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Ensembles

System

In a quantum state

Equilibrium
allow heat to flow between
the system and a bath

Ensemble ‘trick’

replace the bath with
replicas of the system

Ensemble properties

isolated with total energy E

arbitrarily large number of
system replicas, N
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Equilibrium ensemble state

Description of the ensemble state

{nz} number of replicas in quantum level i with energy €;

N!
Q({n;}) = Mol number of microstates consistent with {72; }
;!

Equilibrium

defined by the most likely state of the ensemble with the most microstates:

max [111 Q({nz})] subject to constraints v : Z n; = N

BIZQ‘W:E

Optimize with Lagrange multipliers

aij [ln Q({ni}) — Oz(z n; — N) — 5(2 €;1; — E)} —0



Boltzmann distribution

... after some math: n; = e Ye Pe
. — N - __ N
Solve for «: an = — e = = S~ o pe
n; e Pei

Probability distribution

Pi = N - Ze_ﬁej

Solve for 5 ?  no, 0 characterizes the distribution better than E, and
was already coined previously by Boltzmann as 1/ksT

Boltzmann Partition Thermal
distribution: function: energy:
—Gi/kBT
€ e
pi = g=>) e /T keT =1/8
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Partition function

g = Z c—¢i/ksT = normalizes the Boltzmann probability distribution
- is the number of thermally accessible states

- derivatives contain all thermodynamic functions

E.g.: the average energy

B S eePe ~ 19q  Olng

oY ePa g0 9P

(E)
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Harmonic oscillator partition function

Quantum

om e—ﬁhw/Q

Classical limit:

lim ¢ — = —

Bhw<0 Bhw  hw

Interpretation:

number of thermally kT

accessible states: A
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Classical partition function

Proposed changes quantum classical

energy of a state ' —>  H(x,p)

sum over states Z — / /

Try qclé//e—H(x,p)/kT
xJp

Harmonic oscillator

dfio :?/6_5’”2/2dx/6_5p2/(2m)dp

p
Vi(z) = kx?/2



classical / quantum comparison
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Classical partition function

Separable configuration momentum
qcl _ l/e—V(w)/dexfe—p2/2kadp
h /), D
Configurational distribution Momentum distribution

. N p(p)
WV( ) /\MT
>
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Many dimensions
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Sampling with molecular dynamics

Newton’s equation 92
F(z) = vy

Velocity Verlet algorithm

Given x, and vi and an expression for F(x)

Step 1: calculate 11 = T} + hvg + h2F () /2m
Step 2: evaluate F (xp1)
Step 3: calculate vii1 = vi + % [F (zx) + F (xg+1)]

Now all quantities for the new step, k + 1, have been found, go back to step 1.

Average observables over trajectory

e.g. A fa; A(x)e‘v($)/dex 1 N
A) = [ e=V@/kT dy _NEZ:




Thermostats

Andersen

fictitious particles instantaneously ‘collide’ with
the atoms in the system and replace their
velocity with a thermal distribution

[2kT
U <— Utherm Oy = T

Langevin

atoms are embedded in a 'sea' of fictitious
thermal particles

F=ma— av+ Frondom

Bard@dsen

velocity rescaling U <— ’Utherm’@

never use this




Metropolis Monte Carlo

Goal
_ L A(z)e™V@)/ET dg
to avoid (A) = [ e V@R g

(no momentum)

N
1
and replace with  (A) = N Z A(xy)
k=1

e—V(x)/kT

but how to draw Zx, from the Boltzmann distribution, p(x)

Metropolis algorithm

1. consider an unbiased trial move Ax

2. accept the move according to 1
1 e—AV/kT]

Pacc = mln[

3. repeat until convergence




Metropolis Monte Carlo

Proof that MC gives the Boltzmann distribution

consider two generic points on a potential landscape B Ve
B
if sampled until steady state PAPA—+B = PBPB—A A Va
PB  DPA-B PB min[1, e~ (VB =Va)/FT]
PA  DPBoA pa  min[l,e=(Va=Ve)/kT]
Two cases (Vi —Va) /KT
pp e VP4 (VB —Va)/kT
. VB>V, — = — €
| B - VA DA 1
Il Vg <Va PB ! — ¢~ (VB=Va)/kT

pa e~ (Va—Vg)/kT

since A and B are arbitrary, ];—B — ¢~ VB=Va)/ET 0. | points
A



Free energy

Separate degeneracy and energy

E :
sze—Ei/kT :ZQ(E)B_E/kT A . E’L
i E = —_—
E
Equilibrium P(E) —

maximizes p(E) at E
InQ =InQ(E)— E/KT (maxterm)
—kTIn@Q =FE —kTInQ(E) (minimized)
=FE-T5 E+ E

= A free energy
Free energy

A is minimized at equilibrium

A defines equilibrium in the
canonical ensemble



Free energy differences

Probability of being in a state p(x) V(x)
PB _ 4B _ ,~(Ap—A)/kT
PA qdA .
A B

For relative probabilities, need free energy differences
Thermodynamic integration

1
san [ (2
=0 \ OA /

OH\\ fa: %G—V(:c)/dex B
ox / N B e~V (2)/kT dy

A=0 A=1

calculate average with MC/MD; path independent



Importance sampling

Umbrella sampling

VB
we are interested in some property
around ZE*, e.g. which is unlikely
Ae~V/FT . L0 x*
(A) = ff o—V/KT V(z™) > V(o)
add a bias potential Vg in the region of interest
fAe—(V—I—VB)/kTevB/k;T

<A> — fe—(V—I—VB)/kTGVB/kT

B fAe—(V—i—VB)/kTe\/B/kT fe—(V—i—VB)/kT ) <A6VB/kT>B

— fe_(V+VB)/kT fe—(V—H/B)/kTeVB/kT - <€VB/kT>B

which is sampled on the biased potential



Importance sampling

Wang Landau E

sample density of states

_ DOS
reweight the sampling

based upon 1/DOS
until a flat density of
states is obtained

Metadynamics

bias sampling with a history

dependent bias potential constructed v
from Gaussian potentials; continue )

until a flat distribution is obtained / \\/




Global optimization |

Parallel tempering /

Replica exchange

run molecular dynamics
at a set of temperatures

accept trial moves
between trajectories with
probability

Pace = min |1, e

gives an equilibrium
distribution, not dynamics

(Ez‘—Ej) ( k;%r

LP:



Global optimization Il

Basin hopping
local optimization

make a random trial move
and minimize

accept based upon the
Metropolis criterion

Pace = min]1, e_AV/kT]

repeat effective potential

has reduced barriers
Other strategies

genetic algorithms
swarm optimization

minima hopping



Discussion / questions?



