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Overview of talk:

I. Some of the biological and biochemical underpinnings of
angiogenesis.

II. The development of a new model for for angiogenesis.

III. Some results from a model for tumor angiogenesis upon which
the new model was based.
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Underpinnings

A. What is angiogenesis?

B. What are the key events in angiogenesis?

C. What are the chemical and cellular contributions to capillary
structure?

1. Endothelial cells form the capillary wall.

2. Pericytes surround the endothelial cells and provide
structural and functional support.

3. The basal lamina encases the endothelial cells and pericytes.
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More underpinnings

D. Interaction of endothelial cells with their environment.

E. What are the extracellular events leading to vascularization?

F. Extracellular soluble proteins that alter the environment and
influence EC function: Proteases and protease inhibitors.

G. Growth and angiogenesis: Factors that stimulate angiogenesis.
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Even more underpinnings!

H. Inhibitors of angiogenesis.

I. Cellular events that characterize angiogenesis.

1. Proliferation.

2. Apoptosis.

3. Migration.

J. Intracellular signals (signal transduction) that regulate cellular
events.

Finally! All underpinned! (For this talk anyway.)
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Aspects of Angiogenesis:
Cross sections of capillaries, veins and arteries at various scales as
well as the branched network of the vasculature (subfigure at the
upper right hand corner).

From:

http://cellbio.utmb.edu/microanatomy/cardiovascular

/cardiovascular system.htm
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The local environment of a capillary.

Perycites regulate the basement lamina collagens/fibronecten.
Macrophages police the local environment for interlopers, Mast
cells regulate inflammation. Endothelia line the interior.
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Stages of angiogenesis.

Capillary sprouting (cross section). Left to right, the invasion of
the endothelial cell into the ECM, cell proliferation, onset of lumen
formation, maturation of lumen.
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Cell death.

In apoptosis, or programmed cell death, shown on the left, the
chromatin condenses and the cell blebs into smaller subunits.

In necrosis, the cell first swells. The cell wall lyses and
fragmentation results.

70



Cell death.

In apoptosis, or programmed cell death, shown on the left, the
chromatin condenses and the cell blebs into smaller subunits.

In necrosis, the cell first swells. The cell wall lyses and
fragmentation results.

71



Cell death.

In apoptosis, or programmed cell death, shown on the left, the
chromatin condenses and the cell blebs into smaller subunits.

In necrosis, the cell first swells. The cell wall lyses and
fragmentation results.

72



73



Structure of fibronectin.

Each oval, circle or square represents a sequence of aa’s identified
as a structural entity or domain.

The RGD (Arg-Gly-Asp) sequence that interacts with the integrins
is identified in the bottom molecule.

Mice with the fibronectin gene inactivated die in utero with
deformed vasculature.

(From Magnusson, and Mosher, 1998 Arteriosclerosis, Thrombosis,
and Vascular Biology 18 1363-1370, perm. pending.)
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Assembly and structure of collagen.

Type I collagen chains

(A.) form triple helices(protomers)

(B.).These assemble into complexes in the ECM

(D.) as seen in electron micrographs of ECM protein preparations.
Proteases cleave endostatin from the C-terminus of protomers.

(E.) Endostatinstructure is shown as a ribbon diagram (Blue
arrows = β sheets, orange tubes = α helicies).

(From Sundaramoorthy etal 2002 JBC 277 31142-53, Btge et al.
1997 J Biochem 122 109-115 Hohenester et al. 1998 EMBO J 17
1656-64, permission pending.)
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The cell cycle.

Current thinking is that cell differentiation is preceded by cell entry
into the G0 or quiescent state. Also, cells that move are in G0

phase and cells in the active phase do not move.
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VEGF signalling.

A molecule of VEGF is shown bound to its dimeric receptor (blue).

Within the cell cytoplasm a signal transduction cascade activates a
transcription factor (AP1).

This enters the nucleus to begin the transcription of the MMP gene.

This results in cellular expression of the protease.
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VEGF receptors.

The surface membrane of a cell is a complicated place.

In the next figure, classes of tyrosine kinase receptors are displayed.

Below each receptor is a set of names, each referring to a different
receptor in the class indicated.

For example, Flt1, KDR and Flt4 are all growth factor receptors of
VEGF type.

(From Hubbard and Till Annu Rev Biochem 2000;69:373-98,
permission pending.)
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VEGF-receptor binding.

”A ribbon diagram . . . with the two protomers of disulfide-linked
VEGF shown in orange and purple, and Ig-like domain 2 of Flt1
shown in green. The view in the bottom panel is orthogonal to that
in the top panel, as indicated.”

From Hubbard and Till Annu Rev Biochem 2000;69:373-98 Figure
3, permission pending.
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Inhibition Sites.

Potential sites for inhibiting tumor induced angiogenesis:

1. protease inhibitors.

2. antibodies against VEGF, VEGF receptors and integrins.

3. inhibitors of the autophosphorylation of the VEGF receptor.

4. heparin-like drugs that soak up the VEGF.

5. endostatins and related angiogenesis inhibitors.

6. inhibitors of certain general cell functions associated with
angiogenesis such as an inhibitors of proton pumps.
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Inhibition of receptors

Growth factor receptor blocking by inhibition of tyrosine kinase
activity.
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Mohammadi et al. 1998 EMBO J 17,5896-5904

Angiogenesis
inhibitors that

specifically inhibit
tyrosine kinase

activity of the FG and
VEGF receptors
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II.The development of a new model for for angiogenesis.

• Discrete verses continuum models-a question of scale.

• No universal model - limited usefulness.

• Angiogenesis is incompletely understood.

• ⇒ modeling a moving target!

• Good models should predict testable hypotheses.

• Our approach: Biochemical kinetics and population modeling

• Crude analog: quantum mechanics - electrons as probability
densities.

• cell density as a probability density.
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Model constituents:

A. The role of chemical kinetics in the simplification of the
intracellular events.

B. The role of the cell cycle.

C. The role of chemotaxis, haptotaxis and chemokinesis in
modeling cell movement.

D. Contact inhibition, crowding and one way to model them.
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Biochemical ingredients

• Growth factor, G, binds to a receptor, R, forms an
intermediate, {GR} that initiates an intracellular signal
cascade that results in:

– Cell expression of one or more molecules of a proteolytic
enzyme C and

– initiates of cell mitosis.

• Protease degrades the collagen matrix F , resulting in peptide
fragments, P.P ′ . . . , at least one of which has an inhibiting
effect by interfering with G, R,C or by blocking the further
production of C by binding with {GR}. ( ”negative feedback.”)

• Inhibitors may be also introduced into the system
intravenously.
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If a molecule X is in an active state, we write Xa.

Otherwise it is in an inhibited state, Xi.

Ga + Ra

k1

�
k−1

{GaRa},

Y + {GaRa}
k2→nCa + G′ + Ra

Ca + F
k3

�
k−3

{CaF},

{CaF}k4→P + P ′ + Ca.
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The Michaelis-Menten hypothesis is to be in force for both:

[{GaRa}]= [Ga][Ra]/K1
m,

[{CaF}]= [Ca][F ]/K2
m.
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Types of inhibition

1. Competitive inhibition-Competition with the ”enzyme”:

Ra + Ir

νr

� Ri,

Ga + Ig

νg

� Gi,

Ca + Ic

νc

� Ci

2. Noncompetitive inhibition-Competition with the intermediate:

{GaRa}a + Îr

ν̂r

� {GaRa}i,

{GaRa}a + Îg

ν̂g

� {GaRa}i,

{CaF}a + Îc

ν̂c

� {CaF}i
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ν̂r

� {GaRa}i,

{GaRa}a + Îg
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ν̂c

� {CaF}i

176



Types of inhibition

1. Competitive inhibition-Competition with the ”enzyme”:

Ra + Ir

νr

� Ri,

Ga + Ig

νg

� Gi,

Ca + Ic

νc

� Ci

2. Noncompetitive inhibition-Competition with the intermediate:

{GaRa}a + Îr
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ν̂r

� {GaRa}i,

{GaRa}a + Îg

ν̂g

� {GaRa}i,

{CaF}a + Îc

ν̂c

� {CaF}i
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Types of inhibition

1. Competitive inhibition-Competition with the ”enzyme”:

Ra + Ir

νr

� Ri,

Ga + Ig

νg

� Gi,

Ca + Ic

νc

� Ci

2. Noncompetitive inhibition-Competition with the intermediate:

{GaRa}a + Îr

ν̂r

� {GaRa}i,

{GaRa}a + Îg

ν̂g

� {GaRa}i,

{CaF}a + Îc

ν̂c

� {CaF}i
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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The former equilibria give rise to

νr[Ra][Ir]= [Ri],

νg[Ga][Ig]= [Gi],

νc[Ca][Ic]= [Ci].

while the latter yield

ν̂r[{GaRa}a][Îr]= [{GaRa}i],

ν̂g[{GaRa}a][Îg]= [{GaRa}i],

ν̂c[{CaF}a][Îc]= [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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Mass conservation for competitive inhibition:

[R]= [Ra] + [Ri] + [{GaRa}],

[G]= [Ga] + [Gi] + [{GaRa}],

[C]= [Ca] + [Ci] + [{CaF}].

and for noncompetitive inhibition:

[{GaRa}]= [{GaRa}a] + [{GaRa}i],

[{CaF}]= [{CaF}a] + [{CaF}i]
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara

K1
m

∂ca

∂t
=

k2gara

K1
m

,

∂f

∂t
= (−k3 + k−3/K2

m)caf = −k4caf

K2
m

,

∂ig
∂t

=
k4caf

K2
m

.
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara

K1
m

∂ca
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k2gara
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,
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= (−k3 + k−3/K2
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K2
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,

∂ig
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=
k4caf

K2
m

.

208



The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara

K1
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,
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=
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara

K1
m
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,
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=
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara

K1
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara

K1
m

∂ca
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K2
m

,
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=
k4caf

K2
m

.
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara
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,
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=
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:
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The case of growth factor inhibition.

The resulting enzyme degrades the collagen matrix. Among the
products is a competitive inhibitor of G, Ig. The differential
equations using the M-M hypothesis are:

∂ga

∂t
= (−k1 + k−1/K1

m)gara = −k2gara

K1
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,
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=
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The proteins Ga, Ca, Ig have a finite half life. These are imposed
on the diffusion of G, C, Ig. A term is included that reflects the
capacity for cell expression of collagen.

Choices for dependent variables: If we choose {g, c, r, f, ig}, we find
ra, ca, ga from the ”conservation laws”.

ra=
r

1 + ga/K1
m

,

ga=
g

1 + νgig + ra/K1
m,

ca=
c

1 + f/K2
m.
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The relationship of receptor density
to endothelial cell density.

1. ρ = # of receptors/cell.

2. r(x, y, z, t) = # of receptors in micro moles/liter.

3. N(x, y, z, t) = EC density in cells/liter.

4. ρ = r/N = # of receptors/cell in micro moles/cell.

5. 1/Nmax cell volume.

6. Then rmax = ρNmax.

7. Thus r = rmaxN/Nmax.
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An estimate for rmax.

1. For many GF’s, there are roughly 105 receptors/EC.

2. The volume of a typical EC ≈ 103 cubic microns ≈ 10−15m3.

3. Thus there are roughly 1020 receptors/m3 or ≈ 1017/liter.

4. Dividing by Avogadro’s number, 6× 1023, there are
1.2× 10−6moles/l or 1.2µM.

5. Typically rmax ≈ 1.0µM.
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The role of the cell cycle.

The logistic equations:
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are modified to reflect the cell cycle activation and de-activation by GF:
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where ge is a threshold value and H is the Heaviside function.
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The role of chemotaxis, haptotaxis
in modeling cell movement.

Review: Let η be a cell density. Fick’s law:

J = −D∇η

leads to classical Brownian diffusion:

∂η

∂t
= D∆η.

If the medium is not isotropic, D is replaced by a (3× 3) tensor
that reflects the structure of the medium. In this case,

J = −D(x, y, z), η)∇η.

D may be position or cell density dependent.
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chemotaxis and haptotaxis

Suppose that growth factor, protease and collagen gradients can
(possibly nonlinearly) drive the flux of cells: Then we write

J= −D(η)∇xη (Brownian motion)

+
[
G(η, g, c, f)∇xg (GF chemotaxis)

+M(η, g, c, f)∇xc (protease chemotaxis)

+F (η, g, c, f)∇xf (haptotaxis)
]
η
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If there exists a potential T (g, c, f) such that

G = D(η)
∂T

∂g
, M = D(η)

∂T

∂c
, F = D(η)

∂T

∂f

then with
τ(g, c, f) = exp[T (g, c, f)]

Fick’s law yields:

∂η

∂t
= ∇ ·

{
D(η)

[
∇ ln

(
η

τ(g, c, f)

)]}
.

The factor τ(g, c, f) is viewed as a correction to the free energy /
chemical potential. Terminology from chemical thermodynamics:

τ = ”fugacity” coefficient or ”activity” coefficient.
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Typical choices for the activity coefficient.

Sometimes the term ”Probability Transition Function” (ptf) is used
for this coefficient. (Davis-Othmer-Stevens).

The assumption is made that cells respond independently to g, c,
f , i.e.

τ(g, c, f) = τg(g)τc(c)τf (f)

and that the response in each factor is unimodal, i .e., first
increasing and then decreasing. How one chooses them beyond is a
subject of some debate.

The debate can only be resolved in the laboratory.
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Contact inhibition and crowding and how to model them.

Assume two cell types with densities η1, η2. Suppose the cells move
randomly but but that the random motion is influenced by the
local concentration and gradient of each species.

The flux J1 of species one:

J1 = −D11(η1, η2)∇xη1 −D12(η1, η2)∇xη2.

( The coefficients Dij can change sign.) When the product
D11(η1, η2)D12(η1, η2) is positive, the gradients cooperate in driving
the flux and when it is negative, they work in opposition.
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(Usually D11(η1, η2) is positive, but when it is negative, the cells
”self attract”.) The continuity equation leads to:

∂tη1= ∇x[D11(η1, η2)∇xη1] +∇x[D12(η1, η2)∇xη2],

∂tη2= ∇x[D21(η1, η2)∇xη1] +∇x[D22(η2, η2)∇xη2].
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∂tη2= ∇x[D21(η1, η2)∇xη1] +∇x[D22(η2, η2)∇xη2].
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(Usually D11(η1, η2) is positive, but when it is negative, the cells
”self attract”.) The continuity equation leads to:

∂tη1= ∇x[D11(η1, η2)∇xη1] +∇x[D12(η1, η2)∇xη2],

∂tη2= ∇x[D21(η1, η2)∇xη1] +∇x[D22(η2, η2)∇xη2].
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(Usually D11(η1, η2) is positive, but when it is negative, the cells
”self attract”.) The continuity equation leads to:

∂tη1= ∇x[D11(η1, η2)∇xη1] +∇x[D12(η1, η2)∇xη2],

∂tη2= ∇x[D21(η1, η2)∇xη1] +∇x[D22(η2, η2)∇xη2].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].

339



Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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Suppose there is a scalar field D1(η1, η2) such that the vector field

[A1, B1]≡
[

[D11(η1, η2)
η1D1(η1, η2)

,
D12(η1, η2)
η1D1(η1, η2)

]
is exact in the triangular region described by

0 ≤ η1, η2 and 0 ≤ η1/N1 + η2/N2 ≤ 1

That is, there is a scaler function τ1(η1, η2) such that

∇[ln(τ1)] = [A1, B1],

i. e.
D11(η1, η2)= D1(η1, η2){1− η1∂η1 ln[τ1(η1, η2)]},

D12(η1, η2)= −D1(η1, η2)η1∂η2 ln[τ1(η1, η2)].
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.

352



If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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If there are also functions D2, τ2 such that

D22(η1, η2)= D2(η1, η2){1− η2∂η2 ln[τ2(η1, η2)]},

D21(η1, η2)= −D2(η1, η2)η2∂η1 ln[τ2(η1, η2)].

Then:

∂tη1= ∇x

{
D1(η1, η2)η1∇x ln

[
η1

τ1(η1, η2)

]}
,

∂tη2= ∇x

{
D2(η1, η2)η2∇x ln

[
η2

τ2(η1, η2)

]}
.

Notice again the ubiquitous logarithm.
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A comment about the chemical potential:

One sometimes sees:
µ = RT ln c

as an expression for this quantity. However, the arguments of
logarithms must be dimensionless. The correct expression is

µ = RT ln
c

c0

where c0 is the ”standard” (or reference) value of c at T .
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A comment about the chemical potential:

One sometimes sees:
µ = RT ln c

as an expression for this quantity. However, the arguments of
logarithms must be dimensionless. The correct expression is

µ = RT ln
c

c0

where c0 is the ”standard” (or reference) value of c at T .
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A comment about the chemical potential:

One sometimes sees:
µ = RT ln c

as an expression for this quantity. However, the arguments of
logarithms must be dimensionless. The correct expression is

µ = RT ln
c

c0

where c0 is the ”standard” (or reference) value of c at T .
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A comment about the chemical potential:

One sometimes sees:
µ = RT ln c

as an expression for this quantity. However, the arguments of
logarithms must be dimensionless. The correct expression is

µ = RT ln
c

c0

where c0 is the ”standard” (or reference) value of c at T .
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A comment about the chemical potential:

One sometimes sees:
µ = RT ln c

as an expression for this quantity. However, the arguments of
logarithms must be dimensionless. The correct expression is

µ = RT ln
c

c0

where c0 is the ”standard” (or reference) value of c at T .
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A comment about the chemical potential:

One sometimes sees:
µ = RT ln c

as an expression for this quantity. However, the arguments of
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Example

For i = 1, 2,

τi(η1, η2)/τ0
i = ηi

[
1−

(
η1

N1
+

η2

N2

)]
and the Di be constant. This suggests that ηi will follow

ηi[1− (η1/N1 + η2/N2)] near equilibrium because, in order to drive
the system to equilibrium, the ratio ηi/τi → constant.

When η3−i is fixed, τi first increases and then decreases as ηi

increases from 0 to Ni. That is, the cells tend to aggregate at low
density is low and deaggregate near the carrying capacity.
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Such a reduction is not always possible because the condition for
exactness may not be satisfied for given Di in the region of interest
in the η1 − η2 plane. That is, the first order partial differential
equation for Di,

∂η2Ai = ∂η1Bi,

may not be solvable in this region.

Such a reduction is even less likely in three space dimensions (i. e.
in real tissues) when the flux vectors are not coplanar with the cell
density gradients, i. e. when Dij are tensors.
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Assumptions leading to the model equations

1. Cells in G1, S,G2,M express growth factor and collagen.

2. Cells in G0 do not express growth factor.

3. Active cell move via by growth factor, protease and collagen
gradients and contact inhibition.

4. Quiescent cell move via collagen gradients and contact
inhibition.

5. The cell movement coefficients D1, D2 are constant.

6. There is a threshold for growth factor, ge and transfer rates,
δ, δ′ between active and inactive cells such that when ga > ge,

inactive cells activate at rate δ and when ga < ge, active cells
inactivate at rate δ′.
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4. Quiescent cell move via collagen gradients and contact
inhibition.

5. The cell movement coefficients D1, D2 are constant.
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1. Cells in G1, S,G2,M express growth factor and collagen.

2. Cells in G0 do not express growth factor.

3. Active cell move via by growth factor, protease and collagen
gradients and contact inhibition.

4. Quiescent cell move via collagen gradients and contact
inhibition.

5. The cell movement coefficients D1, D2 are constant.

6. There is a threshold for growth factor, ge and transfer rates,
δ, δ′ between active and inactive cells such that when ga > ge,

inactive cells activate at rate δ and when ga < ge, active cells
inactivate at rate δ′.

428
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1. Cells in G1, S,G2,M express growth factor and collagen.

2. Cells in G0 do not express growth factor.

3. Active cell move via by growth factor, protease and collagen
gradients and contact inhibition.

4. Quiescent cell move via collagen gradients and contact
inhibition.

5. The cell movement coefficients D1, D2 are constant.

6. There is a threshold for growth factor, ge and transfer rates,
δ, δ′ between active and inactive cells such that when ga > ge,

inactive cells activate at rate δ and when ga < ge, active cells
inactivate at rate δ′.

430
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Assumptions leading to the model equations

1. Cells in G1, S,G2,M express growth factor and collagen.
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Assumptions leading to the model equations
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Assumptions leading to the model equations

1. Cells in G1, S,G2,M express growth factor and collagen.

2. Cells in G0 do not express growth factor.

3. Active cell move via by growth factor, protease and collagen
gradients and contact inhibition.

4. Quiescent cell move via collagen gradients and contact
inhibition.

5. The cell movement coefficients D1, D2 are constant.

6. There is a threshold for growth factor, ge and transfer rates,
δ, δ′ between active and inactive cells such that when ga > ge,

inactive cells activate at rate δ and when ga < ge, active cells
inactivate at rate δ′.
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Algebraic relationships

The active protease and active growth factor are related to g, c by

g = ga(1 + νgig + ra/K1
m)

and
c = ca(1 + f/K2

m)

where
ra = rmax(N/Nmax)/(1 + ga/K1

m).

These lead to

g = ga(1 + νgig + rmax(N/Nmax)/(ga + K1
m)) ≡ F (ga)

.
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Biochemical partial differential equations

∂g

∂t
= Dg∆g+

�
σg −

k2ga

K1
m + ga

�
Na

Nmax
−µgga,

∂c

∂t
= Dc∆c+

k2ga

K1
m + ga

Na

Nmax
−µcca,

∂f

∂t
=

4

Tf
f

�
1− f

fM

�
Na + Ni

Nmax
−k4caf

K2
m

,

∂ig
∂t

= Dig∆ig+
k4caf

K2
m

+ σi
Na + Ni

Nmax
−µig ig.

465
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III. Some results for a tumor induced angiogenesis model.

Literature for this model

H.A. Levine, S. Pamuk, B. D. Sleeman and M. Nilsen-Hamilton, J.
Math. Biol. 63(2001) 801-863.
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A segment of capillary wall of fixed length L on the x axis at y = 0.
A tumor is located at y = `.
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Notation for the capillary wall:

v(x, t) = angiogenic factor, V ,

c(x, t) = total available proteolytic enzyme, C,

ca(x, t) = free active proteolytic enzyme, Cact,

ci(x, t) = inhibited proteolytic enzyme, CI ,

c̃a(x, t) = total available active enzyme, C̃act,

f(x, t) = fibronectin, F ,

a(x, t) = angiostatin as inhibitor, A,

η(x, t) = endothelial cell density.
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In the ECM, the notation becomes:

V (x, y, t) = angiogenic factor, V ,

C(x, y, t) = proteolytic enzyme, C,

Ca(x, y, t) = free active proteolytic enzyme, Cact,

Ci(x, y, t) = inhibited proteolytic enzyme, CI ,

C̃a(x, y, t) = total available active enzyme, C̃act,

F (x, y, t) = fibronectin, F ,

A(x, y, t) = angiostatin as inhibitor, A,

N(x, y, t) = endothelial cell density.
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Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

480



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

481



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

482



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

483



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

484



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

485



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

486



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

487



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

488



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

489



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

490



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

491



Results and conclusions:

I. No angiostatin case:

A. The onset of sprouting time and the onset of vascularization
time, when scaled up to one or two mm. are in very good
agreement with the experimental results of Folkman and his
colleagues as well as with CAM assay experiments.

B. The channel widths are in agreement with the known (6-10
µmm) widths for capillary diameters.

C. EC proliferation is a maximum a little behind the moving
tip.

D. The tip speed increases as the forming capillary approaches
the tumor source.

E. The model predicts the onset of sprouting without EC
movement into the ECM when one allows for protease
diffusion in the ECM.

492



493



494



495



496



Cell density in the capillary
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Fibronectin density in the capillary
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II. Angiostatin case with high protease affinity:

A. The opening from the mother capillary closes.

B. The EC density in the daughter capillary drops.

C. The tip retreats and the channel closes.

D. It takes much longer for the channel to close completely
than for the EC density to fall to negligible values.
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Cell density in the capillary
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Fibronectin density in the capillary
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Travel times and tip speeds
Distance Extrap. Extrap.

from times times

capillary Time Mean in days in days

to tumor in velocity for for

in microns hours (mm/day) 1 mm 2 mm

0.00 3.49 5.817 11.633

2.50 3.74 0.242 6.817 13.633

5.00 3.88 0.436 7.317 14.633

7.50 3.99 0.545 7.650 15.300

10.00 4.09 0.580 7.900 15.800

12.50 4.18 0.703 8.100 16.200

15.00 4.25 0.831 8.267 16.533

17.50 4.32 0.914 8.410 16.819

20.00 4.38 1.015 8.535 17.069

22.50 4.43 1.015 8.646 17.291

( ` = 25µmm, L = 50µmm)
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The End
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Any Questions?
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