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Overview

e Inverse Problems

e Stein Unbiased Risk Estimators (SURE)

e SURE for Sparse Regularization



mﬂr&v‘erse Problems | a‘-

Recovering 2y € RY from noisy observations

Y =®z9+ W eR"

® : RY — RY with P < N (missing information)
Hypothesis: W ~ N(0,0%Idp), o is known.



Inverse Problems

Recovering 2y € RY from noisy observations

Y = dxo+ W € R

® : RY — R” with P < N (missing information)
Hypothesis: W ~ N(0,0%Idp), o is known.
FExamples: Inpainting, super-resolution, compressed-sensing




merse Problem in Medical Imaging ::'E

Tomography projection: Oy = (pek)1<k<}(
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Tomography projection: Oy = (pgk)lgkgf(

Fourier slice

N RS
theorem

Pz = (To(w))wen



m\/‘erse Problem in Medical Imaging 5

Tomography projection: Oy = (pgk)lgkgf(

Fourier slice

< |-~~~ ~°°
theorem

Other exampleé: MEG, EEG, ...
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observations y
Estimator: xx(y) depends only on < parameter A
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Measures: Y = ®xq+ W, W ~ N(0,0°Idp).
observations vy
Estimator: xx(y) depends only on <

Example: variational methods
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Data fidelity —Regularity

parameter A\

Goal: set up A to minimize Ey (|zg — 2 (Y)]?).

Method: use risk estimators computed from ¥y alone.
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Measures: Y = ®xq+ W, W ~ N(0,0°Idp).
observations
Estimator: xx(y) depends only on < 7/

Example: variational methods

1
ra(y) € argmin% ly — <I>$H2J+ Al (%)

rERN
Data fidelity —Regularity

parameter A\

Goal: set up A to minimize Ey (|zg — 2 (Y)]?).

Method: use risk estimators computed from y alone.

-----------------------------------------------------------------------------

-------------------------------------------------------------------------------

Numerlcal approaches (recursive differentiation).
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m- ﬁisk Minimization :-f

Average risk:  R(A) = Ew (|zA(Y) — zo|?)

A* = argmin R(\) Plugin-estimator: xx«(Y)
A

A

Risk R(\)

Parameter A\
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isk Minimization
Average risk:  R(A) = Ew (|zA(Y) — zo|?)
A* = argmin R(\) Plugin-estimator: xx«(Y)

Risk R(\)

Parameter A\

Ew 1s not accessible — use one observation.
o 1S not accessible — needs risk estimators.

But:




Prediction Risk Estimation

Prediction: ux(y) = ®x)(y)

Sensitivity analysis: it py is weakly differentiable
pa(y +6) = paly) + paly) - 6 + O(|0]%)



. -."- Prediction Risk Estimation

Prediction: ux(y) = ®x)(y)
Sensitivity analysis: it py is weakly differentiable
pa(y +9) = pa(y) + paly) - 6 + O([6])
Stein Unbiased Risk Estimator:
SUREA(y) = |y — mx()|* — o* P + 20 dfx(y)

dfy(y) = tr(Oua(y)) = div(px)(y)



A E .Prediction Risk Estimation :j

Prediction: ux(y) = ®x)(y)
Sensitivity analysis: it py is weakly differentiable
pa(y +96) = pa(y) + dua(y) - 6 + O(|9]*)
Stein Unbiased Risk Estimator:
SUREA(y) = |y — i (y)|* — 0° P + 20%df, (y)

dfy(y) = tr(Oua(y)) = div(px)(y)

Theorem: [Stein, 1981] Ew (SURE,(Y)) = Ew (|®zo — ua(Y)]?)




.|E' . Prediction Risk Estimation :j

Prediction: ux(y) = ®x)(y)

Sensitivity analysis: it py is weakly differentiable
pa(y +96) = pa(y) + dua(y) - 6 + O(|9]*)
Stein Unbiased Risk Estimator:
SUREA(y) = |y — ma(y)|° — 0° P + 20%dfA(y)

dfy(y) = tr(Opx(y)) = div(px)(y)

Theorem: [Stein, 1981] Ew (SURE,(Y)) = Ew (|®zo — ua(Y)]?)

Other estimators: GCV, BIC, AIC, .

Requires o (not always available
SURE: < ! Y )

Unbiased and good practical performances
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Generalized SURE: take into account risk on ker(®)+



m_neralized SURE .

Problem: |®xg — ®Px)\(y)| poor indicator of |xg — xx(y)]|-

Generalized SURE: take into account risk on ker(®)+
GSUREA(y) =[2(y) —Pxa(y)|” —o*tr((22*)T) +20"gdf, (y)

Generalized df: gdfy(y) = tr ((qu)*)Jra,u)\(y))
PrOjker((I))J_ =11 = q)*(q)q)*)+q)
ML estimator: Z(y) = ®*(PD*)y.



m‘&g_neralized SURE -

Problem: |®xy — ®x)(y)| poor indicator of |zg — xx(y)].

Generalized SURE: take into account risk on ker(®)+
GSUREA(y) =[2(y) —Pxa(y)|” —o*tr((22*)T) +20"gdf, (y)

Generalized df: gdfy(y) = tr ((q)cp*)Jralu)\(y))
PrOjker((I>)J_ =11 = q)*(q)q)*)+q)
ML estimator: Z(y) = ®*(PD*)y.

Theorem: |[Eldar 09, Pesquet al. 09, Vonesh et al. 08]
Ew (GSUREL(Y)) = Ew (|(z0 — A (Y))]?)




e Inverse Problems

 Stein Unbiased Risk Estimators (SURE)

e SURE for Sparse Regularization



Synthesis regularization

J(x) = x| = >, |7
.1 2
min §||y — (PV)x|3 + Az




Synthesis regularization Analysis regularization

J(x) = 2| = 32, il J(z) = |D*z]y =32, (z, i)
1 o1 )
min oy — (@)l + Alefy | min Sy — @zl + A[D7],

_ 't

Coefficients x Image \I/az Image x Gradient D*x




m: Sparse Regularizations ﬂ-:

Synthesis regularization Analysis regularization
J(x) = |z = 22, |24 J(x) =D x|y = >_; {z, di)
1
min S|y — (@W)e3+ Al | min Sy — afd + A1l

Coefﬁ(:lents x Image U A Gradient D*x

— Unless D = W is orthogonal, produces different results.



m:égarse Regularizations =1

Synthesis regularization Analysis regularization
J(x) = |z = 22, |24 J(x) =D x|y = >_; {z, di)
1
min S|y — (@W)e3+ Al | min Sy — afd + A1l

Coefficients x Image \I!a: Image x Gradient D*x

— Unless D = W is orthogonal, produces different results.

— Analysis more general when using ®WV¥ as operator.



mrse Analysis Local Variations :Ildj

Estimator:  xx(y) € argmin ~ H‘Paﬁ —y|* + A\|D* x|
rERN

Remark: x)(y) not always unique but

ux(y) = ®x ) (y) always unique.



mrse Analysis Local Variations :Il-i

Estimator:  xx(y) € argmin ~ H% —y|* + A\|D* x|
rERN

Remark: x)(y) not always unique but

ux(y) = ®x ) (y) always unique.

Theorem: py is Lipschitz (hence weakly differentiable).




Mrse Analysis Local Variations E-E

Estimator:  xx(y) € argmin ~ H% —y|* + A\|D*z|4
rERN

Remark: x)(y) not always unique but

ux(y) = ®x ) (y) always unique.

Theorem: py is Lipschitz (hence weakly differentiable).

Questions:

— Find a closed form expression for du(y).

— Prove that this formula is valid almost everywhere.



olytope of TV in 1-D

TV-1D ball: B ={x\ [D*z|; <1}
Displayed in {z \ {z, 1) =0} ~ R?

rx(y) € argmin |D* x|,
y=>x

D* =




m- ﬁolytope of TVin 1-D !E!I-E

TV-1D ball:  B={z\ |[D"z|; <1} (1 -1 0 0)
Displayed in {z \ (z, 1) =0} ~R3> pr=|"Y

zx(y) € argmin |D*x|; \ -1
y=>x
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m- ﬁolytope of TVin 1-D !E!I-E

TV-1D ball:  B={z\ |[D"z|; <1} (1 -1 0 0)
Displayed in {z \ (z, 1) =0} ~R3> pr=|"Y

rx(y) € argmin |D* x|,
y=>x




Union of Subspaces Model

zy(y) € argmin —HCD:U — y”2
rERN

Support of the solution:
I={i\ (D"zx(y)): # 0}
J=1°

Al D"zl

(Pa(y))



m‘ion of Subspaces Model :;
1

zx(y) € argmin —H<I>:U —y|* + \|D*z|; (Pxr(y))
rERN

rT
Support of the solution:

F= 1\ (D"aly))i #0) |
J =1 —o o >

1-D total variation: D*x = (x; — x;_1);

I = positions of discontinuities.



mgr_\_ion of Subspaces Model :Il-i
1

zx(y) € argmin —ucbas —y|* + \|D*z|; (Pxr(y))
rERN

rT
Support of the solution:

F= 1\ (D"aly))i #0) =
J =1 —o o >

1-D total variation: D*x = (x; — x;_1);

I = positions of discontinuities.

Sub-space model:  G; = ker(D%) = Im(D ;)"

For TV: G; = signals with prescribed discontinuities.



mal Sign Stability :Ildj

r)(y) € argmin,, %HCI)QJ —y|? + M| D*z|1  (Paly))

Lemma:  sign(D*zx(y)) is constant around y ¢ H.

To be understood: there exists a solution with same sign.



Mal Sign Stability :Il-i

r)(y) € argmin,, %HCI)QJ —y|? + M| D*z|1  (Paly))

Lemma:  sign(D*zx(y)) is constant around y ¢ H.

To be understood: there exists a solution with same sign.

D =1Id3xs3, ® € R2*3



Mal Sign Stability ::-E

r)(y) € argmin,, %H(I)ZE —y|? + M| D*z|1  (Paly))

Lemma:  sign(D*x)(y)) is constant around y ¢ H.

To be understood: there exists a solution with same sign.




mal Sign Stability =

r)(y) € argmin,, %H(I)ZE —y|? + M| D*z|1  (Paly))

Lemma:  sign(D*x)(y)) is constant around y ¢ H.

To be understood: there exists a solution with same sign.

Linearized pmblem sy = sign(D7xx(y))
ZA(Y) = al“glglln —HCPCU — 3> + M (Djz, s\ Ho.,
reYg Tk e

— A[ J] ((I)*ﬂ — )\D]S])




mal Sign Stability -

r)(y) € argmin,, % Dz — y|? + M| D*z|1  (Paly))

Lemma:  sign(D*x)(y)) is constant around y ¢ H.

To be understood: there exists a solution with same sign.

Linearized pmblem s; = sign(D7zA(y))

() = argmin 5 @2 — gl + A (Djz, 51)
rcy g

— A[ J] ((I)*ﬂ — )\D]S[)

Theorem: If y ¢ H, for 7 close to v,
T (7) is a solution of Py (7).




Wlication to GSURE -

For y ¢ H, one has locally: pa(y) = CIDA[J]CI)*y + cst.

Corollary: Let I = supp(D*zx(y)) such that H; holds.
dfx(y) = div () (y) = dim(G)
dfx(y) = |zx(y)|o  for D = Id (synthesis)
gdfy (y) = tr(ILAY)

are unbiased estimators of df and gdf.




Application to GSURE :-5

For y ¢ H, one has locally: pa(y) = CIDA[J]CID*y + cst.

Corollary: Let I = supp(D*zx(y)) such that H; holds.

dfx(y) = div () (y) = dim(G)
dfx(y) = |zx(y)|o  for D = Id (synthesis)

gdf, (y) = tr(I1AM)

are unbiased estimators of df and gdf.

Trick: tr(A) =E,((Az, 2)),z ~ N(0,Idp). [Ramani et al’0§]




~Application to GSURE -y
For y ¢ H, one has locally: pa(y) = DAV P*y + cst.

Corollary: Let I = supp(D*zx(y)) such that H; holds.

dfx(y) = div (u») (y) = dim(G)
dfx(y) = |zx(y)|o  for D = Id (synthesis)

gdf, (y) = tr(I1AM)

are unbiased estimators of df and gdf.
Trick: tr(A) =E,({Az, z)),z ~ N(0,1dp).
Proposition: gdfy(y) = E.((v(2), ® T2)), oz~ N(0,1dp)
o*®d D\ (v(z)) [P*z
where v(z) solves (Df} 0 ) ( 5 ) = ( 0 )

In practice: gdf, (y) ~ + S (), D), 2 ~ N(0,1dp).

'Ramani et al’08]




Partition in blocks:  {1,...,N} = Upcp b

VA reqularization: J(x) = Z lzs|, = = (xi)ich



mup Lasso Variations -

Partition in blocks:  {1,...,N} = Upcp b

VA reqularization: J(x) = Z lzs|, = = (xi)ich

Transition set H: semi-algebraic with zero measure.

J(z) = (22 4+ 22)% + |x3)



Partition in blocks:  {1,...,N} = Upcp b

01 — 02 reqularization: J(x) = Z lzs|, = = (xi)ich

where:

U(xx(y)) = P7Pr + Ao 0 Py
0, = diag(Idy/|zp])ver
P, = 1d; — diag(zpxy )er




®: sub-sampled

#projections=16. 0.65

0.6
0.55¢
0.5

Finite differences gradient:

0.75¢
radon transform. ol

----- Risk

— — — Projection risk
GSUREMC

X Exh. search iterates|
X  Exh. search final




— — — Projection risk
_ GSUREMC

X Exh. search iterates
X Exh. search final

170.000 290.000 410.000 530.000
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Computing risk estimates
<
Sensitivity of the estimator
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Computing risk estimates
— -.
Sensitivity of the estimator

Closed form expression:

— quadratic, ¢! regularization, ...

Open problems:

— Estimate the risk in ker(®).
— Fast algorithms to optimize high dimensional .
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Computing risk estimates
<
Sensitivity of the estimator

Closed form expression:

— quadratic, ¢! regularization, ...

Open problems:

— Estimate the risk in ker(®).
— Fast algorithms to optimize high dimensional .




