulations/ importance sampling.
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Homotopy: Define family of distributions

T (x) o e~at

m(X),

where L(x) :=—Inm(y|x) and a = 0. The posterior is obtained for a = 1.
The function L can also stand for a tilting potential in rare event
simulations/ importance sampling.

Dynamic formulation:

» Bayes
5 1
— Mg = —Tqa (L— TalL]), e~ = 1+f Ma[L]dt,
o 0
» Liouville 5
— Mg =—Vx - (MaV
oa a X ( o led)

and parameter dynamics given by

X =Vxa(X).
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Particle flow filter:
X =Vxya(xl), xi ~m(x),
a € [0, 1], with potential ¢4 solving

Vx * (Ta VxWa) = g (L — Ta(L)) .
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Particle flow filter:

X =Vxya(xl), xi ~m(x),

a € [0, 1], with potential ¢4 solving

Vx * (Ta VxWa) = g (L — Ta(L)) .

Numerical implementation:
» diffusion maps
» optimal transportation
» (iterative) ensemble Kalman filter
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Extensions:
» Randomized particle flow:
dxg = eVx INTig(x)dt + v 2edWq + Vx o (x) dt
=Vx{¢a(x) + €lnmo(x)— eaL(x)} dt + v2edWq,
for a > 0. Here € > 0 is a parameter.

It still holds that
aana - —T[a(L— T[a[l_]) .
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Extensions:
» Randomized particle flow:

dxo = €V InT(x) dt + v/ 26 dWqy + Vxa(x) dt
= Vx {Ua(X) + € InTo(x) — €aL(x)} dt + vV2edWq,

for a > 0. Here € > 0 is a parameter.

It still holds that
aana - —T[a(L— T[a[l_]) .
» Minimization: Method for finding

x* =argminV(x)

if a > 00, e xa~l, and

g < e~V mq.
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Extensions:

» iterative Kalman filters (Dean Oliver, Mark Bocquet, Marco Iglesias,
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» sequential Monte Carlo & rejuvenation (..., Beskos, Crisan & Jasra
(Annals of Applied Prob, 2014), ...)

» Kalman filter as minimizer (Schilling & Stuart (2016,
ArXiv:1602.02020))
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» ensemble Kalman filter has triggered renewed interest in Lagrangian
filtering and data assimilation

» stability and accuracy of the resulting interacting particle systems is
largely unknown

» many applications outside classic filtering context such as rare event
simulations and whenever a change of measure arises

» exploitation of geometric properties? E.g. data assimilation for highly
oscillatory Hamiltonian systems (Reinhardt, Hastermann, Klein, SR,
ArXiv:1708.03570)
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» ensemble Kalman filter has triggered renewed interest in Lagrangian
filtering and data assimilation

» stability and accuracy of the resulting interacting particle systems is
largely unknown

» many applications outside classic filtering context such as rare event
simulations and whenever a change of measure arises

» exploitation of geometric properties? E.g. data assimilation for highly
oscillatory Hamiltonian systems (Reinhardt, Hastermann, Klein, SR,
ArXiv:1708.03570)
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