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Problem formulation

o Let pi,...,u7 be prescribed probability measures on X x Y
© (Xe1, Y1)y -y (Xens Yin) ~ pie, t=1,..., T
@ Goal: find functions f; : X — Y which minimize

1 T

- ;E(X,y)%uy, fe(x))?
@ Regularization approach:

R QL
min — ; - 2 L(yti, fe(xei)) + X Q(A, ..., fT)

Penalty Q2 encourages “common structure” among the functions
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Problem formulation (cont.)

@ Focus on linear regression

"1

Z;Z Yii, We th)"i_)\S-Z(WL...7 T)
N—_— ——

t=1 i=1

joint regularizer

training error task t

o Single task learning: Q(wi,...,wr) =), w(w:)

Typical scenario: many tasks but only few examples per task

If the tasks are “related”, learning them jointly should improve over
learning each task independently
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Example 1: user modeling

@ Each task is to predict a user’s ratings to products

| CPU | CD | RAM | --- | HD | Screen | Price || Rating |
1GHz Y 1GB | --- | 40G 15in $1000 7
1GHz N 15GB | --- | 20G 13in $1200 3
1.5GHz | Y | 15GB | --- | 40G 17in $1700 5
2GHz Y 2GB .-+ | 80G 15in $2000 ?
1.5GHz | N 2GB -+ | 40G 13in $1800 ?

@ The ways different people make decisions about products are related,
e.g. small variance of parameters
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Example 2: matrix completion / collaborative filtering

o Estimate the entries of a products/users matrix (e.g. Netflix)
W= [wi,...,wr]

IR IEESIIEENING ) |
NN NV
= O | W~
N | | -] O1

o Special case of MTL with X = {e1,...,eq}, Xti = ex(zi):

mm—ZZ yt,—Wtkt,) + A QW)

t=1 i=1
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Example 3: object detection

@ Multiple object detection in scenes: detection of each object
corresponds to a binary classification task

@ Learning common visual features enhances performance Early work in

ML used a hidden layer neural nets with hidden weights shared by all the
tasks [Baxter 96, Caruana 97, Silver and Mercer 96, etc.]
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Quadratic regularizer

[Evgeniou et al. 2005, Caponnetto et al. 08, Baldassarre et al. 10,...]

n

1 1
mln?zﬁ L(yei, we " xei) + A Q(wa, ..., wr)
t=1" j=1
o Let Q(w) = w'Ew, with E ¢ S‘fJ—FXdT, w=(w,...,wr) e R

@ Encourages closeness of task parameters / linear relationships — if
block diagonal, tasks are learned independently

T T T
o Example Q(w) = 3 [[we|? + 52 3 [lwe — F 3 w2
t=1 t=1

s=1

~v € [0,1], v = 1: independent tasks, v = 0: identical tasks
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Equivalent formulation

o Consider function (x, t) = fy(x) := v B:x, for v € RP and
B: € RP*9 (task specific)

@ Rewrite optimization problem as:

T n
5(v) = Z Z L(yei, v Bexei) + Av' v

t=1 i=1
@ Previous example:
T 1 3
B, =[(1—7)2lgxd,0dxd,---+0axd: (YT)2ldxd, 0dxd; - - -, 0axd]
— —
t—1 T—t

@ Interpretation:

we = B;'v=1+/1—~v+\/7Tv: = “common” + “task specific’
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Structured sparsity: few shared variables

o Favour matrices with many zero rows:

d

IWiag ="

Jj=1

@ Special case of group Lasso method [Lounici et al. 09, Obozinski et al. 10,
Yuan and Lin, 06]

Compare matrices W favoured by different regularizers (green =0, blue = 1):

#rows = 13
|21 =19 12 8
f1-norm = 29 29 29
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Statistical analysis

o Linear regression model: y; = w; " xy; + €5, with € i.i.d. N(0,0?)
i=1,...,n, d>> n, use the square loss: L(y,y') = (y —y')>.

T
@ Assume card {j Y szt > 0} <s
t=1

> (xei)j(xei )i | < L vt W # k

1=

@ Variables not too correlated: %

Theorem [Loun|C| etal. 2011] If \ = 1+ A9 A> 4 then w.h.p.

F
1 R 5 co\? s log d

@ Dependency on the dimension d is negligible for large T

-
o Compare to Lasso: + Y Wi — w2 > c’2log(d T)
t=1
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Multitask feature learning [Argyriou et al., 2007]

Extend above formulation to learn a low dimensional representation:

T n
nJ’iR {tzl Z} L(ysiyar UTx) + X [[All21: UTU = lga, A€ IRM}
=1 1=

o Let W = UA and minimize over orthogonal U

I Wl = Wik = 3 oi(W)
j:

Obtain trace norm regularization

T n
mmi/n Z Z L(yeis we " xei) + A || W]

t=1 j=1

Massimiliano Pontil (UCL) Multi-Task Learning IPAM, 11/2/13



Variational form and alternate minimization

{tr(D LWww) —|—tr(D)} where the
WT)z

o Lemma: ||W|, = %5
infimizer is D( W) = (

m|n Z Z Lyzi, we " xti) % [tr( WTDtW) + tr(D)}

~———
tlll

T
Z WtT D71Wt
t=1

Further constraining D to be diagonal yields ||W||2.1
Extension (spectral regularizers) e.g. Schatten p-norms

Requires a perturbation step in order to prove convergence

See [Dudik et al, 2012] for comparison results
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Risk bound

Theorem [Maurer and P. 2012] Let R(W) = % Z;rzl E(X,y)wut Ly, w:"x)
and R(W) the empirical error. Assume L(y, -) is ¢-Lipschitz and x| < 1.
If W € argmin {Q(W) W |er < Bﬁ} then with prob. at least 1 —§

R(W) — R(W") <2¢B \/m W) \/m

with € = L > e i Xixe' and W* € argmin R(W)

o Interpretation: Assume rank(W*) = K, ||w/|| <1 and choose
B = K/2_ If the inputs are uniformly distributed, as T grows we

have a O(y/K/nd) bound as compared to O(1/1/n) for single task

learning
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Experiment (computer survey)

Test error vs. #tasks Eigenvalues of matrix D
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@ Performance improves with more tasks

@ A single most important feature shared by everyone

Dataset [Lenk et al. 1996]: consumers’ ratings of PC models: 180 persons (tasks), 8 training, 4
test points, 13 inputs (RAM, CPU, price etc.), output in {0,...,10} (likelihood of purchase)
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Experiment (computer survey)

TERAMSC CPUHD CD CA CO AV WA SW GU PR

Method Test
Independent 15.05
Aggregate 5.52
Quadratic (best \) | 4.37
Structured Sparsity | 4.04
Trace norm 3.72
Quadratic + Trace | 3.20

@ The most important feature (1st eigenvector of D) weighs technical
characteristics (RAM, CPU, CD-ROM) vs. price
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More complex models

e Composite regularizers: Q(Bo W), e.g. Q([w1 — w,...,wr — w]).
More challenging optimization problem [Argyriou et al. 2011]

o “Robust” model: Q(W) = WT\i/rlrz Q(V) + ||Z7||2,1 [Chen et al. 2011]

o Constrained variational [Micchelli, Morales, P., 2010], e.g.
D = {diag(M, ..., Ag) : A € A}, with A CTRZ, a convex cone

o Multitask clustering [Jacob et al. 2008]
@ Tensor learning [Gandy et al. 2011, Liu et al. 2011, Signoretto et al. 2012]
@ Encourage heterogeneous features [Romera-Paredes et al., 2012]

@ Sparse coding for MTL [Kumar and Daumé Ill, 2012, Maurer et al. 2012]
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Tensor learning

Example: predict action units' (e.g. cheek raiser) activation for
different people [Lucey et. al 2011]

] m‘“ . . m"“ m“‘
)
R . [oren m‘ ot e l e s (e

Griey ] BoBRA G

Now t is a double index corresponding to identity/action unit
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Tensor learning (cont.)

Let W € RI*T1*T2 Forall ty € [Ty, b € [1:Ta], Woyr, € R is a
regression vector from which we generate data samples

@ Goal: control rank of each matricization of W:
rank(W(q)) + rank(W2)) 4 rank(W(3))
where W(,,) is the mode-n matricization of W

@ Convex lower bound [Liu et al. 2011, Gandy et al 2011, Signoretto et al. 2012]

3
Z | Wimlltx
n=1
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Tensor learning (cont.

3
E(L(W)) + A [IWnlix
n=1

@ Solved by alternating direction of multipliers [Gandy et al. 2011]
@ Alternative non-convex approach using Tucker decomposition

Correlation

50 100 200 250

150
m (Training Set Size)

@ Convex lower bound not tight — ongoing work studying alternative
convex relaxations [Argyriou et al. 2012]
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Exploiting unrelated groups of tasks

Example: recognizing identity
and emotion on a set of faces
B emotion related feature
M identity related feature

0.

Assumption:

1. Low rank within each group

2. Tasks from different groups
tend to use orthogonal features

-~ Ridge Regression
---MTL

o
2

——MTL-2G
—OrthoMTL
——OrthoMTL-EN

o
>

Misclassification Error Rate
o o
2 &

o
@

o

50_ 60 70 80 90 100
Training Set Size

min {Exr(W) + Exr(V) + 5[ W. VIllu + o W VIR }

@ Related convex problem under conditions [Romera-Paredes et al., 2012]
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Multi-task learning with dictionaries

[Maurer et al. 2012]

Method (natural extension of [Olshausen and Field 1996])

-
. 1
min 4 = ; llye — Xewe||3 : we = Ua;

U=lu,... uk] with [Jucll2 <1

Similar approach with Frobenius norm bound [Kumar and Daumé 1I]

Sparse coding constraint: ||a¢||1 < « or other structure sparsity
norms [Jenatton et al. 2011]

Estimation bounds show improvement over single task learning and
trace norm regularization
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Conclusions

@ Multi-task learning is ubiquitous — exploiting task relatedness can
enhance learning performance

@ Reviewed families of regularizers which naturally extend complexity
notions (smoothness and sparsity) used for the single-task learning;
touched upon statistical analyses and optimisation techniques

@ Wide scope for convex relaxation and optimisation techniques in
more complex task-relatedness scenarios

@ Further work on nonlinear MTL via reproducing kernel Hilbert spaces
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