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Example: When 1 = ~4 = standard Gaussian measure on RY it
satisfies a Poincaré inequality with the optimal constant Cy, = 1.
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Transportation of Poincaré inequalities

Suppose there exist an L-Lipschitz map T : RY — R? which
transports 4 to u.
Then p satisfies a Poincaré inequality with constant L2:

Vary,(f) = Varyy(f o T) < Eqy, [[V(fo T)]
< Eqy [IDTPIVA(T)?] < LBy [[VA(T)P] = LPEy [[VF] .
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Optimal transport

For a transport map T : RY — RY to be Lipschitz we expect it to
have some special structure.

The map Tyt is an optimal transport map if it a minimizer of

min / Ix — S(x)|*dvq.
(s transport map of 74 to u} JR?
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Let Q = C([0,1]; RY) be the Wiener space and 7, be the Wiener
measure, and let ;4 be a measure on RY. Let

T =(Tt)eefo) : 2 — Q2 be a map such that Ty ~ pand T is
L-Lipschitz in the sense that |[DT1| < L (Malliavin derivative).

Poincaré inequality for ... For any test function f : Q — R,

Var’\/oc (f) S E'\f:)c [‘ Df‘2]

Poincaré inequality for ;: Let f: R — R be a test function,

Vary,(f) = Var,_(f o T1) <E,_ [|D(f o T1)|?]
<E,_ [IDT1}|VF(T1)]*] < LPE,_ [|[VF(T1)P] = L’E [|VF]?].
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Transport maps on Wiener space

Optimal transport maps on Wiener space exist (Feyel and
Ustijnel) but in our settings they reduce to optimal transport on
R? so no gain.

Causal optimal transport transport measures in an optimal way

while respecting causality (filtration).
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The Brownian transport map

Given a measure u on R? consider the problem

1 1
minE,__ [/ |ut|2dt] over all adapted (ur)co,1] s:t- wl—i—/ updt ~ p,
0 0

and let u* be the optimizer.

The optimal map X : Q — Q, given by X(w); = w; + fot utds, is
the Brownian transport map between 7., and .

Optimal transport solves the problem

1 1
minE,_ {/ \uﬁdt} over all (ut)epo,1) st w1 +/ urdt ~ fu.
0 0
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Lipschitz properties of the Brownian transport map

Theorem (Mikulincer, S.)

The Brownian transport map X :  — €, with X1 ~ u, satisfies:

1. If u is k-log-concave (k > 0),
IDX4] < =
1 —_— ﬁ'
2. If v is log-concave with diam(supp(p)) < R,
|DX1| < O(R).
3. If 4 =74 v and diam(supp(v)) < R,

IDX1| < O(R).
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The Kannan—Lovasz—Simonovits conjecture

All isotropic log-concave (x = 0) measures p satisfy Poincaré
inequality with dimension-free constant Cy: for any test function
f,
2
Varu(f) S Ck|5E'u UVH ] .

Transportation approach: Given isotropic log-concave p find a
transport map T pushing v4 to p which is Cgs-Lipschitz. Not
possible because such a map would imply properties which are false
for some isotropic log-concave measures. However, E. Milman
showed that KLS would follow as soon as T is Cys-Lipschitz on
average: Efyd[|DT|2] < Cyis-

12
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KLS and Brownian transport map

Current best bound on KLS (Chen): Cys < d°(1).

Theorem (Mikulincer, S.)

Let 1 be an isotropic log-concave measure and let X1 : Q — RY
be the Brownian transport map between 7., to . Then,

E,. [|DX1?] < d°®,
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The solution to the stochastic differential equation

d
dXt =V |Og Pl—t (M> (Xt)dt + dwt, XO = 0,
dvd

is the Brownian transport map.

History: Motivation for this entropy-minimizing process goes back
to Schrodinger (30's) and was formulated by Follmer (80").
Lassalle (2013) showed that process solves causal optimal
transport. Lehec (2010) showed how to use process in context of
functional inequalities.
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the Brownian transport map has applications to Stein kernels
and central limit theorems.

e On Wiener space there are stronger Lipschitz notions for
which we showed that in some cases Brownian transport map
cannot be Lipschitz while optimal transport can.

e Many remaining questions...

e Thank you.
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