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Almost invariant vectors

Definition. Let [ be a discrete group, S C I,
e > 0, and (p,’H) be a unitary representation

of I.
A unit vector v € H is called (S, e)-invariant,

if for all s e S, ||p(s)v —v]| <Le.
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Kazhdan constant

Definition. A discrete group I is said to
have Kazhdan property (7T'), if there exist

a finite generating set S and ¢ > 0, such
that every unitary representation with (S, e)-
invariant vector, contains a non-zero [ -invariant
vector.

In that case (|S|,¢) is called a Kazhdan con-

stant for I.
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Examples
- SLp(Z) in SLy(R) for n > 3 [Kazhdan]
- SLn(Z|x1,...,x]) for n >k + 2 [Shalom].

- SL>(7Z) does not have property (T).
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Applications
1) Expander graphs.

2) Bound on the mixing time of a random
walk.

3) Solution of the Banach-Ruziewicz theo-
rem about uniqueness of rotation-invariant
means on the unit sphere (Margulis and Sul-
livan).
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Elementary Linear Group

R - a f.g associative ring with unit generated
by a1 = 1,a9,...,q;.

e;;(r) - An elementary matrix. This is n x n

matrix with 1 along the diagonal, » € R in
the (4,4) position, and zero elsewhere.

ELj(R) - the elementary group.

ELd(Z[CC]_, ,CIZk] = SLd(Z[xl, ,CCk]) ford>3
(Suslin).
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Generating Set for EL (R)

S;(R) — is the set of 2(d? — d) elementary
matrices with +1 off the diagonal and the
set of 4/(d— 1) elementary matrices e;;(dam)
with |t —j|=1and 1 <m <.

- For d > 3, EL4j(R) is generated by the set
Sa(R).
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Unimodularity

Definition. A sequence {aj,...,an} in a ring
R is said to be left unimodular if

Raq + ... + Ran = R.

In case n > 2, such a sequence is said to be
reducible if there exist rq,...,r,_1 € R so that

R(a1 +7r1an) + ...+ R(ay,—1 + r,—1an) = R.
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Stable Range

Definition. A ring R is said to have left
stable range < n, if every left unimodular se-
quence of length > n is reducible. The small-
est such n is said to be the left stable range
of R.

Examples:
1) sr(F) = 1.
2) sr(Z) = 2.
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Previous work

Theorem (Shalom [2006]) Let R be a f.g
associative ring with a unit and with stable
range r. Then for all n > max{2,r}, the
group EL,(R) has Kazhdan property (7).

Shalom [1999] (with a complement by Kass-
abov [2005]) showed that for n > 3, SLy,(Z)
has Kazhdan constant (2(n? — n),e,) with

1
(42/n+860)"1 <¢, <2n72

- They have taken the elementary matrices
as the set of generators.

10



Uniform Kazhdan Constant for some families of

linear groups

Previous work

Theorem (Kassabov [2005]) There exist
k € N and € > 0 s.t for every finite field F,
and for every n > 3, SL,(F) has Kazhdan
constant (k,¢).

11
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Main results

Theorem 1.1 [H]. Thereexist k e Nand 0 <
e s.t. for every n > 3, SL,(Z) has Kazhdan
constant (k,e¢).

Main Theorem [H]. Let R be an associa-
tive ring generated by [ elements with stable
range r, and assume that the group EL4(R)
for some d > r + 1, has Kazhdan constant
(kp,e0). Then there exist ¢ = e(eg,l) and
k = k(ko,l), s.t. for every n >d, EL,(R) has
Kazhdan constant (k,e¢).

12
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Center of mass

Lemma: Let (p,’H) be a unitary representa-
tion of a group I'. Suppose that for some
unit vector v € 'H, one has for all g € I
lo(g)v — o]l < V2.

Then there exists a non-zero [ -invariant vec-
tor in 'H.

The proof is based on the center of the mass
property of Hilbert spaces.

13
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Bounded elementary
generation property

Definition: The group ' = EL,(R) is said
to have the bounded elementary generation
property (BG) if thereisa number N = BE;(R)
such that every element of ' can be written
as a product of at most N elementary matri-
ces.

For n > 3:

- Carter and Keller[1983] - SL,(O)- Yes.

- van der Kallen [1980] - SL,(C[x]) - No.

- Open problem: SLy(Z[x])?

14
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BG and Kazhdan constant I

Lemma [Burger 91, Shalom 99, Kass-
abov 05]:

Let (p,’H) be a unitary representation of the
group EL4j(R). Let v € ‘H be a unit vector
s.t ||p(s)v —v|| <€ for all s € S (R).

Then ||p(g)v —v|| < 2M(l)e for every elemen-
tary matrix g.

15
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BG and Kazhdan constant II

Theorem [Shalom 1999, Kassabov 2005]:
Suppose d > 3 and R is a f.g associative ring
such that EL, ;(R) has bounded elementary
generation. Then ELy (R) has property (T)
with a lower bound for the Kazhdan constant
w.r.t S;(R).

Example: - SL,(Z).

16
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A property of Kazhdan group

Lemma: Let ¢ > 0 be a Kazhdan constant
of T w.r.t S. Let (p,’H) be a unitary repre-
sentation of [ with a unit vector v € 'H which
is (4,5)-invariant (where e > § > 0), then v is
(I‘,Qg)—invariant.

17
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Bounded products of
Kazhdan group

Lemma [Shalom 2006, KLN 2006]: If a
group I is a bounded product of groups with
property (T), then I is a group with property
(T).

18
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Proof of the main T heorem

-Assume that for some d > sr(R)+1, EL;(R)
has Kazhdan constant (kg,eg) w.r.t a gener-
ating set F'.

- We will show that for any n > d, the group
E L4, (R) has Kazhdan constant e(eg,l) w.r.t
S = FUSa(Mn(R)).

Reminder: S4(Mn,(R)) - is the generating set
for EL,(My,(R)) which was defined above.

19



Uniform Kazhdan Constant for some families of

linear groups

Proof of the main T heorem

- Let (p,H) be a unitary representation of
ELa,(R), and suppose v € H is a unit vec-
tor which is (S, e1)-invariant (e7 will be deter-
mined latter).

we need to show that v is (EL4,(R),V?2)-
invariant.

20
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Proof of the main T heorem
- EL4(Mn(R)) C EL4yp(R).

- We will show that any element in EL4,,(R)
IS @ bounded product of elementary matrices
in EL4(Mp(R)) and an element from EL,;(R).

21
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Proof of the main T heorem

Let g € EL4,(R). We consider g as an ele-
ment in GLa(Mp(R)).

% ok aq x k% %
| x ox ox ao 1| ox ox ox %
9= &« « « a3 g = « % % =
X k% ag by by b3 by

~sr(Mn(R)) < 1+ [F2B=1] < 5

biai + boap 4 bzaz + bgag =1

= (a1,a9,a3,a4) iS @ unimodular sequence.

22
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Proof of the main T heorem

Then by preforming a bounded number of
elementary operations we get:

ok x aq A B 0 O
_ | roxox a2 | ¢ D O O
I= | %« « % a3 0 0 Id O
x k% ag O 0 0O Id

where

(é g) € GLo(Mn(R))

23
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Proof of the main T heorem

Fact: For m > sr(R) + 2,

ELp_1(R) = ELm(R) ﬂ GLp—1(R).

. ( A B ) € ELo (R) C GLo(Ma(R))

24
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Proof of the main T heorem

Lemma [DV] 1:

_ ELy(R) O
ELn(R) =ULUL ( Cé Lo d )

where m > d > sr(R) + 1.

Lemma [DV] 2: U, L are product of 2 com-
mutators.

Therefore

EL4y(R) O
ELm(R) = C10203C4CsC6C7Cs ( Ccl)( ) Im —d )

25
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Proof of the main T heorem

Lemma 3:
* x 0O O
*x x 0 O
O O Id O
O 0 O Id
where ( : . is a commutator in GL>(Mp(R)),

can be written as a product of at most 40 el-
ementary matrices in EL4(Myp(R)).

26
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Proof of the main T heorem

Proposition: Every element in EL4,(R) can
be written as a product of at most 340 ele-
mentary matrices in ELs(Myp(R)) and an el-
ement in ELy(R).

— Let g € EL4,(R), g can be written as

g —49g1l--..--9340 " Yc

where the g;,'s are elementary matrices of
ELys(Mp(R)) and gc € ELj(R).

27
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Proof of the main T heorem

The group ELj(R) has Kazhdan constant ¢g
w.r.t F.

p|ELd(R) is a representation of EL, ;(R) with a
unit vector v which is (e1, F') invariant vector,
therefore v is (2 - E—(l),ELd(R))—invariant.

340

lp(g)v —vll < ) llp(gi)v — vl + llp(ge)v —v]| <
i=1

340 - 2M (I 4+ 1)e; +2- L < /2.
€0
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