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Modelling materials
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Interatomic potentials

¥ Analytic potentials
¥ Ppxed functional formula
¥ based on physical understanding
¥ few bxed parameters

¥ Pt to experimental and/or @
computational data

¥ Machine learning potentials m B
¥ [3exible functional form
¥ no physical motivation

¥ data driven - mostly computational
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PES btting

atoms atoms

FEiotal B ot —enzhlaﬁ{nl’gg% “qtbfm?g)ange

»~ ™ atomic environment
E an’ll n~ )

(l)

¥ Represent a local neighbourhood conbguration: OdescriptorO, ObngerprintO, Ofeature vectorO,
Osymmetry functionO

¥ Rotational, rel3ectional, translational and permutational invariance
¥ Faithfulness - no two different conbguration give the same representation
¥ Continuous, differentiable and smooth

¥ Fits are based on comparisons of conbgurations

AN Cl~ 12 2
¥ Gaussian kernel k(X,X') = exp( |X Xl /207)
Dot-product kernel aka i | k(x,x) =x- X
¥ -
ot-product kernel aka linear regression (x, X) A Vo x'|2

¥ Neural network kernel
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Gaussian Process btting -
welght space view

target function modelled as a linear
combination of basis functions f; = f (d;,w) = Wi ! r(d;)
h

put prior on weights P(w) = Normal(w; 0, o, 1)

compute the covariance of two

observations .. s
i f" = WhWit! n(di) re(dj) =" Tr(di)!n(d;)
hh'! h
covariance Is debned from the

basis functions - but they are not
actually needed! c(d,d)! 12 "n(d)*(d")

h
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Gaussian Process btting -
welght space view

distribution of observed

function values is also a ) = Normal(f:0.C) 1 exp ~ %f! C
Gaussian

prediction is the most likely P(f [f) = P(1,1)
value given the prior and data P(f)

(see Bayes theorem)

resultis a closed form f = k° C 1
approximation
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Gaussian Process to bt total
energies

model: total energy is a sum of
atomic many-body energies

result: covariance of total energies _ "
IS Ssum up atomic covariance E = I + lon ge
functions

we have just debPned a covariance
function for total energies!

(EnEn) = <Z e(d;) Z €(dj)> = <S: S: S:whwh’¢h(dz‘)¢h’(dj)> =

€N JjeEM €N jeM hh'

S: S: y:<whwh’>¢h(di)¢h'(dj) = o, Sj S: S: on(d;)pn(dy) = op Z Z C(d;, d;)

1€N jeM hh' 1€N jeM h 1€N jeM
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Gaussian Process to bt to
derivatives

¥ compute the covariance

between energies and forces/
. $ % .
virials N _ BENEw" L, o,
%$EM = %8 = #2 %y, C(d;, d)aﬁ

il N j! M

¥ or compute the covariances

between forces/virals /‘
Cartesian coordinate or

: : cell deformation
¥ new covariance functions of

the same total energy model!

<0EN aEM> _ P(EnEw)
0k Oxy O&rOX

3dT od,
C(d;, d,;
)vd ) aXl

ZEN jEM
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GP to Pt energiesand forces
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energetics not
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GP to Pt energiesand forces

¥ forces provide rich information on
PES \k /
¥ energies set scale and connect

minima correctly

¥ viral stresses capture the really
soft response to deformation
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GP to bt to second derivatives?

¥ If learning from minima - forces not very helpful

¥ second derivatives provide even richer information
than Prst derivatives

¥ covariances must be a nightmare to-derive!
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GP to bt the Hessian

L= Eo + Zza 8r Ui T 3 ZZ&JB 8r 8?“36 Uialljp

¥ harmonic approximation |
to the total energy E=E,—f, - u+ §U-THOU-

¥ diagonalise the Hessian g, = EAE” =) Aiepe]

¥ obtain forces in the
harmonic approximation . B
when displacements are £ = fo + AHoe; = 1o T AAie;
along an eigenvector
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GP to bt the Hessian

equilibrium forces cancel if

done in both directions f

formula for the Hessian
eigenvalues

covariance of Hessian
eigenvalue with local energy

~ AHOeZ- = f() + A)\Zez

e

terms - simple, and no need for (Aig) = 22 (£ e) — <f7j+€>)

new formula!

essentially an optimal (in some
way) numerical differentiation
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Putting it together

¥ how to use all these kernel functions?
¥ put it all iIn a large covariance matrix - everything!
¥ this provides a unibped model btting all the data

¥ a bit too large? Use sparsibcation!

Qui—onero-Candela and Rasmussen JMLR 6, 1939(2005)
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SparsiPcation

S . 3
¥ Training involves matrix OinversionQO(N ) f _ k! C.. 11:
¥ Prediction is O(N)

but atomic conbgurations are very
correlated

possible to approximate C by a low-rank
expression

— 11
choose M representative data points Cnn = Cum Cym Cwun
Training complexity: O(NM 2)
Prediction: O(M)

Qui—onero-Candela and Rasmussen JMLR. 6;1939 (2005)
Snelson and Ghahramani NIPS 18
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GP to bt the Hessian:
Results -

0.10 ¢}

¥ toy model:

0.08

nergy

¥ harmonic spring between two
atoms
¥ one teaching point at the N R B
minimum
E:1! cos(2r)
¥ toy model Il >

¥ sinusoidal spring with two minima

¥ two teaching points

0.5 "140 . l.‘S ' 2.0‘> 2.5
bond length
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GP to bt the Hesslan:
Results

¥ 8-atom cubic silicon cell with
21 Hessian eigenvalues

¥ test forces on 216-atom cell,
randomised positions
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GP bt to charges

¥ ptting charges g(d)=  wy! p(d)
h
¥ training data: electrostatic |
potential around the ()= q(d;)
molecule | o rtor]
¥ environment-dependent
ESP charge btting (1)1 (1) = ! C(di,d;)
T Cr# oy - e A
¥ essentially a regularisation! )

Tannor et al, JACS 116, 11875 (1994)
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GP bt to charges
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What Is the kernel?

¥ pair-based kernel: distance
¥ three-body kernel: symmetrised distances

¥ many-body kernel: SOAP
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Fitting multiple models

¥ Example: total energy is

sum of pair and triplets b |
p € pairs t € triplets

¥ each term is a GP itself

¥ covariance Is a sum pair n
' ' 3) (3
and triplet covariances () =S wPed ()
h
! ! ! !
"EnEm#= $po C®(p, 0+ $5c C®(t, u)
p" pairsy Q" pairsy, t" triplets  u" triplets y,

Science & Technology
@ Facilities Council



GAP btting of multiple
models

Fit of a two and three-body model on Si SW-data

| | | |
"ENEm#= $\,2V<2> C®(p, g+ $V2V<3> CO(t,u)
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Many-body kern‘eil

represent atomic neighbourhood
environment by atomic density

. . . neigh.
atomic energy is a linear PN (_ r — r¢j2>
functional of density pilr) = Z?: P 20 5tom
distribution of weights is #=#i= w(r)li(r)dr

Gaussian
kernel becomes the overlap

C(li,!) = !"i"j":. w(r)L@wE)Y (r)ydrdr = #5  1i(r)!(r)dr
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Many-body kernel

C'(!i,!;)=|C(,R!)|PdR
kernel needs to be rotationally
Invariant C"(pis py)

C"(pi, p;) =
! \/Cl pzapz \/Cl p]?loj)

iIntegrate over all possible

rotations pir) = (1) Vi ()
nlm
' - 1 % ..
normalise o) # $ OO
nn 2I + 1 nm m
: - Y0
it can be done analytically Cl(11,11) = eplidrp®;
n,n’,l

Science & Technology
@ Facilities Council



Is SOAP a good similarity
kernel?

¥ can we Pnd two genuinely
different conbgurations
which are yet deemed
equivalent?  !i,j where!; "#!; such that C*(!;,!;) =1?

¥ no analytic proof
¥ numerical experiments:

match an atomic density argmaxC"(!,! ')
to a reference density !
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Is SOAP a good similarity

Ocentral atomO
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SOAP for structure comparison

work with Sandip De and Michele Ceriotti

¥ SOAP provides a similarity

measure between atoms wJ

¥ use It to compare two
molecules or structures

¥ build a matrix from all
pairwise SOAP kernels

¥ average the elements

¥ Pnd the best match
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