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Tracers in the atmosphere
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Tracers Iin the atmosphere: filtering
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Tracers In the ocean: filtering
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Why is filtering of turbulent
tracers important?

Knowing short and long term dynamics and
statistics of a certain tracer can be extremely
Important

By studying the tracers one can trace back the
physics of the flow

Applications: climate science, weather
prediction, pollution of the air or water due to
natural or anthropogenic disasters

Optimization of measurements: get maximum
Information from minimum measurements

Model error: study how well approximate models
perform
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Nonlinear Extended Kalman filter

Dynamics is NONLINEAR but
the exact mean and covariance
are used for the prior estimate
(no linearization applied)

Use the linear Kalman filter
formalism for constructing posterior



Advection-diffusion equation

3 diffusion source

T S

> U - VT = kAZT — T + S(Z,t)
advection damping

Incompressible flow: V-t =0

T



Tracer with the mean gradient

T(z,y,t) = ay + T (z,t) given mean gradient
e \ 7 in the north-south direction
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Tracer path-wise solution
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Tracer statistics

Tracer is not Gaussian!
(Te(t)) = Dy(to,t)(Ti(to)e FIulto:))

t
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o

For Gaussian z and z:

(ze'®) = <<Z> + 1Cov(z, x))e“@—%‘/a’f(w)

(T, (to)e~*Tu(tot)y  — ((Tk(t0)> — ikCov(Ty(to), Ju (o, t)))

o=k (U (to,£)) =5 Var(J (to,1))

X

. Statistically exactly solvable
First and second order Gershgorin. Majda (-03.10),

statistics for the tracer Bourlioux, Majda (‘02)




Velocity field
3(z,t) = (U(t), v(z,t)"

U(t): cross-sweep (east-west zonal jet)
U(t

( 2 )= RelV (1)
= = AV () + fult) + ou Wy (t)
AU = —YU + wy fu(t) = Afei(nt+¢f) + By

v(x,t): transverse waves (north-south Rossby waves)

WL~ p( D)ol t) + Fula, 1) +ou(@)W,



Waves In Fourier space

dvk (t)
dt

— )\kvk (t) + fk (t) -+ O'k;Wk (t)
Ak = =V + Wy

Choice of parameters:

nondispersive waves: wg = —ck, g = dy + pk’
Gk 2
; = : = v(k® 4+ Fy
Rossby waves: wy Zrp v(k® + Fy)
Equilibrium spectrum:
2
0}
Er =Vare,(vg) = Q—k, or = \/ 27 Ey,
Yk

external forcing:  f&(t) = A et (Ert+or)



spectrum of v

Spectra

o
o
=
[4k]
=
@
10" &
@
1
2 e
Lo o
E =
= B
*;;3 E
o =
” 3
107} =
10" 10" "
[ak]
=
=
, g
E7 ‘k’ < kO? E%i
B = < L\ ~5/3 -
E(k—) k| > ko,
\ 0 B

© 10

3]

10

spectrum of 7T’




1

k

k=3

Correlation functions




30

2 15

10—

Correlation time




107
3 4
10 /
/!
/
_5 !
10 ,
i
-8 4 2 0 2
p(T,)
107 N\
. ri
107 /
!/
!/
-5 !
10 ,
i 5
-6 4 2 0 2

pdtf in physical space ——

Neelin et al (2010) atmospheric tracers

Bourlioux, Majda (2002)

different

mechanism

I
-0.4 0.3

I
-0.2

I
-0.1

1
0.1

1 1
0.2

1
0.3 0.4



Cross-sweep statistics

U(t): zonal jet (east-west)
oy el U(t) = U(t) + RelV' ()
7 =gV (t) + ful(t )—I—O'UWU( ) U(t) = Up + Ay sin(nt)
dV'(t)

— )\UV/(t) + O'UWU(t)

dt

t
V'(t) = vV (o) + oy / e (=3) qWy; (s)
o
(Gaussian statistics
(V') = eU)(V (1))
2

Var(V'(t)) = e W00Var(V!(t)) + - (1 — e 20 (t10))
YU
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Waves statistics

v(x,t): waves dvy, (1)
dt

vp(t) = M)y (t0) + / e 0 i (s)ds + o / e =) dT, (s)

(zaussian statistics

(0 (1)) = ) (v (to)) + Fr(to, t),
Cov(vg(t),v(t)) =

2
oAk +AT) (E—t0) <C’0v(vk(to),vl(to)) 1 ;—k(szk (62’Yk(t—t0) _ 1)> .
Yk

CO”U(V/(t),Uk(t)*) _ 6(>\U+>\k)(t—to)00v(vl(to)’Uk(to)*)

= MV (t) + f(t) + o Wi(t)

First and second order statistics for the velocity field



Kalman filter

2. Correction (analysis)
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Nonlinear Extended Kalman filter

Dynamics is NONLINEAR but
the exact mean and covariance
are used for the prior estimate
(no linearization applied)

Use the linear Kalman filter
formalism for constructing posterior



Observations

State vector
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Path-wise filtering: time
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Path-wise filtering: space
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observe  OPectral recovery
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observe  OPectral recovery
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Add one observations
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one observations
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Spectral recovery with one observation
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Pdf recovery
Rossby

ideal

=
= o |
10
ideal
sample
% filtered
! = = = Gaussian
' L ' 10'3. r ' L
-0.2 -0 v] 0.1 0.2 -0.2 -0.1 0 0.1 0.2
p(Tix)) PUT i)

-0.2 =041 0 0.1 0z

P(Tix)

pdf of a short
time sample

-0.2 -0 0 0.1 02 -0.2 -0.1 0 01 0.2



Skill as a function of noise
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Conclusions and future directions

Exactly solvable model for turbulent tracers

General interest for climate science,
engineering, environmental science...

Build NEKF using exact statistics
Role of partial sparse observations

~uture: model error via eddy diffusivity,
parameter estimation

~uture: climate response to external
perturbations

~uture: empirical information theory to quantify
model error, optimize observations




