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Tensor Toolbox
Kolda and Bader, oy MATLAB:

Tensor Decompositio Bader. Kolda
and ApplicationsSIAM - Acgr Dunlavy
Reviewd n and others

TUCKERMP|

https://gitlab.com/tensors/TuckerMPI Jimeng Sun (GA Tech)
Klinvex, Austin, Alex Williams (Stanford*)

Ballard, Kolda Plus many more former students and colleagues
collaborators for workshops, tutorials, etc.

* = Longterm stint at Sandia
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A Tensor is an-dVay Array ). s

Vector Matrix 3d-Order Tensor 5th-Order Tensor
d=1 d=2 d=3 d=5
a A A
4th-Order Tensor
d=4
y a4
A A
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Tensor Decompositions are the
New Matrix Decompositions

¥

i

==\ Sandia ‘n > | .
|I'| National o +2

Laboratories

Singular value decomposition (SVD),
eigendecompositio(EVD),
nonnegative matrix factorization
(NMF), sparse SVD, etc.

Viewpoint 1:Sum of outer products,
useful for interpretation

ﬂ ﬂ ﬂ=

CP ModelSum of dway outer products,
useful for interpretation

A 4 4

— — —
%ﬂ +ﬂ +.'.+ﬂ

CANDECOMP, PARAFAC, CanoRigighdic CP

Viewpoint 2:Highvariance subspaces,
useful for compression

Q

Tucker ModelProject onto higkhvariance
subspaces to reduce dimensionality

4

Q

HOSVD, BestRarE WM I WH I XX wb U |

Other models for compression include
hierarchical Tucker and tensor train.
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Outline

A CP for Mouse Neural Activity

A Computing CP

A Randomized Method for Computing CP

A Parallel Tucker for Data Compression

A Poisson CP Tensor Decompositioit permitting)

lllustration by ChrisBrigman
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Mefiivaiieon fer CP Tensor
Decomposiiien

Featuring work of Alex williams
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Motivating Example: e B
Neuron Activity in Learning

One Trial

Thanks tdSchnitzeGroup @ Stanford 300 neurons 120 time bins

Mark SchnitzerForiwang, Tony Kim

Microscope by “
Inscopix -

suo.Jnau

600 trials (over 5 days)

Coming soon: Williams, Wang, KiathnitzerGanguli Kolda, 2016
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Trials Vary Start Position and @i

Strategies

trial #1 trial #50
_— N e~~~
-VW .ﬂ.’w
ANANAAA Pat S e g
—~N N, — S
e P e v\/\/“—f\
—N N L ),

Laboratories

trial #100

neurons

time bins

Ve note different patterns on curtains
S

Allocentric Condition Egocentric Condition

A 600 Trials over 5 Days __e.g. go south __e.g. turn right_

A Start West or East L
A Conditions Swap Twice I S

e &
x Always Turn South 1 f j

x Always Turn Right — . L _

x Always Turn South

Coming soon: Williams, Wang, KiathnitzerGanguli Kolda, 2016
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CP forSimultaneousAnalysis of s (-
Neurons, Time, and Trial

trial #1 trial #50 trial #100
o~~~ ] P N, ——~~~—" Canonical Polyadic (CP) decomposition
VAV e — —— N
AN N AN
neuron factors
~~ | = |...| = nigh-dimensional e
~A AN — —_— | dat within-trial factors
— — B angll neural data across-trial factors

R

neurons

Past work could only look at 2 factors at once: Time x Neuron, Trial x Neuron, etc.

N J,%b

.
\s’b

time bins

Coming soon: Williams, Wang, KiathnitzerGanguli Kolda, 2016
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g-Component - .
CP Tensor Decomposition

Neuron Factors (Scaled by Factor Magnitude) Time Factors Trial Factors (Different Y-Scales)
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Component 5 Separates Starting POIff)
(Orange = East, Blue = West)

Time Factors

Neuron Factors (Scaled by Factor Magnitude)

N\

Sandia
National _
Laboratories

Trial Factors (Different Y-Scales)
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Component 8 Separates End Point (g i
(Purple = South, Orange = North)

-
Neuron Factors (Scaled by Factor Magnitude) Time Factors Trial Factors (Different Y-Scales)
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Component 7 Separates Reward  (d) s
(Green = Yes, Red = No)

Neuron Eactors (Scaled _by Facgor Magr_'nitude) Time Factors Trial Factors (Different Y-Scales)
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Fitting fhe CP Decompeosiiion
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CP Tensor Decomposition: Wi
Sum of Outer Products

\ Z DY / v, Optional
~ - + A= ]
A - X = [X1 XR}
Y — [yl e yR]
J X - X9 Q[Z1 ZR]
Data Factor Matrices

Model: M = Z A\, X0y, OZ

. 2 .
min E Qiik — Mii subject to myip = E N Ly Yir Z
[M ( 17k ?,jk) J 17k - ir Yjr er

ijk

Key references: Hitchcock, 192arshman 1970; Carroll and Chang, 1970
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CRALS: Fitting CP Model via @ (&
Alternating Least Squares

QI Lyz &R Convex (linear least squares)

N R subproblems can be solved exactly
- +
X1 X2 Xp

Structure makes easy inversion

X, Y,Z) = Z(aijk — Zél?z'r Yijr Zkr)2

ijk

Repeat until convergence:

2
Step 1: l’l’llIl Z (af@gkj Z Lir Yjr Zlcfr')

17k

2
Step 2: mln Z (af'z,jk Z Lir Yjr zk:r)
17k 5
Step 3: mln Z (a/’l,jki Z Lir Yjr Zkr)
17k

Harshman 1970:; Carroll & Chang, 1970

21212017 Kolda- IPAM Big Data Meets Computation 17




Challenges for Fitting CP s (i
Model

I'xJxK 71 Z9 ZR
WA Y AR NNV s # variables R(l +J +K)
+ + 5o

n # data points #JK

~
~

Rank = minimaR to exactly
reproduce tensor

X1 X2 XR

A Nonconvex:Polynomial optimization problem Initialization matters

A Permutation and scaling ambiguities: Yy NB 2 NRSNJ 0§ KS N
scale vectors within each component so long as the product of the scaling
is 1) May need regularization

A Rankunknown5 SGSNXYAYAY3I GKS aNIF ylHardw 0
(Hastad1990,Hillar& Lim 2009) No easy solution, need to try many

A Lowrank?. SAaU0-Nafyaé@ FIFOG2NRATFGAZ2Y YI &

) Need bounds on componeniig.. x, o y,. o z..|| = || |x-]| [|¥,-I| l|Z]]

A Not nested:Best rank(R1) factorization may not be part of best rak
factorization (Kolda 2001) Cannot use greedy algorithm
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Example 9 x 9 x 9 Tensor of e (2
Unknown Rank

A Specific 9 x 9 x 9 tensor factorization problem
A Corresponds to being able to do fast matrix multiplication of two 3x3 matrice
A Rank is between 19 and 23 - 621 variables

r1,11 =1 Ta21 =1 x731 =1
T1,4,2 =1 Ta52 =1 T7,6,2 = 1
T1,7,3 =1 r4,83 = 1 T7,93 = 1
21,4 =1 524 = 1 rg3,4 = 1
T245 =1 T555 = 1 T8,6,5 = 1
To76 = 1 586 = 1 rg,9,6 = 1
r317 =1 Tea7 =1 2937 = 1
348 = 6,58 = 1 T968 = 1
3,79 = 6,8,9 = 1 T999 = 1
Ladermaril976; Binietal. 197®Blaser n no T . Sy a2 g . lffFNRXZ t
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Opportunities for Fitting CP i B
Model 8

Z 79 Zp
(AR A Y A k-rank(X) = maximum valug& such

P = | + | that anyk columns ofXare linearly
X1 X2

independent
A Factorization igssentially uniqugi.e., up to permutation and
scaling) under the condition th@e sum of the factor matrix
k-rank values is 2R + ¢ 1 (Kruskall977)

k-rank(X) + k-rank(Y) 4+ k-rank(Z) > 2R + 2

XER

A IfR ¢ 1,J,K, then can useompressiorto reduce
dimensionality before solving CP modelANDELINC: Carroll,
PruzanskyandKruskafl 980)

A Efficientsparse kernelexist(Bader & Kolda, SISC 2007)
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A Ranclomizeec Mefhod for
Fitting fhe CP Decompeosiiion

Featuring work of Casey Battaglinoe, Grey Ballard
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Rewriting CPALS Subproblem g (&
as Matrix Least Squares

Repeat until convergence: Ix Jx K
2 Z] Z2 ZR
Step 1:111}%11 Z (aijk o Z Lir yj"” Zk"“) Ql Q2 QR
i7k T
2 ~ + 4+t
Step 2:“%}“2 (O’ijk - Z Lir Yjr Zk‘?‘) A
i1k T
c 2 X1 X2 XR
Step S:mZmZ (G’iﬂf - Z Lir Yjr *’”)
i7k T

Rewrite as matrix least squares problem
(backwards and transposed matrix version!)

GNAIKO KIYyR aARSAE Yl NRMEE
‘ ‘ (21 ®y1)
TX‘R (ZR@.’YR),
KhatrtRao Product

A (1) X (ZoY) |3
I x JK I xR Rx JK

Coming soon: Battaglino, Ballard, Kolda, 2016
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Matricization/Unfolding: e
Rearranging a Tensor as a Matrix_

B o

mode-1 fibers mode-2 fibers mode-3 fibers
JK IK 1J

-1 4 - § <
A1) A(2) A(3)

Mathematically convenient expression, but generally do not want to actually form the
unfolded matrix due to the expense of tloata movement

2/2/2017 Kolda- IPAM Big Data Meets Computation 23



Randomizing the Matrix Least @ (&
Squares Subproblem

A1)S X (ZoY)'S]|%

I x5 I xR RxS

Each column in
the sample is
of the form:
0%0YZX]

¢s2 AaiNRKRO] &t
1. Never permute elements of tensor A inti©@ U wnatrix form
2. Never form full KhatrRao product of siZ&¢ 0 0

Battaglino, Ballard, Kold&, Practical Randomized CP Tensor Decompgsiaon2017, arXiv:1701.06600

21212017 Kolda- IPAM Big Data Meets Computation 24



Mixing for Incoherence: )i (=
One Time & Done '

Need to apply affiast Johnsos.indenstrausdransform (FILTO (Hs 4o Q § 2 incBhéreraz

|AWS - X(ZoY)'S|p=>1Aw) (DF)S — X(Z oY) (DF)S|%

Diagonal Random Sign Flip & FFT
2S dzaS | YNRYSO]USNI LINRRdzOU 2F CW[ ¢

HA(l) (FKDK X FJDJ)/S — X(Z ® Y),(FKDK X FJDJ)’SH%»
||A(1)(FKDK ) FJDJ)IS — X(FKDKZ O FJDJY)’S”%

We ultimately transform the tensawne timein all modes and just apply
the reverse transform in one mode.

FIDI FJDJ FKDK

P4

Battaglino, Ballard, Kold&, Practical Randomized CP Tensor Decompgsiaon2017, arXiv:1701.06600
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Randomizing the Convergence g (&
Check '

Repeat until convergence:
. . Estimate convergence of
.min (a,- e — Tir Yir 2k ) e ¢ ] i
Step 1% %; & ZT: S - function values using small
mmz(a_ S )2 ee | random subset of elements
Step 257y £ \TWR T e T S in function evaluation
X 2 (useChernoftHoeffdingto
.min s — P Wi /,,g)
Step 3777 %( Y ZT: e bound accuracy)
= : 2
= Sampled
. fX,Y,Z) = Z(aijk — inr Yjr Zk?“)
é 102 | = ijk r
£ B i
wn ~ Ie]K 2
2 — 1 X,Y,Z) ~ (a--— T z)
:; - ) f( y Xy ) ‘Q| Z ijk Z ir Yjr Zkr
= - \f— fl E ijkeE) r
5 <107°
g /]
[9p] | |
20 40 60

5th-Order Tensor Size

Battaglino, Ballard, Kold&, Practical Randomized CP Tensor Decompgsiaon2017, arXiv:1701.06600
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CPRAND faster than g ®&-C

0.98 0.98

0.96 | 0.96 |-

fit

0.94 0.94 |

— CP-ALS
0.92 |- N 0.92 |- CPRAND -
—e— CPRAND-MIX

0.9 | | | 0.9 | I I
0 5 10 15 20 0 5 10 15 20
time (s) time (s)
300 x 300 x 300 Random RemHRensor 80 x 80 x 80 x 80 Random R&nkensor
with 1% Noise with 1% Noise

Battaglino, Ballard, Kold&, Practical Randomized CP Tensor Decompgsiaon2017, arXiv:1701.06600
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CPRAND Faster than @RS In Wi (=
Low Noise Conditions

200 Tensors: 400 x 400 x 400, R =5 or 6, Noise = 1%

(1.0 Best)

— |-.- {0 — Qo0 O OGO - - = = = = = - -|
— II]- 4 — o o coD amoam}- - - - - - - - :I]
—_ F-- I ------------ —D @O - - === === == == I 4
B |4 e a— |

I I I I | I I | I [ I I

0 5 10 15 20 25 30 0.6 0.7 0.8 0.9 1.0

Time (s) Score
99% = Best Expected Fit for 1% Noise

— |--_ ------------ 4 coomo — o® O @OMO mmoomanﬁ-l-]
— F- I ------------ 4 — o @D O GmDd CCNDCIHEDAD  CNOHERcn- [II-|
4 -1 ]------------ oo | —o 0 WEOWOOGH -~ - - === - - - 1
| I ---- - - S

| I | I | | I | I |

0 50 100 150 200 0.970 0.975 0.980 0.985 0.990

Iterations until Termination Fit

—— CPRAND-MIX CPRAND CP-ALS(R) —— CP-ALS(H)

Battaglino, Ballard, Kold&, Practical Randomized CP Tensor Decompgsiaon2017, arXiv:1701.06600
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CPRAND Faster than @RS In Wi (=
Low Noise Conditions

200 Tensors: 400 x 400 x 400, R =5 or 6, Noise = 10%

(1.0 Best)

1l e - ESEEeeS I -
~ f4mmo oo - Rl [ H
- [I ------------- oow 4 bFo-mmmmm-- I --1
{1 - 1 - I -

I I | I | I I I | I I

0 2 4 6 8 10 0.2 0.4 0.6 0.8 1.0

Time (s) Score
90% = Best Expected Fit for 10% Noise

— .—--t-nncmoooom @o O O o — o o|-——-—----{
— [I:l---mooooocoo o] 00 — oo|----|:|]---|
— I:--—-lm 0O 0 ® 00 o o — o l——:D—-—-l
- — b--Q -0 o

[ | | | [ [ [ [ | [

0 50 100 150 200 0.86 0.87 0.88 0.89 0.90

Iterations until Termination Fit

—— CPRAND-MIX CPRAND CP-ALS(R) —— CP-ALS(H)

Battaglino, Ballard, Kold&, Practical Randomized CP Tensor Decompgsiaon2017, arXiv:1701.06600
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Sandia
National o
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Analysis of Hazardous Gas Data

900 experiments (with three different gas types) x 72 sensors x 25,900 time steps (13

Method Median Time (s) Median Fit Median Classification Error
CPRAND 53.6 0.715 0.61%
CP-ALS (H) 578.4 0.724 0.67%
CP-ALS (R) 204.7 0.724 0.67%
Sensor _Time_ . . . Experiment

A
Ly

Sy fegiad ppaitedngtt
S and Lo

FEIPITPIp LS PIL T
peasibisaiatasigig

W Seoesy

......................................................

—| : , e A A A
RPN PR T, .:"_'" Teet '»...‘._-.-_

P p— P P ) . . . . Y S A ‘
0 20 40 60 0 10000 20000 O 10000 2000® 200 400 600 800
This mode scaled by component size Colorcoded by gas type

Data from Vergara et al. 2013; see also Vervliet and De Lathauwer (2016)
Battaglino, Ballard, Kold&, Practical Randomized CP Tensor Decompgsiaon2017, arXiv:1701.06600
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@ Sandia \ g 4
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Parallel Tueker Decompesifiieon for
Dafta Compression

Featuring work of Woody Austin, Grey Ballard, Alicia Klinvex, Hemanth Kolla
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DOE Advanced Simulations and @
Experiments Deluged by Data

A Combustion simulations

A S3D used direct numerical simulation

A D2fR aidl yRINR T2NJ O02YLJ
A Single experiment produces terabytes of data
A
A

Storage limits spatial, temporal resolutions
Difficult to analyze or transfer data

' A Electron microscopy

A New technology produces spectra and-D

diffraction patternsat each pixel

X A
A

A

5128 3D Spatia
Grid

Single experiment produces terabytes of data
Usually 16100 experiments per
Limited hardware utilization due to storage limits

Time

128

=

64 Variables

;AN e
Kossel Pattern

A Other applications
240 elements A Telemetry
A Cosmology Simulations (with LBL)

8TB (double precision) A Climate Modeling (with ORNL)
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Goal: Reduce Storage Bottleneclg i
via Multiway Compression

A Typical compression methods includes

A Bzip < Variables —
A Wavelets
A Interpolation
A Standard methods generally ignore Spatial Spatial
multidimensional structure _ _
A Most science data sets have natural Girid Girid
multidimensional structure
A Propose to use multiway compression 4
A Always as good as and generally exceeds o , _
compression ofossytwo-way methods = Spatial Spatial
A Initial experiments show 999% reductions - Grid Grid
A Many scientific data sets have natural d
multiway (Nway) structure
A 3-D spatial grid
A Temporal data Spatial Spatial
A Multiple measurements Grid Grid
A Parallel compression required to handle large
data sets!
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Reduction based on Tucker GED
Tensor Decomposition

X ~ S X1 g x2 uy® Xy yg®)

Fact Factor

Factor Maa(t:r&r Matrix

~ Core X1 Matrix X9 > XN N
Data Tensor Tensor 1
I xIox---x1Ipn RixRox---XRpn 11 x Rq I, x Rs In X Ry
N N N
Storage: H I, Storage: H R, + Z R, 1,
n=1 n=1 n=1
History.

A Hitchcock (1927) Mathematical definition

A Tucker (1966} Algorithms and applications for8ay data

A Kapteyn NeudeckerWansbeek1986)c Algorithms for Nway data

A Vannieuwenhovenyandebri] andMeerbergen(2012)¢ Sequentiallytruncated algorithm
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New Contribution: Parallel i
Tucker Decomposition

Processor Grid: P; X P> x P3 A Uses Cartesian block distribution
_1 . _2 LI A Main parallel kernels
A Gram matrix
/ / / A Tensoftimes-matrix
A Exploits clever local and global data

layout
A Communication avoiding

AS5SGFAta AY Lt5t{Q
A Code available (soon) &itLab

UCKERMPI

4 git@gitlab.com:tensors / TuckerMPlI.git
— Joy — Alicia Klinvex, Woody Austin, Grey Ballard

IDNNANAN
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Combustion Simulation Results

Sandia
@ National .
Laboratories \/_° Q

< Time —

4-way Tensor, 672 x 672 x 32 X 626

< Variables —

Spatial Spatial
Grid Grid
Spatial Spatial
Grid Grid
Spatial Spatial
Grid Grid

Storage:/4GB

Reduced size determined automatically to
satisfy error criteria:

120 = X|| < €| X|
Compression ratio:

N N N
C = an/ (H Rn-l—z_fan)
k=1 k=1 k=1

A Combustion simulation: HCCI Ethanol
A 2D Spatial Grid: 672 x 672
A Species/Variables: 32
A Time steps: 626
A Scaled each species by its max value
A Experiment 12 = 102
A New Core: 111 x 105 x 22 x 48(0MB
A Compression: 779X
A Experiment 22 = 10*
A New Core: 330 x 310 x 31 x 182(VB
A Compression: 15X
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Combustion Simulation Results =

Nationa

Temperature @ Disparat@imestepe= "t

No Compression
15X Compression
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