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Qutline

The exact strong-interacting limit (SCE) of
DFT as an approximation for the exchange-
correlation energy

Self-consistent KS SCE results for model
quantum wires and quantum dots

Generalization to open systems with
fluctuating particle number

Chemistry

Monge-Kantorovich formulation of the SCE
functional



Kohn-Sham DFT and strong correlation

Example: two electrons (singlet) in 1D harmonic confinement
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Kohn-Sham DFT and strong correlation

Kohn-Sham potential:

“Bump” in the exact KS
potential: localization

- Buijse, Baerends & Snijders
Phys. Rev. A 40, 4190 (1989)
- Helbig, Tokatly & Rubio,
J. Chem. Phys. 131, 224105 (2009)

The “bump” is missing
in the KS LDA potential:
delocalized density




Stretched bond, e.g. H, molecule

LDA
exact

- Buijse, Baerends & Snijders Phys. Rev. A 40, 4190 (1989)
- Helbig, Tokatly & Rubio, |. Chem. Phys. 131, 224105 (2009)



Stretched bond, e.g. H, molecule

LDA
exact

exact KS potential localizes more:
“bump” in the midpoint

- Buijse, Baerends & Snijders Phys. Rev. A 40, 4190 (1989)
- Helbig, Tokatly & Rubio, |. Chem. Phys. 131, 224105 (2009)



Unrestricted KS & strong correlation...

® Like UHF UKS can mimic strong correlation
(not always!)

® Often better energies, but wrong
characterizations of several properties

® Formally not well founded

® Huge literature: controversial, wrong
Interpretation, etc...

® Crucial for: transition metals, Mott
insulators, bond breaking, nanostructures,...



Exchange-correlation from the
strong-interaction limit of DFT:

The “bumps” in the KS potential
from the right physics
(no spin/spatial-symmetry
breaking)



Hohenberg-Kohn functional

Kohn-Sham DFT:

F[p] = min(U|T+V,.|¥) = min (¥|T| )+ Exartres [0]+Exe ]

v—p v —p



Hohenberg-Kohn functional
Kohn-Sham DFT:

Flp] = min(¥|T+ V. |¥) = min (¥ |T|¥)+ Errariree [0]+Exe 0]

v —p ‘If—1>I/10
\ q ] |\ q J \ J
T, [p] (known) (unknown)

(known)



Hohenberg-Kohn functional
Kohn-Sham DFT:

F[p] = min(U|T+V,.|¥) = min (¥|T|¥)4 Exartres [0]+Exe )

n
v—p v —p

0]

Kohn-Sham equations:

(~57+ wwslol(r)) o)
Vs [P = Vext[p] + VHartree 0] + Uxe|[p]
p(r) = >, loi(r)]?



Hohenberg-Kohn functional

Kohn-Sham DFT:

F[p] = min(U|T+V,.|¥) = min (¥|T| )+ Exartres [0]+Exe ]

v—p v —p

Our approach: ) )
~ min(V|T|¥)+ min(V|V,.|¥)

v—p v—p



Hohenberg-Kohn functional

Kohn-Sham DFT:

F[p] = min(U|T+V,.|¥) = min (¥|T| )+ Exartres [0]+Exe ]

v—p v—p
Our approach: ) )
~ min(V|T|¥)+ min(V|V,.|¥)
v—p v—p
\ ]\ J
! !
T [p] Veelpl

Strictly-correlated-electrons (SCE) DFT: e-e interaction energy of

system with zero kinetic
- M. Seidl, PRA 60, 4387 (1999)

- M. Seidl, P. Gori-Giorgi and A. Savin, PRA 75, energy and denSity P
042511 (2007) (SCE reference system)

- PGori-Giorgi, G.Vignale and M. Seidl, [CTC 5, 743 (2009)
- P. Gori-Giorgi, M. Seidl, and G. Vignale, PRL 103,
166402 (2009).



Hohenberg-Kohn functional

Kohn-Sham DFT:

F[p] = min(U|T+V,.|¥) = min (¥|T| )+ Exartres [0]+Exe ]

v—p v —p

Our approach: )
~ min(V|T|¥)

v—p

’USCE[,O] ™ VUHartree [IO] + Uxe [10]

<_%V2 -+ UKS[)O](I')> sz(l‘) — 5z’¢z‘(l‘) USCE[,U] _

UKs|p] = Vext|p] + vscr|p]



Strictly-interacting-electrons (SCE) DFT

The SCE reference system:

* For a given smooth density p(r):

p(fi(r))df;(r) = p(r)dr (1)

-f (r) = A local one-bodv potential can be
5
defined:

— fi[p
_V’USCE[p]( FCoul Z | - ,[0 )|3
KS-SCE approach: (2)

1-Integrate (1) to obtain the co-motion functions f; (r)
2-Integrate (2) to obtain the potential v, g(r)
3-Approximate the Hxc potential of KS DFT with v g (1)

Usck [p] ™ VHartree [P] + Uxc [10]



p(fi(r))dfi(r) = p(r)dr

fi(r) =1, £2(6) =106), £3(6) =H(E(), £a(x) = KEEC), .. with FE(C..A(K(r)) =

N tmes
r () N D
I/eSeCE[P] :/ "N - gz; , (r J(P)L

oV el

op(r) vsce(r)



fi(r)=r, f2(r)

f(r), £3(r) =£(f(r)), fa(r) =£(f(£(r)),... with £(£(... ( (r))=r

Ntlmes
r - N 2
VaPlp) = / &
% N 2 2 T L)
- J J
SVECEp) - fz
°c — VUSCE
dp(r) uscr(r) Z\ —fi(r

shortcut to the functional derivative

F. Malet. et al., PRB 87 115146 (2013)



The self-consistent KS SCE total
energy is a rigorous lower bound
to the exact energy



The self-consistent KS SCE total
energy is a rigorous lower bound
to the exact energy

The proof is trivial
(minimum of a sum is always larger than
the sum of the minima; self-consistency
lowers the energy)



First tests: quasi |D systems

1 h
Vi(y,z) = smwl(y” +27) b* =
2 2mw |
B2 N 52 N N N
Hip = —5 3 p + 20 2 wnllei = 3l) + 3 ven ()

2 2 2
wy(x) = g%*ex /45" erfe (%)

0 05 1 15 > 2.5
Bednarek et al. PRB 68,045328 (2003) X
LDA: Casula, Sorella & Senatore PRB 74, 245427 (2006)



Electrons confined in (quasi) D

Co-motion functions:

fi(z) = Ng ' [Ne(z) +1i—1] T < AN41-i
¢ o Ne_l[Ne(SD) +17—1— N] T >aAN+1—1i,

Ne(z) = /_"’ p(z') dz’ ar = Ng ' (k)
vserlol () = — Z wy(lz = fi(z)])sgn(z — fi(2))

Seidl, Phys. Rev.A 60,4387 (1999)
Buttazzo, De Pascale, & Gori-Giorgi, Phys. Rev.A 85,062502 (2012)
Malet & Gori-Giorgi, Phys. Rev. Lett., 109, 246402 (2012)



Applications to 1D systems

1 4
1D harmonic confinement: Ve () = §w2x2 W= 5 L effective length

* Qualitatively good resuls in both the
weak and strong correlation regimes

i , T T T T [ | | | 1 | |
0.8 — KSLDA| 7
— Exact
— KS SCE
Q 0.6 -
— L
Q.
0.4+ -
0.2rF _
0 1 . L | f . L O
-4 -2 2 4 -6 4 2 2 4 6

0 0
2x/L 2x/L

F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)



Applications to 1D systems

1D harmonic confinement: v (z) = FW e

Qualitatively good resuls in both the
weak and strong correlation regimes

Tends to the exact result in the very
strongly-interacting limit

0.6

e
)
I

0 . L L L | L .
. - 0 2 -+ 6
2x/L

2 2 L 4 .
~ 72 L: etfective length
T * T U T " T " T = T T T . T
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N=2
o 04F L=900 =
3
Q.
0.2} .
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F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)



Applications to 1D systems

1 4
1D harmonic confinement: Ve () = §w2x2 W= 5 L effective length

].2 [ T T T T T T T ]
— KSLDA

08 1.=1 — KS-SCE | 7]
— (I

041 N=4| ~

2x/L

F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)



Applications to 1D systems

1 4
1D harmonic confinement: vey:(z) = §w2x2 W= 5 L effective length

1.2 [ T T T T T T T ]
— KSLDA
08 1.=1 — KS-SCE | 7]
i — (I

T T T T T T T T T 82

— KS SCE potential | [ + - KS SCE density |

2x/L

F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)



KS SCE is the first KS DFT approach able to

capture the density peak splitting in quasi
ID without introducing magnetic order

Previous attempts include self-interaction corrections (SIC) and GGA:

S. H. Abedinpour, M. Polini, G. Xianlong, and M. P. Tosi, Eur. Phys. J. B 56, 127 (2007)
D. Vieira and K. Capelle, J. Chem. Theory Comput. 6, 3319 (2010)

D. Vieira, Phys. Rev. B 86, 075132 (2012)



Total Energies

N L KS SCE CI KS LDA
2 2 1.81 2.49 2.59

2 15 0.0942 0.106 0.130
2 70 0.0112 0.0115 0.0182
4 1 25.08 28.42 28.57

4 2 8.46 10.60 10.68

4 15 0.491 0.541 0.580
4 70 0.0602 0.0629 0.0771
5 15 0.787 0.871 0.915
5 70 0.099 0.102 0.121

F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)
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Total Energies

N L KS SCE CI KS LDA
2 2 1.81 2.49 2.59

2 15 0.0942 0.106 0.130

2 (70 0.0112 0.0115 0.0182)
4 1 25.08 28.42 28.57

4 2 8.46 10.60 10.68

4 15 0.491 0.541 0.580

4 (70 0.0602 0.0629 0.0771)
5 15 0.787 0.871 0.915

5 (70 0.099 0.102 0.121 )

CI matrix 10° - 10°

KS SCE is a rigorous lower bound to the exact ground-state energy

F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)



Ionization potentials from minus HOMO

N L KS SCE CI KS LDA
2 2 1.65 1.99 2.56

2 15 0.104 0.097 0.263

2 70 0.0126 0.0111 0.040 87
= 1 11.26 11.86 12.56

- 2 4.08 4.65 5.02

- 15 0.248 0.256 0.453

- 70 0.0318 0.0304 0.069 09
5 15 0.325 0.330 0.539

5 70 0.0408 0.0391 0.08172

F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)



Generalization to open systems:
The Derivative Discontinuity at
integer particle numbers



What exact spin-restricted KS should do

/N-electron N N+n \

open shell

exact Ey,, — Ey 4,

Qct En— Eng
! -
/N-electron N N+n\

closed shell

exact Ey,; — Ey

exact Ey— Ey 4 |
Na K /




What exact spin-restricted KS should do

/N-electron N N+n \
open shell
exact Ey,, — Ey 4,
................ —3
A =1—A
Qct Exn— Ena 0 X
| -
/N-electron N N+n\
closed shell
exact By, Ey
............... --
e
il
I ¥
exact Ey— Ey 4 |
> X -

What approximate
functionlals do (UKS)

—o— L C-0wPBE
—+—PBEQ
——PBE

6.5 7.0

Vydrov, Scuseria & Perdew, JCP 126, 154109 (2007)



SCE for fractional particle numbers

total M=5 electrons
Q=2.5

Q=2.5
X
d:
6;-’// I /
St
2 )
. |

f2(x)

f3(x)

fa(x)

Sf5(x)
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co-motion functions for N 4+ n electrons

Ne_l[Ne(iL') + 22] T <AN-—2i+y
fi(z) = { NoH[|Ne(z) —2(N + 1 -4)[] 2> ant2-2i—y
o0 otherwise,

get the SCE potential by integrating
N
vicelpl(@) = = Y wi(lz — fi(x))sen(z — fi(2))
1=2

with boundary condition

vscglp](x — o00) =0



Self-consistent KS HOMO eigenvalue

quasi 1D

.
."
.
.
.

2 a—e—.—:—:—:—:—o—’—{ X
1 2 3 4
L=70
KS LDA
\. ,o Cl
* . ‘—%a—\v—f‘—'—'
l.ﬁ**'***"’*-- KS SCE
1 2 3 2
Wik |=150
KS LDA
) N
SH ] [ R
o rﬁw‘éw—‘ KS SCE
1 2 3 2

N A. Mirtschink, M. Seidl, and P. Gori-Giorgi, arXiv:1305.3982, accepted in PRL




Self-consistent KS HOMO eigenvalue

quasi 1D

ar*
. et
.t
.
-
D

. KS SCE
N V- / 3D (Hooke's atom)
" e
( 0.0007; exact
R T e R oot >

omp . ooo0s - =10 :“\
om L=70 ot ' g
’ " 0.0004 -
KS LDA e :
onsk ot . . i KS SCE

sl e — 00002 |
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N A. Mirtschink, M. Seidl, and P. Gori-Giorgi, arXiv:1305.3982, accepted in PRL




Applications to 1D systems

1D harmonic confinement: v (z) = 5w

P KS SCE density
= K8 SCE potential

N=16
L=150

s A Bi Bl ot
e O o s
o .. e >
2 “ " %
: .
: .
: '
: \
asestTeTetet,

. s
oot %

:
(Yad .
Q". ':l
e ]

N=32
=150

VKS

2,2 4

W = 72 L: effective length

KS-SCE allows to treat large
strongly-correlated quasi 1D
systems (vs CI, limited to 6-8
particles, QMC and DMRG ~ 100
electrons).

Computational time similar to
KS LDA calculations

Applications in Physics (model
semiconductor quantum wires);
nanotransport, quantum
computation, ...

F. Malet and P. Gori-Giorgi, PRL 109 246402 (2012),; F. Malet. et al., PRB 87 115146 (2013)



Electrons confined in two dimensions

Self-consistent KS SCE density

N =6 w=20.005
C. B. Mendl (Munich Technical University)

F. Malet



What about Chemistry?



|D as a test lab for 3D chemistry

Cite this: Phys. Chem. Chem. Phys., 2012, 14, 8581-8590

WWW.ISC.Org/pccp PAPER

Reference electronic structure calculations in one dimensiont

Lucas O. Wagner,*“ E. M. Stoudenmire,” Kieron Burke®” and Steven R. White”

Received 24th D ber 2011, A
DOI: 10.1039/c2cp24118h

d Ist May 2012

¥

THE JOURNAL OF CHEMICAL PHYSICS 131, 224105 (2009)

Exact Kohn-Sham potential of strongly correlated finite systems

N. Helbig,"? 1. V. Tokatly,"? and A. Rubio'®

'Nano-Bio Spectroscopy Group and ETSF Scientific Development Centre, Dpto. Fisica de Materiales,
Universidad del Pais Vasco, Centro de Fisica de Materiales CSIC-UPV/EHU-MPC and DIPC,

.:}v. Tolosa 72, San Sebastidn E-20018, Spain

“IKERBASOUE. Basaue Foundation for Science. Bilbao E-48011. Snain

PHYSICAL REVIEW A 83, 032503 (2011)

Density functional theory beyond the linear regime: Validating an
adiabatic local density approximation

N. Helbig,' J. I. Fuks,' M. Casula,” M. J. Verstraete,”* M. A. L. Marques,”* L. V. Tokatly,"® and A. Rubio'”

1
V2 + a?

ws(r) =



Applications to 1D systems

1D model for H, :

RH-H

& S
< Cd

Total energies

KS LDA

0,,-order KS-SCE + ZPE

0,,-order KS-SCE




T

Negative ions (3D)

A
r

7 — et = 0.9110289

0.14 . :
7Z=9110289 ——
0.12 7=92
7=93
0.1 7=94 — |
7=95 —
0.08 r 7Z=1 ]
/=2 —
0.06 + 8
0.04
0.02
0 1
0 2 4 6 8 10

the system looses 1 electron

accurate results
(C. Umrigar & J. Morgan)



r~2\rho(r)

Negative ions (3D)

/
N =2 ex — T
Vext () -

Z — Lerir =~ 0.9110289

the system looses 1 electron

KS SCE self-consistent: Z

crit ~ 0.73

3/N=2.0/Jens it.dat' u

A. Mirtschink




r~2\rho(r)

Negative ions (3D)

Z
N=2  lr)=—-=

Z — Zcrit

Q

0.9110289 the system looses 1 electron

KS SCE +local correction (self-consistent): Zcrit ~ 0.94

0.14 T T T , T K
'Z=.949/dens_it.dat' u 1:($2/4/pi) ——
'Z=.95/dens_it.dat' u 1:($2/4/pi) —
0.12 F 'Z=.96/dens_it.dat' u 1:($2/4/pi) —— -
'Z=.98/dens_it.dat' u 1:($2/4/pi) —
'Z=1.0/dens_it.dat' u 1:($2/4/pi)
01 k- 'Z=2.0/dens_it.dat' u 1:($2/4/pi) _
0.08 ] . .
A. Mirtschink
0.06 | -
0.04 k\ _
oozt J T \ .
o L 1 ] 1 |




How to treat general 3D
systems!

Monge-Kantorovich formulation

Buttazzo, De Pascale, and Gori-Giorgi, Phys. Rev.A. 85, 062502 (2012)
Cotar, Friesecke, and Kluppelberg, Comm. Pure Appl. Math. 66, 548 (201 3)

see also talk by Gero Friesecke!



Optimal transport formulation
(Monge-Kantorovich)

[ p1(x)dr = [ pa(r)ds

cost function (work necessary to move a unit mass)

C(I’l,rg) = |I'2 — I'1’



Optimal transport formulation
(Monge-Kantorovich)

[ p1(x)dr = [ pa(r)ds

cost function (work necessary to move a unit mass)

C(I’l,rg) = |I'2 — I'1’
optimal map
/
[ ctr £ r)an

minimize total cost = min
f






N—-1 N
c(xy,...,xN) = 54 B
i=1 j=i+1

drN) atp =L forj=1,.... N

here: the further,
the better!




Things you can prove from Optimal Transport

© Existence of P(ri,ra,...,ry)(= |Yscr(ri,ra,...rN)|%)

O vscr(r) exists and it is bounded (Kantorovich potential)

O Not possible (so far) to prove general existence of f;(r)

O Dual Kantorovich problem

Buttazzo, De Pascale, and Gori-Giorgi, Phys. Rev.A. 85,062502 (2012)



Dual Kantorovich problem

Vscelp] = \gng;)<\1’\‘7€e\\lf>

vsce(r) =u(r) +C

Kantorovich potential

Buttazzo, De Pascale, and Gori-Giorgi, Phys. Rev.A. 85,062502 (2012)

N




Kantorovich formulation:
key to treat the 3D case!

PHYSICAL REVIEW B 87, 125106 (2013)

Kantorovich dual solution for strictly correlated electrons in atoms and molecules

Christian B. Mendl' and Lin Lin?
'Mathematics Department, Technische Universitit Miinchen, Boltzmannstrafe 3, 85748 Garching bei Miinchen, Germany
*Computational Research Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
(Received 26 October 2012; published 6 March 2013)

The many-body Coulomb repulsive energy of strictly correlated electrons provides direct information on the
exact Hohenberg-Kohn exchange-correlation functional in the strong interaction limit. Until now the treatment of
strictly correlated electrons has been based on the calculation of comotion functions with the help of semianalytic

formulations. This procedure is system-specific and has been limited to spherically symmetric atoms and strictly
one-dimensional systems. We develop a nested optimization method which solves the Kantorovich dual problem

directly, and thus facilitates a general treatment of strictly correlated electrons for systems including atoms and
small molecules.



Conclusions and outlook

= Strongly-interacting limit of DFT: approximations for the
x¢ functional able to describe strong correlation within the
restricted KS scheme (no artificial symmetry breaking)

= One can treat strongly-correlated quasi 1D systems with large
electron numbers

Perspectives:

» Improve the algorithms for 2D and 3D systems
» Corrections to the KS SCE functional:

Flp] = Tilp] + V2 p] HTelp) + Vitlp

» Inclusion of spin states
» Approximate SCE forms for new non-local functionals
» Nanotransport



Acknowledgments

Francesc Malet (VU Amsterdam)
Andre Mirtschink (VU Amsterdam

Klaas Giesbertz (VU Amsterdam)

Michael Seidl (University of Regensburg)
Giovanni Vignale (University of Missouri)
Andreas Savin (CNRS, University Paris VI)
Giuseppe Buttazzo (University of Pisa)
Luigi de Pascale (University of Pisa)
Stephanie Reimann (Lund University)
Jonas Cremon (Lund University)
Christian Mendl (Technical University Munich)



Acknowledgments

Francesc Malet (VU Amsterdam)
Andre Mirtschink (VU Amsterdam

Klaas Giesbertz (VU Amsterdam)

Michael Seidl (University of Regensburg)
Giovanni Vignale (University of Missouri)
Andreas Savin (CNRS, University Paris VI)
Giuseppe Buttazzo (University of Pisa)
Luigi de Pascale (University of Pisa)
Stephanie Reimann (Lund University)
Jonas Cremon (Lund University)
Christian Mendl (Technical University Munich)

—
$3% NWO

Nederlandse Organisatie voor Wetenschappelijk Onderzoek

MARIE C

ACTIONS

¢
D
m



Acknowledgments

Francesc Malet (VU Amsterdam)
Andre Mirtschink (VU Amsterdam

Klaas Giesbertz (VU Amsterdam)

Michael Seidl (University of Regensburg)
Giovanni Vignale (University of Missouri)
Andreas Savin (CNRS, University Paris VI)
Giuseppe Buttazzo (University of Pisa)
Luigi de Pascale (University of Pisa)
Stephanie Reimann (Lund University)
Jonas Cremon (Lund University)
Christian Mendl (Technical University Munich)

Nederlandse Organisatie voor Wetenschappelijk Onderzoek .

RRRRRRRRR

Thank you for your
attention!

ACTIONS




