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Free	
  energy	
  of	
  heterogeneous	
  system	
  in	
  con1nuous	
  approxima1on	
  

FT	
  

Varia1on	
  of	
  free	
  energy	
  with	
  respect	
  to	
  small	
  fluctua1ons	
  	
  	
  

!c(r) = c(r)! c

Stability	
  of	
  the	
  system	
  with	
  respect	
  to	
  infinitesimal	
  
fluctua1ons	
  	
  

	
  



Two types of minima: 
 
     k=0 separation 
   
 
 
     k≠0 periodic structures 
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Phase	
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Ordering	
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  periodic	
  structure	
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Landau Khalatnikov kinetic equation (1954) 

Landau-­‐Khalatnikov	
  relaxa1on	
  equa1on	
  

Microscopique	
  kine1c	
  equa1on	
  
Atomic	
  density	
  func1on	
  theory	
  

Time	
  dependent	
  Ginzburg-­‐Landau	
  equa1on	
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Cahn-­‐Hilliard	
  equa1on	
  for	
  concentra1ons	
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C(r)	
  

η=1	
  

η=0	
  

Phase	
  field	
  variables:	
  	
  
Concentra1on	
  c(r)	
  
Ordre	
  parametre	
  	
  η(r)	
  

P(r)	
  is	
  the	
  probability	
  to	
  find	
  
atom	
  in	
  posi1on	
  r.	
  



	
  Rayleigh–Bénard	
  convec(on	
  of	
  a	
  fluid	
  layer	
  between	
  two	
  horizontal	
  plates	
  is	
  one	
  
of	
  the	
  simplest	
  sustained	
  nonequilibrium	
  systems.	
  When	
  the	
  temperature	
  
difference	
  ΔT	
  =	
  T1−T2	
  	
  is	
  sufficiently	
  large,	
  the	
  warm	
  less-­‐dense	
  air	
  near	
  the	
  floor	
  
and	
  the	
  cold	
  more-­‐dense	
  air	
  near	
  the	
  ceiling	
  spontaneously	
  start	
  to	
  move,	
  i.e.	
  
convec(on	
  sets	
  in.	
  The	
  rising	
  and	
  falling	
  regions	
  of	
  air	
  eventually	
  forms	
  cellular	
  
structures	
  known	
  as	
  convec(on	
  rolls.	
  The	
  characteris(c	
  roll	
  size	
  is	
  about	
  the	
  depth	
  
d	
  	
  of	
  the	
  air.	
  



SwiY-­‐Hohenberg	
  model	
  of	
  convec(on	
  

The	
  addi1on	
  Ψ3	
  in	
  the	
  free	
  energy	
  func1onal	
  break	
  ±	
  symmetry	
  
	
  (Brazovskii	
  energy,	
  1976)	
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  for	
  ε=3/4	
  and	
  k0=1	
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  stripes	
  
	
  
	
  
	
  	
  honeycomb	
  structure.	
  



Interac1on	
  between	
  the	
  vortex:	
  
repulsion	
  -­‐>	
  two	
  wires	
  with	
  currents	
  	
  
in	
  opposite	
  direc(ons	
  
a`rac1on-­‐>the	
  superconductor	
  	
  
prefering	
  to	
  be	
  in	
  a	
  state	
  with	
  no	
  	
  
defects.	
  



Atomic	
  density	
  func1on	
  theory	
  	
  on	
  constrained	
  laace	
  (1969)	
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Microscopic	
  kine1c	
  Onsager	
  equa1on	
  

Conserved	
  dynamic	
  if:	
   L(r ! r ') = 0
r
"



The	
  finite	
  range	
  interac(on	
  (a^rac(on)	
  

The	
  long-­‐range	
  interac(on	
  	
  (repulsion)	
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  A.G.	
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In	
  system	
  with	
  only	
  finite-­‐range	
  interac1ons,	
  the	
  resultant	
  two-­‐phase	
  mixture	
  
will	
  con1nuously	
  coarsen	
  reducing	
  its	
  interfacial	
  energy.	
  The	
  Coulomb	
  interac1on	
  stops	
  the	
  
coarsening	
  ader	
  the	
  ordered	
  par1cles	
  reach	
  certain	
  size.	
  Eventuelly,	
  all	
  ordered	
  par1cles	
  
reach	
  the	
  same	
  size	
  and	
  form	
  a	
  spectacular	
  regular	
  pa`ern	
  of	
  a	
  triangular	
  laace.	
  

Phase	
  Field	
  Crystal	
  method	
  (K.	
  Elder,	
  2002)	
  	
  -­‐>	
  zones	
  with	
  high	
  concentra(on-­‐>	
  atoms	
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Free	
  energy	
  change	
  with	
  respect	
  to	
  homogeneous	
  state	
  is	
  :	
  

Response	
  func(on	
  

Response	
  func(on	
  can	
  be	
  es(mated	
  from	
  the	
  elas(c	
  diffuse	
  sca^ering	
  

I(k)! kBTD!"
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Y.	
  Jin	
  et	
  al.	
  JAP	
  100,	
  013519	
  2006	
  



Diffrac1on	
  pa`ern	
  of	
  liquid	
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Why	
  one	
  minima	
  poten(al	
  gives	
  only	
  “honeycomb”	
  structure	
  in	
  2D	
  and	
  bcc	
  in	
  3D	
  simula(ons	
  ?	
  

k0	
  

a0 

a0 

2D	
  structure	
  with	
  one	
  
	
  characteris(c	
  distance	
  and	
  
maximum	
  number	
  of	
  first	
  	
  

neighbors.	
  	
  	
  

In	
  3D	
  bcc	
  lakce	
  (fcc	
  	
  
reciprocal	
  lakce)	
  the	
  	
  

number	
  of	
  first	
  	
  
neighbors	
  is	
  maximum	
  	
  	
  

	
  

Free	
  energy	
  minima	
  The	
  most	
  stable	
  high	
  temperature	
  modifica1on	
  of	
  the	
  crystalline	
  
phase	
  is	
  the	
  one	
  whose	
  reciprocal	
  laace	
  has	
  maximum	
  possible	
  
number	
  of	
  the	
  nearest	
  neighbor	
  sites.	
  

D(k)	
  works	
  as	
  a	
  filter	
  of	
  spa1al	
  frequencies.	
  	
  



Anisotropic long range interaction 
(elastic interaction) 
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Microstructure evolution in  Ni-13%Al à T=800°C 
with elastic interactions 

L12	
  phase	
  is	
  presented	
  in	
  red	
  and	
  fcc	
  matrix	
  in	
  black	
  



Atomic	
  density	
  func1on	
  model	
  	
  (ADF)	
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a

A	
  small	
  parameter	
  determining	
  the	
  transi1on	
  from	
  discrete	
  to	
  	
  
con1nuum	
  version	
  of	
  ADF	
  model	
  is:	
  

a-­‐	
  Ising	
  laace	
  parameter	
  
RWαβ-­‐	
  characteris1c	
  distance	
  of	
  interatomic	
  interac1on	
  

P(r)	
  -­‐	
  	
  probability	
  to	
  find	
  atom	
  at	
  posi1on	
  r	
  

	
  	
  	
  

ADF	
  on	
  constrained	
  laace	
   ADF	
  on	
  unconstrained	
  laace	
  	
  

Atomic	
  density	
  func1on	
  ρ(r)	
  



Rigide Ising lattice 

P(r)
r
! = N fraton

1 if site is within any point of any atom
( )

0 if site is outside of any atom
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Configura1onal	
  degrees	
  of	
  freedom:	
  	
  
The	
   use	
   of	
   a	
   set	
   of	
   occupa(on	
   numbers	
   ,	
   c(r),	
   equal	
   1	
   or	
   0	
   for	
   each	
   points,	
   r,	
   	
   of	
   	
   the	
  
con(nuum	
  space	
  	
  rather	
  than	
  a	
  choice	
  	
  of	
  coordinates	
  of	
  centers	
  all	
  of	
  atoms	
  

(M.	
  Lavrskiy	
  et	
  al.,npj	
  computa(onal	
  materials	
  2016)	
  



Schema(c	
  representa(on	
  of	
  condensa(on	
  of	
  randomly	
  distributed	
  pseudo-­‐par(cles	
  
(fratons)	
  in	
  atomic	
  sphere	
  

c(r)	
  	
   Homogeneous	
  density	
  of	
  
fratons	
  ρ(r)	
  

	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
atoms	
  

Random	
  
fluctua1ons	
  

tc >=< )()( rrρ

The	
  occupa(on	
  probability	
  of	
  finding	
  a	
  fraton	
  
at	
  the	
  point	
  r:	
  

fratons
A

r

fratons
A N=∑ )(rρ

Introduction of occupation numbers, c(r), mimics  a transition  to the “secondary 
quantization”, by an introduction of  creation and annihilation of pseudo-particle.  
For brevity we name them  fratons. 
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Model	
  Hamiltonian:	
  	
  

the	
  occupa(on	
  probability	
  of	
  finding	
  a	
  
fraton	
  of	
  the	
  kind	
  α	
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  ...,	
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  sites	
  r	
  and	
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The	
  Fourier	
  Transform	
  representa(on	
  of	
  the	
  	
  model	
  Hamiltonian:	
  

 
Model Potential  

The structural cluster function 

Structural	
  cluster	
  
	
  

A	
  structural	
  cluster	
  for	
  atoms	
  of	
  the	
  kind,	
  α,	
  	
  is	
  a	
  minimum	
  size	
  group	
  of	
  several	
  
geometric	
  points	
  numbered	
  by	
  index	
  	
  jα.	
  Their	
  number	
  and	
  mutual	
  loca(on	
  is	
  chosen	
  to	
  
reproduce	
  the	
  topological	
  features	
  of	
  the	
  desirable	
  final	
  configura(on	
  of	
  the	
  α-­‐atoms.	
  	
  
	
  
In	
  fact,	
  the	
  structural	
  cluster	
  func(on	
  has	
  a	
  built-­‐in	
  info	
  about	
  length,	
  direc(ons,	
  and	
  
rigidity	
  	
  of	
  the	
  bonds.	
  

Short	
  range	
   Long	
  range	
  



The Phase Field Crystal model has used two first terms of the gradient 
expansion of the Landau theory.  
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Eq.(1)  is a generalized Landau gradient expression: 
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  Taylor	
  expansion	
  of	
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Free energy functional is: 

	
  	
  

Reduced	
  variables:	
  
	
  	
  	
  	
  (me	
  is	
  measured	
  in	
  units	
  of	
  typical	
  atomic	
  migra(on	
  (me,	
  τo	
  
	
  

	
  	
  	
  	
  	
  	
  energy	
  is	
  measured	
  in	
  units	
  of	
  kBTo,	
  where	
  To	
  is	
  the	
  solidifica(on	
  temperature	
  
	
  
	
  	
  	
  	
  the	
  grid	
  lakce	
  increment,	
  l,	
  	
  (the	
  spacing	
  of	
  the	
  underlying	
  Ising	
  lakce),	
  is	
  
	
  	
  	
  	
  defined	
  as	
  a	
  frac(on	
  of	
  the	
  atomic	
  radius	
  
	
  
The	
  numerical	
  solu(on	
  -­‐>	
  the	
  semi-­‐implicit	
  Fourier	
  spectral	
  method	
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Self-­‐assembly	
  of	
  fratons	
  with	
  only	
  short	
  range	
  interac(on	
  

t*=0	
   t*=50000	
   t*=400000	
  



Equilibrium	
  configura1on	
  of	
  fratons	
  with	
  different	
  reduced	
  densi1es	
  formed	
  by	
  
short	
  range	
  poten1al	
  (r=5Δx)	
  

01.0=ρ 05.0=ρ 1.0=ρ 3.0=ρ



t* = 0 t* = 60000

t* = 400000 t* = 600000

t* = 300000

t* = 500000

Self-­‐assembly	
  of	
  fratons	
  into	
  diamond	
  structure	
  	
  



Zinc-­‐blende	
  structure	
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Self-­‐assembling	
  of	
  random	
  distribu1on	
  of	
  two-­‐component	
  liquid	
  into	
  zinc-­‐blende	
  
structure	
  



	
  	
  direc(ons	
  and	
  rigidity	
  of	
  the	
  bonds)	
  
	
  	
  rjαβ	
  :	
  atomic	
  sites	
  in	
  the	
  one	
  pitch	
  P	
  

Cluster -> n0+1 coils 

where 

Self-­‐assembling	
  of	
  random	
  distribu1on	
  of	
  fratons	
  in	
  helix	
  structure	
  



Self-­‐assembling	
  of	
  a	
  double-­‐thread	
  helix	
  polymer:	
  single-­‐thread	
  helix	
  in	
  a	
  
	
  the	
  “soup”	
  of	
  monomers	
  



α-Fe system 



GB	
  growth	
  ((lt	
  angle	
  θ	
  =	
  3.58°))	
  

Disloca(ons	
  
	
  at	
  GB	
  



The atomic density function (ADF) model of tilt grain boundaries  
in α-Fe 

GB energy 

Atomic 
configurations 

A.	
  Kapikranyan,	
  H.	
  Zapolsky,	
  C.	
  Domain	
  et	
  al.,	
  Phys.Rev.	
  B.,	
  89,	
  014111,	
  2014.	
  

VLR(k)	
  

T=0.9Tm	
  



Configura(ons	
  of	
  grain	
  boundaries	
  in	
  the	
  bcc	
  Fe	
  



Elastic field around dislocation at grain boundary 

 ∫voronoid3r ρ(r)/Ωρ0 > 1  ∫voronoid3r ρ(r)/Ωρ0 < 1 

expansion compression 

Dilated	
  (a)	
  and	
  compressed	
  (b)	
  regions	
  near	
  the	
  edge	
  disloca(on	
  of	
  a	
  4.24	
  [110]	
  GB,	
  as	
  
given	
  by	
  the	
  local	
  atomic	
  density	
  normalized	
  to	
  its	
  bulk	
  value	
  



in α-iron  



Segrega(on	
  of	
  P	
  at	
  <100>	
  grain	
  boundary,	
  θ=46.40°	
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Atomic	
  configura(on	
  around	
  P	
  atom	
  situated	
  at	
  GB	
  





Comparison	
  with	
  Mc	
  Lean	
  theory	
  

Enrichment	
  factor	
  

The	
  dependence	
  of	
  	
  segrega(on	
  enthalpy	
  	
  
of	
  phosphorus	
  in	
  α-­‐Fe	
  

Experimental	
  data	
   modelling	
  

P	
  Lejček,	
  S	
  Hofmann	
  -­‐	
  Cri(cal	
  Reviews	
  in	
  Solid	
  State	
  and	
  Material,	
  1995	
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Simulated	
  polycrystal.	
  The	
  grain	
  boundaries	
  are	
  indicated	
  in	
  white.	
  The	
  disloca/on	
  
structure	
  and	
  associated	
  elas/c	
  field	
  around	
  each	
  disloca/on	
  at	
  three	
  different	
  grain	
  

boundaries	
  are	
  shown.	
  	
  



Fe-C polycrystal 

Segrega(on	
  of	
  C	
  atoms	
  in	
  duplex	
  steels	
  



Segregation of vacanacies at <110> GB in α-iron 

O.	
  Kapikranyan	
  et	
  al,	
  Phys.Rev.B,	
  92,	
  2015	
  



CONCLUSIONS 

1.   Quasipar*cle	
  approach	
  	
  opens	
  a	
  way	
  to	
  answer	
  numerous	
  outstanding	
  ques*ons	
  
concerning	
  the	
  atomis*c	
  mechanisms	
  of	
  the	
  defects	
  forma*on,	
  the	
  forma*on	
  of	
  
polymers	
  due	
  to	
  aggrega*on	
  of	
  monomers	
  in	
  their	
  solu*on,	
  crystalisa*on	
  soli-­‐solid	
  
phase	
  transforma*ons	
  and	
  etc.	
  

2.   Two	
  new	
  ideas	
  in	
  Quasipar*cle	
  method:	
  

	
  	
  -­‐	
  the	
  configura*on	
  of	
  the	
  system	
  is	
  defined	
  by	
  fraton	
  density	
  func*on.	
  

	
  	
  -­‐the	
  interatomic	
  interac*on	
  is	
  defined	
  by	
  structural	
  cluster	
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