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@ Motivation - parameterized / stochastic equations
e Compressed sensing approaches for recovering best s-term approximations

© An improved complexity estimate for uniform polynomial recovery

@ lower-RIP: new weighted ¢1 minimization and lower hard thresholding for
overcoming the curse of dimensionality

© Compressed sensing for recovering parametric PDEs
e A general theory for nonconvex regularizations

@ Concluding remarks
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Motivation: Parameterized PDE models #,OAK RIDGE
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Deterministic and stochastic coefficients -
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parameters PDE model:
yeUCRr? — Fa(y))[u(y)] =0 —
inDCR", n=1,2,3

quantity of
interest Qu(y)]

@ The operator F, linear or nonlinear, depends on a vector of d parameters
y=(y1,Y2,...,yd) EU = szl U;, which can be deterministic or stochastic.

o Deterministic setting: y are known or controlled by the user.

o Goal: a query y € U, quickly approximation the solution map y — u(y) € V.

@ Stochastic setting: y may be affected by uncertainty and are modeled as a
random vector y :  — U with joint PDF o : U — Ry s.t. o(y) = szl 0i(yi)-

o Goal: Uncertainty quantification of u or some statistical Qol depending on w, i.e.,

E[u], Var[u], Plu > uo] = E[1 {45}
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Some assumptions

Continuity and coercivity (CC)

Forallz € D andy €U, 0 < amin < a(2,y) < Gmax-

Analyticity (AN)

The complex continuation of a, represented as the map a : C* — L>°(D), is an
L (D)-valued analytic function on C.

| \

Existence and uniqueness of solutions (EU)

For all y € U the PDE problem admits an unique solution w € V, where V is a suitable
finite or infinite dimensional Hilbert or Banach space. In addition

Vy e, 3C(y) > 0 such that ||u(y)|lv < C(y)

Some simple consequences:
@ The PDE induces a map u = u(y) : U — V.
o If [, C(y)Po(y)dy < oo then u c LL(U, V).
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A simple illustrative example ¥ OAK RIDGE
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Parameterized elliptic problems: U = [—1,1]%, V = H; (D), 2 T

V(oo y)Vu(e,y) = f&) zeD,yelU
u(z,y) =0 ze€dD,yel
Assume a(x,y) satisfies (CC) and (AN), and that f € L?*(D), then:
Vyeu, uly)e HY(D)=V and fuly)ly < —|fll 2
o Lax-Milgram ensures the existence and uniqueness of solution u € L(U, V).

Affine and non-affine coefficients:

© a(z,y) = ao(z) + i, yii(x).

@ a(z,y) = aofe) + (T, yit()) ", g €N

9 a(z,y) = ao(z) +exp (Z?zl yﬂ/h(x)) (e.g., truncated KL expansion in the log scale).

Remark. In what follows - can be extended to nonlinear elliptic (u*), parabolic, and
some hyperbolic PDEs, all defined on unbounded high-dimensional domains.

Clayton G. Webster, csm.ornl.gov/~cgwebster
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Analyticity of the solution ¥
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p=(pi)ici<d, pi > 1 Vi

@ Polydisc: O, = @), {2z € C;|zi| < pi}.

izt
o Polyellipse: £, = ), {mTi,zz €C,lz| = pi} .

Theorem. [Tran, W., Zhang '16]

Assume a(z,y) satisfies CC and AN. Then the function z — u(z) is well-defined and
analytic in an open neighborhood of some polyellipse £, (or polydisc O,).

alxy) = agx) + yy(x)

a(xy) = a0 + (yw())*

a(xy) = a () + e

Im(y)

-1 1 2

0 1 -1 1
He(y) ReiY)
Domain of complex unlform e|||pt|C|ty for some random fields.

> 2

Remark. The high-dimensional discontinuous case is analyzed in:
[Gunzburger, W., Zhang '14], [Burkardt, Gunzburger, W., Zhang '15 (SINUM), '16 (SIREV)]

Clayton G. Webster, csm.ornl.gov/~cguebster
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Brief taxonomy of numerical strategies ¥ OAK RIDGE
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Stochastic FEMs [Gunzburger, W., Zhang, '14 (Acta Numerica)]

COMPUTATIONAL & APPLIED MATHEMATICS

o Monte Carlo methods: Let {y. € U}]" , denote a set of random sample points

Blu] = - 3" u(y)

o Simple to implement, parallelize, and convergence rate is independent of d.
e Asymptotic rate is O(1//m).

e Unable to simultaneously approximate y — u(y).

Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — January, 2017
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Brief taxonomy of numerical strategies # OAK RIDGE

Stochastic FEMs [Gunzburger, W., Zhang, '14 (Acta Numerica)]
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o Monte Carlo methods: Let {y. € U}]" , denote a set of random sample points

o Simple to implement, parallelize, and convergence rate is independent of d.
e Asymptotic rate is O(1//m).

e Unable to simultaneously approximate y — u(y).

o Polynomial approximations: Let v = (v1,...,v4) € A C N a multi-index set,

and ¥, be multivariate polynomials in Pa(U) = span {H'j:l vt wi < vy Vi}.
Approximate the solution v by:

up(z,y) = Z ()P (y) €V QPAMU)

veA

o Takes advantage of the smoothness and/or the sparsity structure of w.

o Can feature faster convergence than MC.

o The evaluation of up requires the computation of ¢,, (in possibly) high-dimensions.

Clayton G. Webster, csm.ornl.gov/~cgwebster
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Multivariate polynomial approximations # OAK RIDGE
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© Taylor approximations: [Cohen et. al. '10, '11; Tran, W., Zhang '14, '15]
o ¥, (y)=yY and ¢ = ﬁa"u(o) can be computed recursively.

o useful when 9; have non-overlapping supports (affine “inclusion problems™)

@ Galerkin projection methods: [Wiener '38, Ghanem, Spanos '99; Xiu, Karniadakis '02;
Babuska et. al. '02; Todor, Schwab '03; Tran, W., Zhang '14; Dexter, W. '15]

o {¥,} is a multivariate orthonormal polynomial basis in y, e.g., Legendre
polynomials, Hermite polynomials, etc.

o up is the L2 projection of u on P (U), with dim(Py) = #(A) = N.

o Couples the parametric and physical degrees of freedom.

© Interpolation methods: [Smolyak, '63; Griebel et. al '99,’04; Nobile, Tempone, W. '08a, b;
Jantsch, W., Zhang '13, '15; Gunzburger, Jantsch, Teckentrup, W., '15]

o Given m > #(A) evaluations {u(yx)}}" ;. and {¥,} a Lagrange basis.
o wuy is the interpolant of u over an associated grid (structured vs. unstructured).
o Non-intrusive, sample-based approaches. Allow the use of legacy code.

e May be unstable if the interpolation nodes are poorly chosen (i.e., m >> #(A)).

Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — Janu
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Multivariate polynomial approximations ¥ OAK RIDGE
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continued...

@ Discrete least squares: [Cohen et. al. '13; Migliorati et. al. '13, Narayan et. al. '13; Zhou et. al.
'14; Chkifa et. al. '15]

o Given m evaluations {u(yg)}p~ . find (cu)vea by minimizing

D llulyr) — ua(yi)ll3 g2

k=1

o Mitigate Runge's phenomenon.

o Reconstruct statistics of u, and stability of the design matrix requires m >> #(A).

Q Compressed sensing: [Doostan, Owhadi '11; Mathelin, Gallivan '12; Yang, Karniadakis '13;
Rauhut, Schwab '14; Adcock '15, '16; Chkifa, Dexter, Tran, W. '15]

o Given an enriched set Ag, and m << #(A) evaluations {u(yg)}7-,, find
(cv)ven, by solving the following minimization problem:

argmin ||61,HV)£1(A0), subject to u(yx) = Z e ()P (yi)-
veAg

o Number of samples to recover the best s-term scales linearly in s (up to log factors).

o ¢! minimization may be impractical in high dimensional problems.

Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — January, 2017
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Multivariate polynomial approximations ¥ OAK RIDGE
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Selection of (lower) index sets in high-dimensions

o The efficiency of polynomial approximations depends on the selection of A C Ng.

o Standard approaches: impose lower, a.k.a., downward closed index sets A a priori,
ie., (veA and V' <v) = V' €A

Challenge: #(A) = N can grow quickly w.r.t. the dimension d.

@ Some most common choices of index sets A

Tensor Product Total Degree Hyperbolic Cross Smolyak
Alw) = v €NV maxyi < v} Aw) = {reNY: Yn<u} Aw) = {reNY: [+ D <wr1)  Alw) = {reNY: 3 fm) < f(w)}
with 7(v) = [logy( T, v 2 2.

o Best s-term approximations: the optimal set A2 of the s most effective indices.

Clayton G. Webster, csm.ornl.gov/~cgwebster Big Data Meets Computati
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Present a random sampling polynomial strategy for recovering the s most effective
indices (without imposing a subspace a priori), for both complex-valued, i.e., ¢, € c,
and Hilbert-valued, i.e., ¢, € VY, such as ¢1 minimization, and nonconvex

optimization:

@ Provide the optimal estimate of the minimum number of samples required by ¢
minimization, to uniformly recover the best s-term approximation .

@ Introduce a specific choice of weights for £; minimization, and lower hard
thresholding operators, that exploit the structure of the best s-term polynomial
space to overcome the curse of dimensionality.

[Chkifa, Dexter, Tran, and W. '16]. Polynomial approximation via compressed sensing of high-dimensional

functions on lower sets. Mathematics of Computation (arXiv:1602.05823), 2016.

@ Provide a unified null space property (NSP)-based condition for a general class of
nonconvex minimizations, proving they are at least as good as /1 minimization in
exact recovery of sparse signals.

[Tran, and W. '16]. New sufficient conditions for sparse recovery via nonconvex minimizations, 2016.
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Novel £1-minimization and hard thresholding approaches for signal recovery U TATIONAL & APPLIED MATHEATICS

Goal. Given an index set Ag with #(\o) = N >> s (could be far from optimal),
{¥,}ven, an L*(U, do)-orthonormal basis, find and approximation of u:

u(y) = Y awlu(y).

vEAQ

CS was initially developed for signal recovery [Candes, Romberg, Tao '06; Donoho '06].
@ generate m samples {yx }1=; according to the orthogonalization measure o(y).
@ m X N sampling matrix and observations:
W= (Vo (¥i))1<i<m, and w:= (uw(y1),...,u(Ym))-
1<j<N
o the coefficient ¢ = (cy,)1<j<n € C" is a solution of the linear system
u = Pe. (1)

@ to construct approximation comparable to the best s-term approximation on A2
requires only m ~ s < N samples, and thus the system (1) is underdetermined.

@ (1) can be solved using optimization, greedy, or thresholding approaches.

Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — Jani
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Problem. Given ¥ € C™*" (m <« N), reconstruct an unknown s-sparse vector
c € CY from the measurements u = ¥c:

c is the unique sparest solution to ¥c = u

T

¢ = argmin||z||¢, subject to ¥z = u,
zeCN

where ||z[le, = 3,4, |2,]° = #{Ao : 2, # 0} is the sparsity of c.

@ When c is sparse, {p minimization is often correct, but is computationally
intractable (an NP-hard problem in general — in part due to nonconvex nature).

@ Require m > N (overdetermined system) to solve (1) with ¢ (least squares).

o Can we split the difference?

Clayton G. Webster, csm.ornl.gov/~cgwebster
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Compressed sensing recovery using 1 minimization # OAK RIDGE
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Convex /¢ regularizations: minimize |z||;, subject to ¥z = u.
zeCN

Uniform recovery is guaranteed by the restricted isometry property (RIP) of the
normalized matrix ¥ = \/%\Il:

W satisfies the RIP if there exists small J;, s.t. for all ¢ s-sparse vectors,
2 = 2 2
(1= 6s)llellz, < [[®ellz, < (14 6s)llellz,-

Define © = sup ||V, ||o (uniform bound of the orthonormal system).
veEAp

Theorem. Let ¥ € C™*Y be the random sampling matrix associated with a BOS.
Provided that

m > C©0%s log®(s) log(N) then,

with high probability, the RIP for ¥ is satisfied, and uniform recovery is guaranteed.

Original proof developed through a series of papers [Candes, Tao '06; Rudelson, Vershynin '08;
Rauhut '10; Cheraghchi, Guruswami, Velingker '13].

Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — Jani
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RIP for bounded orthonormal systems (BOS) # OAK RIDGE
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ample complexity: Previous available estimates T

Define © = sup ||¥,||s (uniform bound of the orthonormal system).
vEAg

Theorem. Let ¥ € C™*Y be the random sampling matrix associated with a BOS.
Provided that
m > C 0%s log®(s) log(N) then,

with high probability, the RIP for W s satisfied, and uniform recovery is guaranteed.

Original proof developed through a series of papers [Candes, Tao '06; Rudelson, Vershynin '08;
Rauhut '10; Cheraghchi, Guruswami, Velingker '13].
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RIP for bounded orthonormal systems (BOS) ¥.0AK RIDGE
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ample complexity: Previous available estimates T

Define © = sup ||¥,||s (uniform bound of the orthonormal system).
vEAg

Theorem. Let ¥ € C™*Y be the random sampling matrix associated with a BOS.
Provided that
m > C 60”5 log®(s) log(N) then,

with high probability, the RIP for W s satisfied, and uniform recovery is guaranteed.

Original proof developed through a series of papers [Candes, Tao '06; Rudelson, Vershynin '08;
Rauhut '10; Cheraghchi, Guruswami, Velingker '13].
Room for improvement:

@ O can be prohibitively BIG due to the curse of dimensionality: Chebyshev:
© ~ 2%/2; Legendre: © ~ N; Pre-conditioned Legendre [Rauhut, Ward '13]: © ~ 3%/2,

I Clayton G. Webster, csm.ornl ~cguebster Big Data Meets Computation, IPAM — January, 2017
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RIP for bounded orthonormal systems (BOS) ¥.0AK RIDGE
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ample complexity: Previous available estimates T

Define © = sup ||¥,||s (uniform bound of the orthonormal system).
vEAg

Theorem. Let ¥ € C™*Y be the random sampling matrix associated with a BOS.
Provided that

m > C 0%slog”(s) log(N) then,

with high probability, the RIP for W s satisfied, and uniform recovery is guaranteed.

Original proof developed through a series of papers [Candes, Tao '06; Rudelson, Vershynin '08;
Rauhut '10; Cheraghchi, Guruswami, Velingker '13].

Room for improvement:

@ O can be prohibitively BIG due to the curse of dimensionality: Chebyshev:
© ~ 2%/2; Legendre: © ~ N; Pre-conditioned Legendre [Rauhut, Ward '13]: © ~ 3%/2,

o Non-uniform recovery guarantees: m > C'02slog(s) log(N).
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Sample complexity: Previous available estimates

Define © = sup ||¥,||s (uniform bound of the orthonormal system).
vEAg

Theorem. Let ¥ € C™*Y be the random sampling matrix associated with a BOS.
Provided that
m > C 0%s log®(s)log(N) then,

with high probability, the RIP for W s satisfied, and uniform recovery is guaranteed.

Original proof developed through a series of papers [Candes, Tao '06; Rudelson, Vershynin '08;
Rauhut '10; Cheraghchi, Guruswami, Velingker '13].

Room for improvement:

@ O can be prohibitively BIG due to the curse of dimensionality: Chebyshev:
© ~ 2%/2; Legendre: © ~ N; Pre-conditioned Legendre [Rauhut, Ward '13]: © ~ 3%/2,

o Non-uniform recovery guarantees: m > C'02slog(s) log(N).

@ Exploit any structure of the Ay to reduce dependence on N.

I Clayton G. Webster, csm.ornl ~cguebster Big Data Meets Computation, IPAM — January, 2017
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An improved sample complexity estimate -
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Goal: Establish a reduced sample complexity, associated with novel CS strategies, that:
@ Improves the logarithmic factor by at least one unit.
@ Removes the constraint of m on ©2s.

© Optimizes the cardinality N of Ao (which also speeds up mat-vec multiplication).

Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — January, 2017
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An improved sample complexity estimate

Goal: Establish a reduced sample complexity, associated with novel CS strategies, that:
@ Improves the logarithmic factor by at least one unit.
@ Removes the constraint of m on ©2s.

© Optimizes the cardinality N of Ao (which also speeds up mat-vec multiplication).

Theorem [Chkifa, Dexter, Tran, W. '16]. Let ¥ € C™*¥ be the random sampling matrix
associated with a BOS. For § € (0, 1),

if m > C50%slog”(s)log(N), then,

with high probability, ¥ satisfies the restricted isometry property with §, < 4.

@ Best available estimate for m that improves upon [Rudelson, Vershynin '08; Bourgain '14]
in the power of the logarithm's.

o Extends the chaining arguments in [Bourgain '14; Haviv, Regev '15].

I Clayton G. Webster, csm.ornl ~cguebster Big Data Meets Computation, IPAM — January, 2017
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Sketch of the proof

Basic goal. To prove that that random matrix ¥ of size m x N satisfies with high
probability that for all s-sparse ¢ € C¥,

INEell3 ~ [lcl3-

@ Basic strategy is similar to [Baraniuk, Davenport, DeVore, Wakin '08; Bourdain '14; Haviv,
Regev '15] with some fundamentally new tricks.

Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — January, 2017
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V(Y,€) = Yy, v Wu(y) Yy €U, B, = {c€CN : c s-sparse, [lc]l2 = 1}.
Goal: For randomly sampling points {y;};~;, prove that with high probability

%;W’(yi,C)F z/u|1/)(y,c)|2, Ve € B.. )

I Clayton G. Webster, csm.ornl ~cguebster Big Data Meets Computation, IPAM — January, 2017
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W(y,€) = 3, en, e To(y) Yy €U, B, :={ceC" :cssparse, [[c|2 = 1},
Goal: For randomly sampling points {y;};~;, prove that with high probability

Sketch of the proof

%;Iw(w,c)ﬁ z/u|1/)(y,c)|2, Ve € B.. )

@ Construct a class F of “discrete” approximations of 1):
— for all ¢ s-sparse, there exists 1. € F such that QZC( ) =Y(-,c)

— 1//)\0 can be decomposed as Je = Zj Ji each 12@ is an indicator function

and represents a scale of QZC.
@ Basic tail estimate gives: Vj, Vc s-sparse, with high probability

L=, g2 ~
S Bl [ B,
m ; u
To prove (%), we apply union bound to show with high probability
1 . o] 5 . .
m ZZ [Vl (y:)|” ~ / Z [¥2(y)|? uniformly in c.
i=1 j u j

@ Control #{all 1% : ¢ € B,} by using a covering number argument.

I Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — January, 2017
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@ Straightforward extension from the unitary case in [Bourgain '14]:

#{ng : ¢ € Bs} scales like the covering number of B under the pseudo-metric

d(c, ') = sup [¢(y,c — ).
yeu

However, in the covering number may grow exponentially with d in our case.

@ We ignore “bad” y € U which may make |¢(y,c — c’)| big, and come up with
following “distance” (not a proper pseudo-metric)

do(c,c’) = inf sup [¢p(y,c —c)|.
ucu y€l7
[Ul=1-0¢
° {[;\c( -) now agrees with (-, c) for all except the “bad” y.

o However, since such y only constitutes a small fraction of U, their elimination does
not affect the overall RIP estimate.

o The result: the covering number is reduced by log(s) and does not depend on d.

Big Data Meets Computation, IPAM — Jani
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When the solutions of parameterized PDEs are smooth, the set of best s-terms are
often defined on an (approximately) lower set.

Plan: Reconstruct an approximation of u which is comparable to the best lower s-term
approximation, i.e., best approximation by s-terms in a lower set.

Main advantages:
o Less demanding approximations, thus, the sample complexity is reduced.
@ We can show that the best lower s-term is as good as best s-term approximation.

@ We can choose the enriched set Ag as a hyperbolic cross Hs, which is the union of
all lower sets of cardinality s, i.e.,

d

Hs = V:(z/l,...,yd)GNg:H(Vi—i—l)Ss

i=1

Note: N = #(Hs) < 25344 [Diing '13; Diing, Griebel '15].

Clayton G. Webster, csm.ornl.gov/~cgwebster
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Recovery of best lower s-term approximations # OAK RIDGE
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- 4 1 ( — s - -
lower-RIP = £, 1 with wy, = || ¥, || R T

For index sets A C N& and s € N, define

KE(A) =Y |W|% and K(s)= sup K(A).
veA Alower, |[A|=s

lower-RIP: There exists small §;,s such that
(1= 6us)llell3 < [[Pell3 < (14 6,5)l<l3-

for all ¢ satisfying K (supp(c)) < K(s) (1).

@ A particular subclass of (1) is the set of all ¢ s-sparse, supp(c) lower.

@ Lower-RIP can be considered a special case of weighted RIP [Rauhut, Ward '15] with

weight wy, = ||V, || (see also [Adcock '15, '16]).
Theorem [Chkifa, Dexter, Tran, W. '16]. Let ¥ € C™*" be the orthonormal random
sampling matrix. If, for § € (0, 1),
m > C5K(s)log®(K(s)) log(N),

then with high probability, ¥ satisfies the lower-RIP with 01,5 < 0.
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Recovery of best lower s-term approximations

Summary - what have we achieved?

@ Our sufficient condition for best lower s-term reconstruction

m > CK(s)log?(K(s))log(N).

Estimates of K(S) [Chkifa, Cohen, Migliorati, Nobile, Tempone '15], and #(7‘[5) yield

) +d), if (¥,) is Chebyshev basis,

log 3 5
s {0555 1082 () log(s
)(log(s) +d), if (¥,) is Legendre basis.

Cs®>  log?(s)(l

@ Previous (well-known) sufficient condition for best s-term reconstruction
m > CO%slog®(s) log(N).
Estimates of © on # () give:

0% > %siga , if (¥,) is Chebyshev basis,
- %slogz'H if (¥,) is Legendre basis.
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Recovery of best lower s-term approximations

Implementation: Weighted ¢; minimization

%OAK RIDGE

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

Let w = (w;)jen, be a vector of weights. We define

o for f(y) = X en, e Vo (), [Ifllor = X, en, woltol,
0 ol (flua= inf |If gl

supp(g) lower
[supp(g)|=s

Weighted ¢; minimization:
@ Choose our specific weight w, = ||V, [/,
o ¥ = (¥,(y;)) is an m x N sampling matrix,

o u=(u(yi))i=1,...,m,

@ 7 is some estimate of the tail expansion.

Find u# (y) = >ven, w¥u(y), where ¢ = (cu)ven, is the solution of

min Z wy|zu| subject to [[u — Pz|2 < nyvm.

veAg

I Clayton G. Webster, csm.ornl.gov/~cguebster Big Data Meets Computation, IPAM — January, 2017


csm.ornl.gov/~cgwebster

lower-RIP

Recovery of best lower s-term approximations # OAK RIDGE

National Laboratory
‘COMPUTATIONAL & APPLIED MATHEMATICS

Weighted £1 minimization

Theorem [Chkifa, Dexter, Tran, W. '16]. Assume that the number of samples satisfies
m > CK(s)log®(K(s))(log(s) + d)

then, with high probability, there holds

llu — u#|lw1 < 108 (w)wa + cany/K(s), if upper bound of the tail is available,

lu — u#|lwn < 1089 (W, if accurate estimate of the tail is available.

4

@ We propose a specific choice of weights which can lead to an approximation that:
o has reduced sample complexity compared to unweighted ¢; minimization.
e is comparable to best s-term approximation (for smooth solutions).

o Best available estimate with specific improvements [Rauhut, Ward '15]:

e similar estimate exists but only true for the best weighted s-term approximation,
which is much weaker and incomparable to the required best s-term approximation.

o our enriched set has minimized cardinality and NOT depends on the weight.
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Numerical examples: weighted ¢ recovery of functions ¥ OAK RIDGE

- National Laboratory

Spectral projected-gradient for basis pursuit

COMPUTATIONAL & APPLIED MATHEMATICS

Find u*(y) = >ven, w¥u(y), where ¢ = (cv)ven, is the solution of

min Z wyl|zu| subject to ||lu — ®zl||2 < nvm = o, (2)
veEHs

for several illustrative example functions.
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Numerical examples: weighted ¢ recovery of functions # OAK RIDGE

S q q q q - National Laboratory
pectral projected-gradient for basis pursuit T e

Find u*(y) = > ven, cvVu(y), where ¢ = (cu)uvewn, is the solution of
min Z wy|zu| subject to ||[u— ¥zl]z < nvm = o, 2)
veEHs

for several illustrative example functions.

To solve (2), we rely on our version of the code SPGL1 [van den Berg and Friedlander '07] -
implementation of the spectral projected-gradient (SPG) algorithm:

o Fix a-priori the cardinality N = #(#,) of the Hyperbolic Cross subspace in which
we wish to approximate our function.

@ Increase the number of random samples m up to Mmax.

o Fix the seed of the random number generator for each choice of weight w, and m
so that we can compare the relative performance.

@ Run 50 random trials for each pair (m/N,w.).

Note: In all examples we use a Legendre expansion = our proposed weight is:

wo, = W, oo = /205 4 1
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Example 1: d =8 ¥ OAK RIDGE

. o ~National Laboratory
Sparsity of the coefficients

COMPUTATIONAL & APPLIED MATHEMATICS
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Index i of expansion coefficients in A

Tndex after sorting by magnitude

Figure Ind =38, N =1843: (left) Magnitude of the Legendre expansion coefficients of u(y).
(right) Coefficients of u(y) sorted by magnitude.

Clayton G. Webster, csm.ornl.gov/~cgwebster

g Data Meets Computation, IPAM


csm.ornl.gov/~cgwebster

lower-RIP

Example 1: d =8 ¥ OAK RIDGE

] . - National Laboratory
Convergence of the weighted ¢; algorithm -

COMPUTATIONAL & APPLIED MATHEMATICS

Y cos(y)

u(y) = exp 8d
‘ e‘w,, =1 ‘
10 ew, = [T (v + )

W, = H‘,le Vv +1 1
<w, =T +1)
sw, =T (v + 1)¥?
w, = [10, (i + 1)2

01 0.15 0.2 0.25
m/N
Figure In d =8, N = 1843: average error measured in the Lg norm.
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Example 1: d =16 ¥ OAK RIDGE

. o ~National Laboratory
Sparsity of the coefficients

COMPUTATIONAL & APPLIED MATHEMATICS

10° 10°
105fpoeao 0 o o o o o o o o 105P
pioPoe o 0 o o o o o o B B ool o
R o o el e
56698 & o & & o @ b o 07
A 102 —
B S0
109 109
A ol ol ol ) ol o> o o0 ——
0% 107 ——
10 10
10 105
109 , , , , , , , , , 109 , , , , , , , , ,
0 500 1000 1500 2000 2500 3000 3500 4000 4500 0 500 1000 1500 2000 2500 3000 3500 4000 4500
Tndex i of expansion coefficients in A Tndex after sorting by magnitude

Figure Ind =16, N = 4129: (left) Magnitude of the Legendre expansion coefficients of
u(y). (right) Coefficients of u(y) sorted by magnitude.
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Example 1: d =16 ¥ OAK RIDGE

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

Convergence of the weighted ¢; algorithm

4 cos(y;
u(y) = exp (- 2= )

ow, =1

Wy = ngl(”k + 1)
o, = [T, Va1
<w, =T +1)
sw, =T (v + 1)¥?
w, = [10, (i +1)2

E [||g - g#||2]

10-5 1

01 0.15 02 0.25
m/N

Figure In d =16, N = 4129: average error measured in the Lf, norm.
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Example 2: d =8 ¥ OAK RIDGE

. o ~National Laboratory
Sparsity of the coefficients

COMPUTATIONAL & APPLIED MATHEMATICS

10° 10°
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1060 1060
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Index i of expansion coefficients in A

Tndex after sorting by magnitude

Figure Ind =38, N =1843: (left) Magnitude of the Legendre expansion coefficients of u(y).
(right) Coefficients of u(y) sorted by magnitude.
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Example 2: d =8 ¥ OAK RIDGE

] . - National Laboratory
Convergence of the weighted ¢; algorithm -

COMPUTATIONAL & APPLIED MATHEMATICS

Y cos(y)

u(y) = exp 8d
‘ e‘w,, =1 ‘
10 ew, = [T (v + )

W, = H‘,le Vv +1 1
<w, =T +1)
sw, =T (v + 1)¥?
w, = [10, (i + 1)2

01 0.15 0.2 0.25
m/N
Figure In d =8, N = 1843: average error measured in the Lg norm.
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Example 2: d =16 ¥ OAK RIDGE

. o ~National Laboratory
Sparsity of the coefficients

COMPUTATIONAL & APPLIED MATHEMATICS

10° 10°
105fpoeao 0 o o o o o o o o 105P
pioPoe o 0 o o o o o o B B ool o
R o o el e
56698 & o & & o @ b o 07
A 102 —
B S0
109 109
A ol ol ol ) ol o> o o0 ——
0% 107 ——
10 10
10 105
109 , , , , , , , , , 109 , , , , , , , , ,
0 500 1000 1500 2000 2500 3000 3500 4000 4500 0 500 1000 1500 2000 2500 3000 3500 4000 4500
Tndex i of expansion coefficients in A Tndex after sorting by magnitude

Figure Ind =16, N = 4129: (left) Magnitude of the Legendre expansion coefficients of
u(y). (right) Coefficients of u(y) sorted by magnitude.

Clayton G. Webster, csm.ornl.gov/~cgwebster g Data Meets Computation, IPAM



csm.ornl.gov/~cgwebster

lower-RIP

Example 2: d =16 ¥ OAK RIDGE

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

Convergence of the weighted ¢; algorithm

4 cos(y;
u(y) = exp (- 2= )

ow, =1

Wy = ngl(”k + 1)
o, = [T, Va1
<w, =T +1)
sw, =T (v + 1)¥?
w, = [10, (i +1)2

E [||g - g#||2]

10-5 1

01 0.15 02 0.25
m/N

Figure In d =16, N = 4129: average error measured in the Lf, norm.

Clayton G. Webster, csm.ornl.gov/~cgwebster Data Meets Computation, IPAM — Janual


csm.ornl.gov/~cgwebster

CS for PDEs

Compressed sensing for parametric PDE recovery %OAK RIDGE

. .. . . . National Laboratory
Direct application of compressed sensing techniques to parameterized PDEs -

COMPUTATIONAL & APPLIED MATHEMATICS

pled” approach

Given a point z* € D in physical space, evaluate uj, = u(z*, yx) (or some functional
G(u)) at the points {yx }7-,. and solve the basis pursuit denoising problem: find

c¢" = argmin_ccn|/z]|1  subject to [Tz — u”|2 < n"/v/m. 3)

The resulting solutions are an approximation to u(z",y) = >, 5, cv (") ¥u(y),
[Doostan, Owhadi '11; Mathelin, Gallivan '12; Yan, Guo, Xiu '12; Yang, Karniadakis '13; Peng, Hampton,
Doostan '14; Rauhut, Schwab '14; Hampton, Doostan '15; Narayan, Zhou '15].

@ Construct the functions ¢(z) in the entire D using numerical methods such as
piecewise polynomial interpolation, least square regression, etc.

o Here we require ", an estimate of the tail ||uac(z")|2, a point-wise estimate.

@ In parameterized PDEs, ¢, = ¢, () is a function in D, and belongs to a Hilbert
space V = ¢ € VY, equipped with the norm: ||c||v,p = (Zf;l ||ci||f;)1/p.
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Compressed sensing for parametric PDE recovery %QAKIB{PGE
Hilbert-valued approach for recovering the solution of a parameterized PDE #}m
RIP for Hilbert-valued functions: For all ¢ € VY with ||c|lv,0 < s, there exists dy s s.t.
2 T 2 2
(I =dvs)llellve <[[®efy2 < (1 +dvs)lelv.2 (V-RIP)

Lemma.[Dexter, Tran, W. '16]
o A matrix W satisfies RIP with &, iff it satisfies V-RIP with O0y,s = s -

@ Query complexity for complex-valued signal recovery carries over to this case.

4

“Coupled” (basis pursuit denoising) approach

@ Reconstruction algorithms that allow simultaneous approximation c in D.

@ For instance, an extension of standard #; minimization can be formulated as

c = argmin_cy,n ||z]|v,1 subject to || ¥z — ul|v,2 < n/vVm.

@ A priori information on the decay of (||cu||v)vea, can be exploited to enhance the
convergence of recovery algorithms.

@ Global reconstruction only assumes a priori bounds of the tail expansion in energy
norms 7 = |luag||v,2, which are much more realistic than pointwise bound
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Coefficient decay ¥ OAK RIDGE

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

Affine coefficient example: a(z,y) = ao(x) + v/*l b

10° 10°¢

10710 ‘ . ‘ . 10710 ‘ . ‘ ,
2000 4000 6000 8000 2000 4000 6000 8000
j Jj (after sorting)
10° 10°
o @ = (0.562,0.502) o @ = (0.562,0.502)
o ;= (0.777,0.714) o ;= (0.777,0.714)
= (0919,0.922) i = (0.919,0.922)

1 0-1 0 . . . i 1 0-1 0 . . . ¢
2000 4000 6000 8000 2000 4000 6000 8000

j Jj (after sorting)
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Coefficient decay

CS for PDEs

Log transformed KL example: a(z,y) ~ 0.5 + exp(po + Z‘;:l

%OAK RIDGE

“National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

=107
D
e i,
1% B 0092090 60 0000m o0,
£l S i T
6 °
; ‘ ‘ ‘
0 100 200 300
J
0 _
10 o 2 = (0.562,0.502)
o @ = (0.777,0.714)
102 ;= (0.919,0.922)

—

°

100 200 300
Jj (after sorting)

o @ = (0.562,0.502)
o @ = (0.777,0.714)
2 = (0919,0.922)

100 200 300
Jj (after sorting)
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CS for PDEs

Compressed sensing for parametric PDE recovery ¥ OAK RIDGE

. e . . - National Laboratory
Convergence of basis pursuit in the Hilbert-valued setting

COMPUTATIONAL & APPLIED MATHEMATICS

Theorem. [Dexter, Tran, W. '16]
Suppose that the 2s restricted isometry constant of the matrix ¥ € C™*¥ satisfies

4
B2s < ——— ~ 0.6246.
> Un

Then, for any ¢ € VY and u € V™ with || ®c — ullv,2 < 1/y/m, a solution c# of
minimize,cyn||2[v,1  subject to [|[¥z — ulv2 < n/vm
approximates the vector ¢ with errors

lle = Fllva < CUs(C)V,l + Dv/sn,

le = e*llv2 < ou(e)va + Dn,

7

where the constants C, D > 0 depend only on d25, and os(c)v,1 is the error of the best
s-term approximation to ¢ in the norm || - ||v,1.

Given an exact estimate of the tail, it is possible to prove a rate which is independent
of the tail bound 7, for details see [Chkifa, Dexter, Tran, W. '16].
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Example 3: Compressed sensing for parametric PDE recovery ¥.0AK RIDGE

. .. . . . . ~National Laboratory
Stochastic elliptic PDE with affine coefficient -

COMPUTATIONAL & APPLIED MATHEMATICS

Parameterized stochastic elliptic problem on and D x I C R™ x R%:

=V (a(z,y)Vu(z,y)) = f(z) in DxU, (4)
u(z,w) =0 on 0D x U.

Here a(z,y) = a(z,y) is a random field parameterized by y € U C R?. Specifically, we
focus on the case that y, ~ U(—+/3,v/3), and a(z, y) is given by:

—I\ /2 d
a(z,y) = Gmin + Y1 (\fg ) + Z Cnpn()Yn,
n=2

(VrL)Y? exp (W> , forn > 1,

o
Il

8

_ [ sin(| %] mx1/Ly), if nis even,
() { cos %fgj mx1/Ly) , if nis odd,

which is the KL expansion associated with the squared exponential covariance kernel,
L. = 1/4 is the correlation length, and amin is chosen so that a(z,y) > 0
Vre D,yel.
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Compressed sensing for parametric PDE recovery %NOAK B{DGE
High-dimensional affine coefficient (d = 45) cw;m:;:r:nmMmmm(;
: v 10° 10°
102F 12 2
& 10% & 10°
= =

200 400 600 800 1000 200 400 600 800 1000
J j (after sorting)

10°
o z; = (0.435,0.858) L
o z; = (0.733,0.502)
- ;= (0.940,0.150)

rel. err. in L?(D) of expectation

o a; = (0.940,0.150)

lej ()]
lej (i)

-©-CSM-TD (coupled)
~#—CSM-TD (decoupled)

. . 5 -15
100 1000 200 400 600 800 1000 10 200 400 600 800 1000

SDOF 7 j (after sorting)

Here N = #A = 1081.
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CS for PDEs

Compressed sensing for parametric PDE recovery

High-dimensional affine coefficient (d = 100)

OAK R
National Lz

COMPUTATIONAL & APPLIED MATHEMATICS

¥

IDGE
b ,

T 10° 10°
107 10710
= =
E1020 E10®
=] 3 £ £
51071 1 o
2 10°%° 100
E
3
(=%
5 10-40 10-40
= 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
8 j j (after sorting)
=
= 10°; 10°
ol | o @; = (0.435,0.858)
£10 o @ = (0.733,0.502) 10
= z; = (0.940,0.150) 10 o z; = (0.940, 0.150)
g _ _
102 o2
< Sy
-©-CSM-TD (coupled) 10730
~#CSM-TD (decoupled)
: 107 10740
10° 1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
SDOF j j (after sorting)

Here N = #A = 5151.
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CS for PDEs

Compressed sensing for parametric PDE recovery

%OAK RIDGE

- National Laboratory

Comparison to other methods (d = 45)

COMPUTATIONAL & APPLIED MATHEMATICS

10" . . 10° : :
107} 1
g .
£ et |
5 g0 *
g 107} 1
& %
3 o
as (=)
Q10 1 S0t 1
s 5
3 E
- 10°F &-SCM-CC 1E  esoMce
S laMC = 109| *MC ]
I =+0(M~1/?) = =+0(M~1/?)
10°F 4 SGM-TD 1 4-SGM-TD
-A-CSM-TD (coupled) -A-CSM-TD (coupled)
=7 CSM-TD (decoupled) =7CSM-TD (decoupled)
7 L L -4 n n

10° >

10 10°

SDOF

Here N = #A = 1081.

10
10%

SDOF

10°
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CS for PDEs

Compressed sensing for parametric PDE recovery

Comparison to other methods (d = 100)

%OAK RIDGE

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

102 . . . : :
10t ]
R 1s
g 3
S 2
§ 10 E *o; 107F ]
=} —
2 8
N 3
j 10%¢ E=|
5 | -eSCM-cC £ o3| ©SCM-CC ]
@ -MC — “+MC
T o6l BO(M12) 1= Teowre
4-SGM-TD 4-SGM-TD
-A-CSM-TD (coupled) -A-CSM-TD (coupled)
=7 CSM-TD (decoupled) =7CSM-TD (decoupled)
107 b : : 107 b : :
10° 10° 10 10° 10° 10
SDOF SDOF

Here N = #A = 5151.
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Nonconvex regularizations ¥ OAK RIDGE

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

Problem revisted. Given ¥ € R™*Y (m < N), reconstruct an unknown sparse
vector ¢ € RY from the measurements u = ¥c:

Nonconvex regularizations: minimize R(z) subject to ¥z = u
zeRN

o ép norm with 0 < p< 1: R(z) = ||Z||p [Chartrand '07; Foucart, Lai '09]

Q (1 — 1 R(z) = ||z||1 — ||z||2 [Esser, Lou, Xin '13; Yin, Lou, He, Xin '15]
N
Q Capped l1: R(Z) = Z min{|zj|,oc} [Zhang '09; Shen, Pan, Zhu '12]
Jj=1
O two-level ¢;: R(z)=p > |zl+ > |z [Huang Liu, Shi 15]
Jj€J (=) Jj€J(z)¢

— p < 1 and J(z) is the set of largest components of |z;|

@ iterative support detection: R(z) = ||zr||1 [Wang, Yin '10]

— T is a subset of {1,...,N} s.t. T C supp(u)
@ sorted /;: R(z) = )\1|z|[1] + ...+ )\N|z|[N] [Huang, Shi, Yan '15]
Here: |z\[|] > ... > \z\[m are the components ranked in decreasing order; 0 < A1 < ... < An.
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Nonconvex regularizations

Nonconvex regularizations ¥ OAK RIDGE

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

] 0 1 ] 0o 1
capped £, two level £
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Nonconvex regularizations

Nonconvex regularizations # OAK RIDGE

: . . ) National Laboratory
Sparse recovery in Comparlson Wlth ll COMPUTATIONAL & APPLIED MATHEMATICS

Intuitively, nonconvex minimization is better than ¢; in enforcing sparsity.

In experiments, consistently outperforming /1, i.e., requiring less samples for exact
reconstruction.

@ These observations have not been fully supported in theory.
Theoretical recovery guarantee: often established via different versions of null space
property (NSP) [Cohen, Dahmen, DeVore '09].

o Less restrictive than ¢; 4

Lp; iterative support detection

?

@ More restrictive than ¢; f
two-level £1; 01 — {>

?

@ Seemingly not available
capped ¢1; sorted /1

Our main result: a unified NSP based-condition for a general class of nonconvex
minimizations (encompassing all listed above) showing that they are at least as good as
{1 minimization in exact recovery of sparse signals.
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Nonconvex regularizations

%OAK RIDGE

Null space properties

- National Laboratory

COMPUTATIONAL & APPLIED MATHEMATICS

@ Necessary and sufficient condition for the exact recovery of every s-sparse vectors using £1:

ker(®) \ {0} C Ny, = {v eRY : |lvgll1 < [|lvsell1, VS |S] < s}.

@ Sufficient condition for two-level ¢1 [Huang, Liu, Shi et. al. '15]:

ker(¥)\{0} C iy, = {v € RN |lus|h < |vinselr, ¥S: |S| < s, VH: |H| = LN/2J}.

@ Sufficient condition for £1 — £2 [Yin, Lou, He, Xin '15]:

ker(W)\{0} C Ny, 0, = {v € RN :|lug|ly + [[vsllz + vsell2 < [lvsell1, ¥S: |S| < 8}-

'/\/‘t‘l[l —,C«—MI and '/\/'/1—[2 ng
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[ minimize R(z) subject to ¥z =u ]
zERN

Let Z be the set of nonnegative real number and R be a mapping from RY to Z
satisfying R(z1,...,2n5) = R(|z1], ..., |2n]), V2 = (21,...,2n) € RV,

o R is called symmetric on Z% if for every z € TV and every permutation
()., 3 (N)) of (1,..., N):

R(zj(1), -5 2jn) = R(2).
@ R is called concave on Z% if for every z,2’ € IV and 0 < A < 1:
R(Az+ (1 -X)2') > AR(2) + (1 — MR(2").
o R is called increasing on Z% if for every z,2" € IV, if z > 2’ then
R(z) > R(2"),

where z > 2z’ means z; > 2}, V1 < j < N.
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minimize R(z) subject to ¥z =u (Pr)
zeRN

Theorem [Tran, W. '16]. Assume R is symmetric, concave, increasing in ZV and

R(Z,...,%2,0,...,0) > R(%,...,%,0,...,0), VO < z <%, (5)
——— ~— —— ——
s N—s5—1 s N—s

then (Pg) is at least as good as /;:
every s-sparse vector ¢ € R is the unique solution to (Pg) if ker(A) \ {0} C N, .

Applicable to
e/, (0<p<1)
o V1 — ¥
@ capped (1
o two-level ¢,

o sorted 41 if As11 >0
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Theorem [Tran, W. '16]. Assume R is symmetric, concave and increasing in U™V. Replace (5)
by the stronger condition

Rz, ...,2,Z— #z1,21,0,...,0) > R(%Z,...,%,0,...,0), VO < z1 < Z, (6)
N — N — N N’
s—1 N—s—1 S N-—s

then (Pgr) can be better than ¢;:
every s-sparse vector ¢ € RN (except equal-height signals?) is the unique solution to (Pg) if

ker(A) \ {0} C {’v eRY : |lvglli < |lvsellr, VS : |S] < S}.

a . .
all nonzero coordinates of ¢ have the same magnitude

Applicable to
e/, (0<p<l)
o V1 — U
@ sorted £ if Asy1 > As
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@ An unified NSP based-condition for a general class of nonconvex minimizations
(encompassing all listed above) showing that they are at least as good as ¢1
minimization in exact recovery of sparse signals.

o Certified recovery guarantees that combat the curse of dimensionality through new
weighted /1 minimization and iterative hard thresholding approaches:

o Exploit the structure of the sets of best s-terms.

o Established through a improved estimate of restricted isometry property (RIP), and
proved for general bounded orthonormal systems.

o Query complexity carries over to the Hilbert-valued reovery: currently extending the
convergence analysis of Fixed-point continuation (FPC) [Hale, Yin, Zhang '08], and
Bregman iterations [Yin, Osher, Goldfarb, Darbon '08] to Hilbert-valued signals in V.

o “Let the RIP Rest In Peace” _
o Uniform recovery is usually guaranteed by the RIP of the normalized matrix W.

e For reconstruction using ¢1 minimization, the upper bound of ||‘i’z||§ is NOT
necessary.

e A more natural formulation is given by the Restricted eigenvalue condition (REC)
[Bickel, Ritov, Tsybakov '09; van de Geer, Biihimann '09].
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Restricted eigenvalue condition [Bickel, Ritov, Tsybakov '09; van de Geer, Biihimann '09]

For o > 1, define
O(S;0) = {2 € CY : 25l < avsllzs]a } -

W satisfies the restricted eigenvalue condition (REC) of order s if there exist a > 1
and 0 < § < 1 such that

123 > (1 - 8)l=l3,

forall z € C(s; @) := U(ps)—s C(S; ).

e The formulation with C(S;a) := {z € CV : [|zsc|1 < al|zs|[1} is more common.

C(s; ) contains all s-sparse vectors.

@ REC holds but RIP fails to hold for many random Gaussian and sub-Gaussian
design matrices [Raskutti, Wainwright, Yu '10; Rudelson, Zhou '13].

REC implies the robust null space property = the upper bound of ||\ilz||% is not
necessary [Tran, W. '16].
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o Sufficient condition for successful reconstruction of s-sparse solution is
m > 0%s x log factors, [Rudelson, Vershynin '08; Foucart, Rauhut '13].
@ Several methods has been developed to overcome big O, i.e.,
o preconditioning the basis [Rauhut, Ward '12];
o asymptotic and equilibrium measure [Hampton, Doostan '15; Jakeman, Narayan, Zhou '16];
o low degree subspaces [Guo, Yan, Xiu '12].
o weighted ¢; minimization [Adcock '15, '16; Rauhut, Ward '15; Chkifa, Dexter, Tran, W. '16].

o New idea: combine the REC with sharp estimates of the envelope bounds for
bounded (i.e., Legendre) systems.

normalized Legendre polynomials Lj(x) normalized Legendre polynomials L;(x)

Let &,o := {2z € C(s;) : ||z||]2 = 1}. We find the covering number of & under

the pseudo-metric
d(z,2') = max [p(yi, = — =),

1<i<m
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Improved sampling complexity for sparse Legendre systems

The covering number (and number of measurements) involves an upper bound of

2.2) £ 32 00 expl- Vi),
i=1 ¢

where © : U/ — R is a bound of all Legendre polynomials {¥;} ca,, [Foucart, Rauhut '13].

. k
O If setting O(y) = K =sup,¢,, [['V;lloo, then E(d(z,2) X\[\/loh (m)

Consequently, the condition m > K?s x log factors can be derlved.

@ If setting O(y) = \/%2/“2, the envelope bound of all Legendre polynomials,
-y

4

E(d(z,%)) is unbounded, however,

with high probability of sample sets {y1,...,ym}, E(d(2,2)) < YR m .

M
1
o Z(y) == O(y) exp(—mﬁ)-
o Preferable sample sets: {y1,...,ym} such that > 7" | Z(y;) is small.

Consequently, m > sv/m x log factors or m > s* x log factors independent of
mutual coherence ©%s.

— Multivariate expansions? Other incoherent systems? Nonuniform recovery? Other Z(y)?
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