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1. Introduction

® To(R"™) set of proper, convex, lower semicontinuous functions

For ®, ¥ : R” — RU {+00} in I'o(R™) consider

(Py.7) argmin {®(x) subject to VY(z) <7}
rERM
(P22) argmin{®(z) + \U(x)}, A>0
xR

® (P .): lvanov regularization
(in general 7 can be estimated, but the problem maybe hard to solve numerically)

® (P, »): Tihkonov regularization
(in general the problem can be solved numerically, but the choice of A is not
straightforward)
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1. Introduction : e
1. Classical Example Find the minimizer £ € R" of
lzl3 st |Hz—dl3<7  or  |afl3+A|Hz — b3

Morozov's discrepancy principle (Morozov 1984 ...):

® Solution of the penalized problem is given analytically
$(A) = (AH'H+I1)""\H"b
® Substituting this solution into the constraint gives
fO) = |Hz(\) —bl5 = BOAHH " + 1) %b=1

e f()\) convex, strictly decreasing function
e f(\) =7 has a unique solution X for all [|bg|2 < 7 < ||b]|2
e Efficient computation of A e.g., by Newton's method.

A

¢ Computation of Z(\)
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1. Introduction |

2. Examples from Image Restoration

€ Gaussian noise:

1 1
Sl HT = bll5 st. [[Vallzn <7 or Sl HT = bll3 + A [ Vs,
discrete TV ;ROF

IVz||o1 st. |[[Hx—bl5<T or IVz||o1 + M| Hz — b5

® Poisson or multiplicative noise:

D(b,Hz) s.t. |[|[Vz|a1<T or D(b,Hz) +A||Vz|21

I —divergence

|Vz|21 st. DOb,Hx) <t  or V|21 + AD(b, Hx)

- |-divergence = Kullback-Leibler divergence

References (constrained problem): van den Berg/Friedlander 2008, Fadili/Peyre 2011, Ng/Weiss/Yuan
2010, R. Chan/Wen 2012, Carlavan/Blanc-Feraud 2012, Friedlander et al. 2012
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2. General Remarks
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Problems
(P +) argmin {®(x) subjectto VY(zx) <7}
rERM
(Pa22) argmin{®(x) + AV (x)}, A>0
reR"

Theorem (Relation between \ and 7)
Let &, ¥ € T'o(R™). Assume some regularity assumptions.

i) Let ) be a minimizer of (P5), A > 0.
Then 2 is also a minimizer of (P ;) for 7 := W(z,).
Moreover, this 7 is unique if and only if Z is not a minimizer of ®.

ii) Let Z, € int(domW¥) be a minimizer of (P ;).
If - is not a minimizer of W, ®, then there exists a parameter A > 0 such that , is
also a minimizer of (P ).

Remark. i) does not mean that to each )\ there exists a unique 7. If ) and Z are
solutions of (P5.)), then ¥(Zy) # W(Z,) is possible.

ii) does not mean that to each 7 there exists a unique A also if Z is unique.
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2. General Results |

Example
(I)(gj) — |;C — 2|, \If(x) = |33|7 =1

Then
—2(x—1) ifx<O
+2(x—1) ifx>2

45

3.5

251

1.5+

0.5+

Function ®(z) + ¥(x)
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2. General Results |

— 2)? if x>1
Example Y(x):=|z|, ®(x):= (x =2) 1 t= , m< =2
m(z—1)4+1 ifzx<l
Function ® for m = —5.

Thus, & = 7 is the solution of (P; ) for 7 € (0,2). On the other hand, we get

({2-21 ifAe(0,2)

. {1} if A e|[2,—m)
B(z) + x|} =
argmim (@) FAT =900 A= —m

{0} if \ € (—m, +00)
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Part ii) can be shown by the following lemma.

Lemma
Let U € ['4(R"), * € domV¥, a := ¥(x*) and S :=lev, U ={x € R" : ¥(z) < a}.
Then we have

Ry 0¥ (2™) C Oug(x™) = Ng(x™).
Moreover, if * € int(domW) and z* is not a minimizer of W, then equality holds
true.

Proof via epigraphical projection (inf-projection) v(x) := inf, p(z, u)
Example: Equality does in general not hold true for z* € ri(domW):

1 if $2:O

V@, @) = { oo if @y #£ 0

For " := (x7,0) € ri(domW¥), S = 1€V$>{‘I/ = (—o0, ;) x {0}
we get

855(56*) — {(p17p2) - P1 S [07 —|—OO),p2 c (_007 —I—OO)}

oV (z") = {(1,p2):p2 € (—o0,+00)}

RioW(z") = {(0,0)} U{(p1,p2) : p1 € (0,+00),p2 € (—00, +00)}
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3. Homogeneous Constraints: General Results

Setting:

¢ O(z) = P(z1+22) = ¢(z1) (e R" =R(H") & N(H)),
where ¢ : X7 — R U {+00} is a function with

i) dom ¢ is an open subset of X; with 0 € dom ¢,

ii) ¢ belongs to I'y(X7) and is strictly convex and essentially smooth,

iii) ¢ has a minimizer
Examples: ®(z) = ||Hz — b5, ®(z) = D(b, Hx)

¢ U:R™ — RU {400} be a positive homogeneous function, i.e.,
U(ar) =a¥(z), a>0

Special homogeneous function are seminorms and indicator functions

1,5(:1:):2{ 0 itzeS

+00 otherwise

® level sets: lev, U :={z e R": ¥(z) <7}
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3. Homogeneous Constraints: General Results

The following holds true:

Uy = Llev]|-|| and Vo = || ) ||7
i=1-l« and W5 =100,

where U*(p) := sup{|[(p, ) — ®(x)} is the Fenchel dual of ¥ and

| - ||« the dual norm of || - ||.

Primal Problems:

(Py.7) argmin {®(x) subject to | Lz| <7}
reR"

(P2,2) arggin{@(w) + Al[ L}
xR

Fenchel Dual Problems:

(D1,-)  argmin{®"(—L"p) + 7|pl+}
pER™

(D2 ) argmin {®*(—L*p) subject to ||p|l« < A}
pER™

KKT condition gives —L*p = V&(z)
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3. Homogeneous Constraints: General Results

m Tecuiscae Unnersimy
m KAISERSLAUTERN

Theorem

Let N(H)NN(L) = {0} and argmin® "N (L) = (). Let

roe= min Lz, A= min ]
reargmin ¢ pCargmin ®*(—L*.)

Then, for 7 € (0,7.) and A € (0, \.), the problems (P; ), (P2x), (D1.+), (D2.)
have solutions with finite minima. Further there exists a bijective mapping

g:(0,7.) — (0, A¢) such that for 7 € (0, 7.) and A € (0, A\.) we have

{ SOL(Py ;) = SOL(P». )

if  (7,\) €gr
SOL<D1,T>—SOL<D2,A>} (T A) €8

For (7, \) € grg any solutions & and p of the primal and dual problems, resp., fulfill
T=|Lz|| and A= |p..

® 7-) curve g: (0,7.) — (0, \c) is monotone decreasing and continuous



http://www.mathematik.uni-kl.de/~steidl

3. Homogeneous Functions: Examples

1. Joint Sparsity Problems L := A" H =1

Dual Problems:

. J1 .
(D2 ) argmin {§||Ap —b||5 subject to ||pll2.1 < )\} ,

peR™

where A € R™™, n < m is some special matrix and 0 # b € R(A).
® (D5 »): LASSO (Tibshirani 1994)

(D1.,) argmm{—nAp b2

pER™

Primal Problems: 2 =0— Ap

(Por) argmm{—||:c—bu2 AnA*:cng,oo},

reR"

(P17) argmin {—||:13 —b||5 subject to || A*x|l2,00 < 7'} :
reR"™

References: Daubechies/Fornasier/Loris 2008, Lorenz et al. 2011- , van den Berg/Friedlander 2008
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3. Homogeneous Functions: Examples
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Corollary. Let

Te := ||A™b||2 0 and A, := Igm_n P21

Then, for A € (0, A¢), a solution p of (D3, ) is also a solution of (D; ;) iff

= || A*(b— Ap) |la.co = |l@;]l2 forall j with p; #0

=14

where q; := (Gkn+j)5—o-

Example. A obtained by taking 200 rows of the (1000,1000) DCT-Il matrix

Computation by FBS (Forward-Backward Splitting), alternatively Nesterov's alg. 2005,
FISTA (Beck,/Teboulle 2009)

10 |

A
100 300 500 d 700

Function g~ ! for the joint sparsity problem



http://www.mathematik.uni-kl.de/~steidl

3. Homogeneous Functions: Examples

2. Image Inpainting Model | H inpainting mask

1
(Dz,»)  argmin {—HH(P) — B|| subjectto || P« < T}
PeRN,M 2

, 1
(D) axgmin {SIH(P) - BIE + AIPI. |
PeRN.M

with the nuclear norm || P||, of P

Reference (penalized problem): Liu et al. 2009

3. Image Inpainting Model Il L :=YV, H inpainting mask

1
P, argmin { —||Hx — b||2 subject to ||Lz|21 <7
: S en | 2 2 ,

, 1
(o) anguin {3110 b + N Lol |
zeR"

Computation by ADMM (alternating direction of multipliers),
PDHGMp (Arrow-Hurwitz method with extrapolation of the dual variable) (T. Chan/Zhou, Esser
2009, Chambolle/Pock 2011) and other algs. (Chen/Teboulle 1994, Combettes/Pesquet 2011, Vu

2012, Bot/Hendrich 2012)
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3. Homogeneous Functions: Examples f——
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Solutlons of the TV—mpalntmg problem
Top: (P1 ) for various values of A; ||Por1g||*/||P||* ~ 1,1.5

Bottom: (P, ;) for various values of 7; T'V (orig) /TV () = 1,2
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3. Homogeneous Functions: Examples
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Scaled ADMM
Initialization: q( ) = qgo) = 0, y( ) = = HD, y(o) Lb.
For £ =0, ... repeat until a stopping criterion is reached
: k k k k
D = arglﬂglm{llé '+ Hr —y" |3+ llas” + La — 573},
T ER™
: Y
yi" " = argmin {(1,y1 — blog(y1)) + S llat” + Ha®Y — a3},
y1 €R™ 2
vt = argmin {ip, , (ve) + Zllas” + Le™ D — a3},
yo ER27
q§k+1) _ qg ) o (kD) _ygk—kl)’
ay = @+ LD g,

To obtain the curve g we have to compute

A= [Ipll2,00 =
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Multicriteria optimization (multiobjective optimization, vector optimization)

¢ F.Y. Edgeworth (1881), V. Pareto (1906)

® Pareto optimum: 'The optimum allocation of the resources of a society is not
attained so long as it is possible to make at least one individual better off in his
own estimation while keeping others as well off as before in their own estimation.’

Relation to our 7 — A\ problem?

(Pr)  min{®() + ueu(@)} = minfye + ()}
P (@ v = m((3 ). (1))

where

Y::{(Z;>:($é§§>:xeR”}cRQ

® Consider Pareto frontier p of miny; and minys
yey yeyY
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3. Pareto Frontiers |

v, A

I A bl P

(1)
N

Let y* = (7%,p(7")) €grp. Then

s (1) (1)) = (1) (i )

& A =—p(T7)
= g(r)=—p'(7)

Our 7 — X curve g is the negative derivative of the Pareto curve p.
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5. I-Divergence Constraints

Problems

(P +) argmin {||Lz|| subjectto D(b,Hx) <1}
x>0

(Pon)  argmin{|La| + AD(b, Ha)}
x>0
with I-divergence

D(b.1) = (1,,blog2 —b+1t) ift>0,
] 4o otherwise

¢ Application in image restoration for images corrupted by Poisson noise (often
medical images), (Bicous-Diaz, Figueiredo 2010, Brune et al. 2011) or multiplicative

noise (SAR images) (Aubert,Aujol 2008, Sigelle et al. 2008, Shi,Osher 2011, St./Teuber
2010 ...)
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5. I-Divergence Constraints
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Let
® K:={zecR%:Hx>0}#0

\ 4 — mi
7o = min D(b,Hz)

® 7= min D(b Hx)
x>0,2€N (L)

Theorem
Let N(H) NN (L) = {0} and N(L) Nargmin, -, D(b, H-) = 0.

If 2 is a solution of (P; ;) with 7 € (79, 7¢), then there exists a unique A > 0
such that 2 is also a solution of (P y).
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5. I-Divergence Constraints
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Problems:

(P +) argmin {||Lx|| subjectto D(b,Hz) <7}
x>0

(P2.2\) argmin {||Lx|| + AD(b, Hx)}
x>0

Reformulation of the problems by splitting technique

H
(P1,7) argmin {LlevTD(b,-)(yl) + [|y2]] + ty3>0(y3) s.t. (L
L,Y1,Y2,Y3 I

H
(Py,\) argmin {)\D(b, y1) + ||y2|] + tys>0(ys) s.t. <L
L,Y1,Y2,Y3 I

References: Bioucas-Dias/Figueiredo 2009, Setzer/St./Teuber 2010 ...
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5. I-Divergence Constraints
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Algorithm (ADMM for solving (P ;))

Initialization: q( ) = qgo) = qéo) =0, y( ) = = Hb, y( ) = = Lb, y( ) = b and v > 0.

For £k = 0,1,... repeat until a stopping criterion is reached:
: k k k k k k
o = argmin {|l;"” + Ho —yi”13 + llas” + Lo — 15 + llab” + = — 3”13}
rER™
k+1 . Y k
yi Y = argmin {ue,, pe (1) + 2l @i" + Ha® D —y |13}
y1€R™ 2 N
o (k+1)
k+1 . Y
ye " = argmin {||yal + 7 llgs"” + Lo+ — )13}
y2€R™
k+1 . Yo (k
yé ) — argmm{by?)zo(y:%) - §HQ§ )—HC(kH) - y3||§}

y3 ERM

q§k+1) _ (k)+Hx(k+1)— §k+1)

QD B | g () (D)

D = ) e

® Subproblem 2 is an |-divergence constrained least squares problem
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5. I-Divergence Constraints

Subproblem 2 reads

1
argmin{=|ly — a||3 subject to D(b,y) < 7}

Solution via corresponding penalized problem

1

argmm{5Hy —all3+ AD(b,y)}
yeR™

Theorem

For A > 0 and a # b the penalized problem has the analytical solution

1

g(A) = §<y—)\+\/(a—)\)2+4)\b).

The function
fA) = Db, g(N)(=T)

is strictly decreasing and convex.
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5. I-Divergence Constraints
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Theorem (Convergence of the Algorithm)
Let V(L) "N (H) = {0} and argmin, -, D(b, Hx) "N (L) = 0. Let 7 € (70, 7).

Then the sequence {(z*), y*) ¢ X.)}, generated by our ADMM algorithm with
inner Newton step converges to (, 9, q, A), where

A

¢ 2 is a solution of (P ;) and (P, 5), where lim )\, = A,

k— 00

® p =4 is a solution of the dual problems (D1 ;) and (D, 5),
® g=(H"L"I)"z.
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5.2 I-Dlvergence ConStralntS: ChOOSlng T ETEET's'EER‘E.Jﬁﬁ%R'i

Theorem Let B = (B, ..., B,,) be a random vector and ¢t = (¢1,...,%,) € RZ,,.

i) If each B; is Poisson distributed with expectation value ¢; for : = 1,...,n, then it
holds that

E(D(B,t)) = %n—l—iO(%)

ii) If all V; are iid Gamma distributed with probability density function

K%
py(v) = F(K)U exp(—K v) 1,>0(v), K>1
and B; :=t;V; fori=1,...,n, we have
E(D(B,1)) = (D_t:) ((K+1)~log(K)) = ( D E(B)) ($(K+1)~log(K)),

where 1 (x) := %log ['(x) = % represents the digamma function.

Reference for i): Bardesley et al. 2009, Bertero et al. 2010,
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5.3 I-Divergence Constraints: Numerical Examples : o
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Poisson Noise

Left: Original image with values scaled to [0,
result by the I-divergence - TV model

= = =consirained problem (y=0.033)
—— constrained problem (y=0.015)
++++++ penalized problem (y=0.033)
== penalized problem (y=0.015)

2000t |3

mean square error
-
8

10001
40
500!
20
- = =y=0.033
—4=0.015 .
0 L L L L L 0 L LT
0 100 200 300 400 500 800 700 800 0 100 200 300 400 500 600 700 800
number of iterations number of iterations

Left: Iterates \®) for different parameters . Right: Mean square errors %Hx(k) — z*||2.
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5.3 I-Divergence Constraints: Numerical Examples ! e
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Multiplicative Gamma Noise (H = 1)

Left: Real multi-look SAR image of size 512 x 512 with values in [0, 255] (K ~ 2.6).
Middle: Restoration result by the I-divergence -TV model.
Right: Result by the I-divergence - NL-means model (see Gilboa/Osher 2008).
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5.4 Anscombe Transform Constraints " T s

¢ Poisson distribution exhibits a mean/variance relationship

® Variance-stabilizing transformations can remove this relation. One of these
transforms is the Anscombe transform:

/ 3

® Transforms Poisson noise to approximately Gaussian noise with zero-mean and
unit variance

Consider
argmin || Lul|  subject to |T(Hu) —T(f)|z < .

Good choice: 7 =n

References: Mikkitalo, Foi 2011, Dupe, Starck, Fadili 2009 ...
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5.4 Anscombe Transform Constraints

Solution via epigraphical projection

¢ epip:={(u,¢) eR" xR : p(u) < (}
® P the orthogonal projector onto C

L 4 V.= {UERTL . <1n7u> ST}

Our constrained problem can be rewritten as

argmin {s.(0) + 1Ll + 3 tept ()i 5:6) + v, (0)}
1=1

where

Reformulation as

argmin 1o (u) + v, (O) + [[vall + > tepi g, (V1,6 7m:)
(U'aC)a(UlaUQ?n) =1

HO0 " 3/8 (1
subject to L0 ( ¢ > + 0 =1 v
0|1 0 n

m Tecuiscae Unnersimy
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5.4 Anscombe Transform Constraints

Algorithm (PDHGMp for solving the Anscombe constrained problem)

Initialization: u®, ¢, (p{”)1<j<5 = (B} )1<j<s, 0 € (0,1], (p, o) € (0, +00)? with
po < 1/max{1l,||H"H + L*L||2}
For Kk = 0,1, ... repeat until a stopping criterion is reached

1. oY = P> (u( ) — op (H Dq (k) + L” _(k)))

2. ¢ = Py, (¢ = opp!”)

3. (5 ™) = P, (P + (He") 4 3/8, pl) 4 V) i= 1,

4. §k+ ) = prox o1 ”(p(k) -+ Lu(k+1))

5. p§k+1) _ (k)—l—H (/<;+1)_|_3/8 (k:+1)

6. p;k:—l—l) _ p;k:) 1 L) vékz—l—l)

7 pék:—l—l) _ pék:) 4+ C(k:+1) . 77(l~<:+1)

8. oV =p Y ot —pM), =123

4 {pék)}k converges to \1
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5.4 Anscombe Transform Constraints

Proposition

The epigraphical projection of (z,() € R? is given by

PePiSO(xa C) = 4

[ (max{x,0},() if (max{z,0},() € epi,

2
((”;”) ,ti) if 40 > 22,

2
((t_;’z) ,t2_> if 40 < 22,
\

where ., resp. t_ is the unique root in [0, +00), resp. in [—z,0) of the cubic

polynomial

p(t) := 17t3 4 32t* + (32° — 16¢ — 4x)t + 2(2% — 4x).

® roots of p can be efficiently computed by Newton's algorithm
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5.4 Anscombe Transform Constraints : fey

Top: Original, Degraded image, Gaussian blur, o = 0.3, noise scale [0, 3000], Bottom: deblurred
image: Anscombe constraint n, difference image to I-div constraint n /2
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Summary and Conclusions
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To take home:

® Solution of constrained problems (e.g. Morozov principle in inner iteration step,
epigraphical projection)

® Relations between parameters for constrained and penalized problems

® Relations to Pareto frontiers

Future Tasks:
€ Estimation of 7, \

® Spatially adapted regularization parameter selection
(see Dong/Hintermiiller/Rincon-Camacho 2011, Chen/Cheng 2012)

® [-divergence with b > 0
¢ Poisson+Gaussian noise (see talk of X. Zhang)

€® Nonconvex constraints ...
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