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A problem of time scale

Atoms move on a femtosecond time scale, but many interesting processes occur
on a human time scale of seconds or minutes.
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We need computational methods
which can reach time scales that
are orders of magnitude longer than
possible with classical dynamics

How can we use parallel computational

resources to extend the time scale of
atomistic simulations?

ms S mins
thermally activated experimental
reaction dynamics time scales

A classical dynamics simulation of a
typical rare event requires ~1012 steps!
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Classes of Dynamical Systems
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Energy Landscape: Smooth > Rough
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Transition state theory

A statistical theory for calculating the rate of slow
thermal processes — rare event dynamics

Requires an N-1 dimensional dividing surface that is

a bottleneck for the transition: y/
T — :UT—>

1
FrsT = 5 (0(x — xT)\ULDR

® Minima
® Saddle Points



Variational TST

TST assumes that all trajectories that TST variationally overestimates
cross the TS are reactive trajectories. the true rate:
TST __ 1 TST
kST = L(0(z — 2" vil)m kST > ki

Good TS surface:
 separates reactants from products

* minimizes recrossings
* maximizes its free energy




Dynamical corrections to TST

TST assumes that all trajectories that violation
cross the TS are reactive trajectories. of TST ,-~

Dynamical correction factor:

o O(z(t) — 2N 6(xg — 7)) e [0.1]

(B(v v 6(xg — 1)) Ts -
L = $T
- ratio of successful trajectories to TS
number of TS crossing points ? | J
- ratio between the ——> ,7 1
TST and truerate:  k,_y, = K, k;-F_SF :b
A successful trajectory: Example: E,
1) trajectory must go directly to Kis = 1/2 | 71
products without recrossing the TS Kisi, = 1/3 i'

2) trajectory must start in initial state Kijy = 1/6 ——> jQ



Harmonic transition state theory

Transition state theory

1
kFrsT = 5 (6(z —z")|vL])
Momentum

here, independent of position and direction
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Transition state theory

A statistical theory for calculating the rate of slow
thermal processes — rare event dynamics

Requires an N-1 dimensional dividing surface that is

a bottleneck for the transition: ]
r =T T —>

1
FrsT = 5 (0(x — xT)\ULDR

Harmonic transition state theory

Find saddle points on the energy surface : g/';ﬂé?s Points
Rate of escape through each saddle point region:
N A
kurst = H]ff:11 — exp <—£>
1= v ;L kT AFE




Methods for finding transition states

Min-mode following: [y

Find saddle points Unknown final state |}

A XN u | | >,
b ¥ I
Potentis ‘

Nudged elastic band:
Known final state
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Nudged elastic band method

Pioneering work
Pratt, Elber, Karplus, ... and others

Nudged elastic band

Images connect initial and final states

NEB force on each image:
FYEB = Ff 4+ F;)

Perpendicular component (potential):

F;=-V(R)) + VR, - 7i7;

Parallel component (springs):
F! = k (Riys — Ri| — |R; — Ri_4|) 7
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Related methods

: - P. Maragakis, S. A. Andreeyv, Y. Brumer, D. R. Reichman,
Adaptlve nUdged elastic band E. Kaxiras J. Chem. Phys. 117, 4651 (2002).

add images along the path to improve resolution where needed

DOUbly nUdged elastic band S. A. Trygubenko D. J. Wales, J. Chem.

. . . . ) Phys. 120, 2082 (2004).
include projected spring forces to maintain a short path

String method replace springs with constraints ~ W. E, W. Ren, E. Vanden-Eijnden,
Phys. Rev. B 66, 052301 (2002).

GrOWing String P. Maragakis, S. A. Andreev, Y. Brumer, D. R. Reichman, E. Kaxiras
. . - ey . J. Chem. Phys. 117, 4651 (2002).
start from points in the initial and final states

Ridge method follow a ridge between minima down to a saddle
l. V. lonova and E. A. Carter, J. Chem. Phys. 98, 6377 (1993).

Step and slide follow potential contours up from minima to a saddle
R. A. Miron and K. A. Fichthorn, J. Chem. Phys. 115, 8742 (2001)

Dra%ethod drive the system along an assume reaction coordinate

No one should take credit for this method



Transition path sampling

.
Sample paths
pie p ¥, =~
that go from A to B with
shifting (moving forward or
backward in time) or
A=0 b X=X

shooting (selecting new K
momenta at a point)

¢ N
Calculate rates @' ; @

need to define a
reaction coordinate from c A= X d Ximi']
Ato B along whichthe | )

probability of having
successful trajectories @ ‘;
can be calculated

P. G. Bolhuis, D. Chandler, C. Dellago, and P. L. Geissler, Annu. Rev. Phys. Chem. 53, 291 (2002)
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Sampled reaction path methods

Transition interface sampling

L _<(I>A,xl>"1:[1 }7‘ .
for 2-state 4B Thyy i { 'QAH,,AM’A,M( B,A><I>AJ”
systems _<(I)A’)\l>n—l

= w 1_[1 P()\,+1|)\1)P()\B|)\n)

i=

(D) o (Pyn,)
= MT</13,A>(DAJ\IE WPO\BPH)-

T. S. van Erp and P. G. Bolhuis.
J. Comp. Phys. 205:157, (2005).

Forward |
I 2/1_)/\\
flux | —
A B B

does not A

assume ‘ E
equilibrium | f 5
Ao Ay A, Ay A, Ao Ay Ay Ay A,

R. J. Allen, P. B. Warren, and P. R. ten Wolde, Phys. Rev. Lett. 94, 018104, (2005).



Related reaction path methods

Milestoning

system must lose memory
between milestones

appropriate for diffusive and
multistep reactions

A. K. Faradjian and R. Elber, J. Chem. Phys. 120, 10880 (2004)

Multi-dimensions : "/

5 %
with Voronoi construction 2 / /u.w
>.
) g Path
= sl 0 1 2 Function
X Position Value

E. Vanden-Eijnden and M. Venturoli, J. Chem. Phys. 130, 194101 (2009)



Discrete path sampling

Sample minimum energy paths for an entire network between A and B;
solve the master equation for the steady state rate between them

i ing mini t) _ pg - po(t) _ Py
no intervening minima Pa( — Fa (t) =0 — b
pa) —pn B po(l) ~ 7
1 _ 1 CAp
kiSB - Tq Pail‘ljiliz T Pin—linP’:anb 1pgq — Tq Z - |
B a<b

1UAM
trefoil knot ,

D. J. Wales, Mol. Phys. 100, 3285 (2002).



Accelerated molecular dynamics

Philosophy

accelerate the evolution of a trajectory
while retaining the correct dynamics
over rare events

rare event

system
Parallel replica dynamics

t=0.15 us

~linear speedup with parallel resources

A. F. Voter, F. Montalenti and T. C. Germann,
Ann. Rev. Mater. Res. 32, 321 (2002).

A. F. Voter, Phys. Rev. B57, R13985 (1998)



Temperature accelerated dynamics

run basin constrained high-
temperature trajectories

determine the mechanism
and barrier of each escape

attempt

use harmonic transition state
theory to extrapolate the
escape time to the low
temperature of interest

upon reaching confidence,
choose the first event that
would have happened at the
low temperature
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M. R. Sorensen and A. F. Voter, J. Chem. Phys. 112, 9599 (2000)



Hyperdynamics

Transition state theory rate

1

kFrsT = §<5(33 —z)|vLl)

L [ e V@/KT §(x — z1)|v, |do AV,
[ e V@)/kT dy

L [e=(V@+AV@)/RT (5 — gh)|u | eAVe@/RT gy
[ e~ (V@) +AV (@) /KT ¢AVy(2)/kT g

5(eAV@/ELG (2 — zT)|v 1 |)y,  «— choose AVy(z') =0
(eAVi(@) /KT

b

%<5(93 — v )y «— TST rate on the biased potential
(eAVs()/KTY,

<+— Dboost factor

A. F. Voter, J. Chem. Phys. 78, 3908 (1997).



Minimum mode following methods

Find the lowest curvature mode using:

- Rayleigh-Ritz (Wales)
* Dimer method (Voter, Henkelman, Jonsson)
* Lanczos (Barkema, Mousseau)

Start from an initial state, near a minimum

Follow the
minimum mode up
to the saddle point

Independent

searches are used
to find unknown

and complex
reaction
mechanisms

G. Henkelman and H. Jonsson JCP 111, 7010 (1999)
R. Olsen et al. JCP 121, 9776 (2004)



Adaptive kinetic Monte Carlo (AKMC)

Combine saddle point searches
with kinetic Monte Carlo

1. Find low energy saddle
points using a min-mode
following method

Adaptive
Step

O Minimum
O Saddle Point

0 T 1

[ 2. Choose one processes

O fr-om. a Boltzmann D1 P2pPs D4
— distribution
4
T 3. Hop to the final state of Probability: p; 7,
3 < the chosen process
= . Rate: r =veb/kT
o 4. Increment time by an l
average amount At Time: At 1
Ime: =
5 Repeat Y

G. Henkelman and H. Jonsson JCP 115, 9657 (2001)



Example: Complex phases in metals

Model system: A15 §ode8o8oBagesocecererssor
§0808o0 o 9926%0%6%0%0%0°%

'§°:°§°:°§°:° o :o:o:o:c:o:o:ozc

Some pure metals (Mo and W) have 2000000 ooog 0302020702020 0°
TCP phases; try to understand the §.§.§.§.§.§.§ : ::::::::::::::::
mechanism and rate of transition '§°:°§°°°§°°° %0909000000020 ¢
IR TR LR L) SN

C.M.F. Rae and R.C. Reed. Acta Mat., 49(19):4113, 2001.
F. Sun, J. Zhang, P. Liu, Q. Feng, X. Han, and S. Mao. J. Alloy. Compd., 536:80, 2012.
J.W. Elmer, T.A. Palmer, and E.D. Specht. Metall. Mater. Trans. A, 38A(3):464—475, 2007.
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Local mechanism of interface motion in 3D

frozen A15 interface
atoms atoms




Interface disorder leads to superbasins
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Monte Carlo with Absorbing Markov Chains

Probability transition matrix: (O rabsorbing states
{ M s transient states
(L 0.y OG-0
Mrts)x(r+s) = R T O v/ , O
SXT SXS8 —O / .
*O good, but not necessary:
-
Initial state vector: (0T |o7)) O \/\/m/\/
Time evolution:
(0T #T)YM™ = (T (I+T +---+T™ ) R| [7TT™)
Absorbing time:
Probabilities:
T <7 < T™ e
ill i sien susa‘ccz_’T e E—
Dstill in transient subsp U; T"e solve for m
4T

— T m—1
pabsorption after m time steps — Uy (I +T+---4+T ) R

Absorbing state:

—T m—1 my =
Pabsorbed at time m — U (T —T ) €

J—1 J
e . #'T™ R Ya<F<Y g
pabsorption given exit at time m — q= =1 i=1

for random numbers 7,7 € [0, 1]
Mark Novotny PRL 74, 1 (1994).



Slow interface motion

Potential Energy Change (eV)

Potential Energy Change (eV)
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Ongoing challenges

0.0-—2:95€3

Disconnectivity graph A15-BCC interface
—0.17 1183 atoms, EAM




Discussion / questions?



