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Example of 1/f spectra

Weissman RMP 60 537 (1988)

Resistance 
fluctuations 
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Example of 1/f spectra -  Scholarpedia 
http://www.scholarpedia.org/article/1/f_noise
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Example of 1/f spectra -  
W. Press Commts Astrophys Space Phys 7 103 (1978)
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Example of 1/f spectra -  
W. Press Commts Astrophys Space Phys 7 103 (1978)
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Proper power spectrum definition 
X̂T (ω) ≡

∫ T

−T
dtX(t)e−iωt

CX(t1, t2) ≡ E[x(t1)x(t2)]

Auto-correlation function

where

Wiener-Khinchin theorem

Even for non-wide sense stationary random process
Lu and Vaswani arXiv:0904.0602

SX(ω) ≡ lim
T→∞

1
2T

E[|X̂T (ω)|2]

where
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SX(ω) =
∫ ∞

−∞
dtC̄X(t)e−iωt

C̄X(t) ≡ lim
T→∞

1
2T

∫ T

−T
dτCX(τ, τ − t)
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|f̂(ω)|2 ∝ ω−β
β<1 => stationary
β=1 => boarder line
β>1 => non-stationary
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Stationary or not?

Power spectrum <-> correlations

S(ω) ∼ 1/ωβ then C(t) ∼ 1/t1−β
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Ways to generate 1/f
van der Ziegel - superposition of exponentially correlated 
signals 
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Set of individual signals C(t) = A exp(−t/t0)⇒ St0(ω) =
4At0

1 + (ωt0)2

Superimpose according to distribution P(t0) S(ω) =
∫ ∞

0
dt0St0(ω)P (t0)

Assume

Leads to

P (t0) =
{

κ/t0 if t0 ∈ [τ1, τ2]
0 otherwise

S(ω) ! 4κA

ω
for

1
τ2
" ω " 1

τ1
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Experiment on fluctuations in 
vortex density in thin film
Yeh & Kao, PRL, 53, 1590 (1984)
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Deterministic lattice gas

HJ Jensen PRL 64,1 (1990)

N(t)

Dissipation occurs
on a fractal

1/f power spec
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1/f from diffusion
∂n(x, t)

∂t
= γ∇2n(x, t) and n(xB , t) = η(x0, t)

then N(t) =
∫

V
dxn(x, t)

is 1/f in any dimension.

V
xB

See e.g. 
  H.J. Jensen, Self-Organized Criticality, Cambridge University Press 1998.

Boundary driven BTW:
1/f for total

for  

z =
∑

i

zi

f < 1/Tmax
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Effect of non-linearities
J bounded at the boundary -> 1/f
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  Grinstein, Hwa & Jensen,  Phys. Rev. A 45 R559 (1992)

∂n(x, t)
∂t

= −∇J [n(x, t)] + δ(x‖)J0(x, t)

Bulk non-conservative -> 1/f2

∂n(x, t)
∂t

= ∇2n(x, t) + nonlinearities +∇η(x, t)

Bulk conservative -> 1/f3/2

∂n(x, t)
∂t

= ∇2n(x, t) + nonlinearities + η(x, t)
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Self-organised Criticality: 
     suggested as an explanation of
     1/f and fractals

However BTW sandpile:  No 1/f as S(f) ∝ 1/f2
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J(t) =
∑

α

jα(t− tα)

Self-Organised Criticality:
The BTW sandpile approach 
    Superposition of (independent) events 

T
t

S/T
jα(t)

P (T ) =
1

T 2

∫ ∞

0
dSP (S, T )S2

Assume

P (T ) ∝ T a exp(−T/T0)
⇓

S(ω) ∝
{

ω−3+a when a < −1
ω−2 when a > −1

H. J. Jensen, K. Christensen, and 
H. C. Fogedby, 1/f Noise, Distribution of 
Lifetimes and a Pile of Sand, Phys. Rev. B40 
7425 (1989).
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Edge driven sandpile  
Simulation Hierarchies for Climate Modelling, UCLA 2.5-8.5 2010 

1/Tmax

N(t) =
∑

i

zi(t)

SN (ω) ∝ 1/ω
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Record dynamics
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Record statistics    

http://www.jstor.org
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1. Introduction. The mathematical theory of records, whose contemporary state

this review article discusses, had its beginnings essentially in Chandler’s article [12]
which appeared in 1952. That paper prompted the appearence of the papers [33], [34],
[90] and [91] which considered questions related to the application of records to testing
certain statistical hypotheses. In a little over thirty years, a large number of publications
devoted to records have appeared. This is possibly due to the fact that we encounter

this notion frequently in daily life, especially in singling out record values from a set

of others and in registering and recalling record values. Of very wide interest are sports

records and record values associated with natural phenomena (largest and smallest

temperatures, atmospheric pressure, gale force winds, river cresting) and the strength
of materials. One often has to deal with censored series of observations containing
only record values rather than complete samples (largest thermometer readings, a list

of world or Olympic records in a particular sport). A connection will be pointed out

below between the process by which convoys of motor vehicles form in a long single-file
of traffic and record times and values.

Record values are closely related to order statistics and primarily to extreme order

statistics. The theory of extremal order statistics has been presented quite broadly in

the monographs 119], 121 ], 122]. The sixth chapter of Galambos’ book 119] contains

* Received by the editors March 7, 1986.
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2 NED GLICK [January 

CLASSROOM NOTES. For this department we hope to obtain brief papers dealing with the subjects 

currently taught in undergraduate mathematics. Occasionally we shall also accept notes dealing with 

material commonly encountered in the first year of graduate study. Classroom notes should be 

relevant to some actual classroom situation that can be expected to exist at a good number of 

institutions. 

MATHEMATICAL EDUCATION. There is now a growing and very healthy concern with mathematicians' 

role as teachers. This department welcomes reports of experiments in novel methods of teaching as 

well as discussions of all educational aspects of our profession. 

PROBLEMS. This department attracts many readers and is an especially valuable feature of the 

MONTHLY. It will continue to seek and publish interesting elementary and advanced problems in pure 

and applied mathematics, both classical and modern. 

REVIEWS. Through the telegraphic reviews the MONTHLY will continue to provide as complete a 

coverage as possible of the current textbooks. At present the MONTHLY iS the only journal that 

performs this service for the mathematical community. Extended reviews will continue to appear, and 

we hope that the number of classroom reviews will increase. 

R. P. BOAS, Editor 

BREAKING RECORDS AND BREAKING BOARDS 

NED GLICK 

Part I. What a Statistician Can Do With a Minimum of 

Probability or the Probability of a Minimum 

1. Introduction 

2. Weather Records 

3. Tests of Randomness 

4. Car Caravans in a One-Lane Tunnel 

5. Sequential Strategy for Destructive Testing 

6. Tolerance Limits for Failure Distributions 

Part II. A Beginner's Guide to Record Breaking Mathematics 

7. Persistence of Record Breaking and Divergence of the 

Harmonic Series 

8. Frequency of Record Breaking 

9. Serial Numbers of Record Breaking Trials 

10. Waiting Times Between Record Breaking Trials 

11. The Record Value Sequence 

12. Extreme Values and Extremal Processes 

1. Introduction. When I take observations in chronological sequence, how often will the 

outstanding record value be surpassed? For example, suppose that I register the annual total inches of 

precipitation or, to take a less gloomy statistic, the total hours of bright sunshine in Vancouver, where 

I live: what is the probability that next year will be a new maximum? 

Breakthroughs are less likely later than early in a sequence of observations. The first observation 

necessarily must be a "record high." But, prior to observing any values, I know that the second of two 

numbers in random sequence has equal probability of being smaller or larger than the first. Hence the 

probability is exactly 50% that a second, independent observation will be a new record high surpassing 

the initial record, assuming that there cannot be an exact tie (if measurement is arbitrarily precise). 

The Amer Math Month 85, 2 (1978)
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Record dynamics    

Complexity 10, 49 (2004)
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Record dynamics    

the record
stochastic signal 

expo. distrib.
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Record dynamics    

Distribution of the number 
of records during t time 
steps independent of the 
nature of the fluctuating 
signal: 

0    1    2    3  4   5   6  7   8  9  10   11  12   13    14

P1(t) =
1
t

The first out of t is the biggest

P(1,m)(t) =
1

(m− 1)t
Two records during t: one at t=1 with prob (m-1) 
& one at t=m with prob 1/t.

Two records during t 
⇓

Pn(t) ≈ (ln t)n−1

(n− 1)!
1
t

= e−λ
λn−1

(n− 1)!

⇓
with λ = ln t

log 
Poisson

P2(t) =
t∑

m=2

1
(m− 1)t

≈ ln t

t
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 Poisson process in logarithmic time

 Mean and variance

     

  Rate of records constant as function of ln(t)

  Rate decreases 

  Non-stationary 1/f fluctuations

〈Q〉 ∝ ln t and 〈(Q− 〈Q〉)2〉 ∝ ln t

τ = ln(tk)− ln(kk−1) = ln(
tk

tk−1
) exponentially distributed

Record dynamics    

∝ 1/t
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Relevance     
When systems initially are in a state of high 
(generalised) internal strain & stress 

Examples:
 relaxing spin glass
 magnetic relaxation in superconductors
 evolutionary ecology
 hungry ants
 Omiri after shock law                            

Anderson, Jensen, Oliveira & Sibani, Compelxity, 10, 49 (2004) 
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Record dynamics    
The implicit nature of the relevant 
configuration/state space

B1

B2

B3

B1 ! B2 ! B3
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First Model:

          Spin Glass

  

with Sibani
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Spin glass
Microscopic magnetic moments – or spins – coupled 
together with random coupling constants. 

The Hamiltonian:

H = −1
2

∑

ij

JijSi · Sj where Si, Sj = ±1
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Spin glass
Quench from high temperature:

     time < 0:  T = high

     time > 0:  T = very low  

           t1                                   t2                                         t3                     time
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Spin glass: heat transfer

      Protocol: Quench from high temp. at time t= 0.

                     Measure heat transfer, H,  between spin  

                     glass and reservoir during time interval

• If                  Gaussian p(H)

• If                   exponential tail
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Spin glass: heat transfer

From Sibani & Jensen, EPL 69, 563 (2005) 
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Second Model:

     Tangled Nature

  

with Anderson, Hall, Sibani 
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Definition:

 *  Individuals         , where   

     and   

                                                                                      L= 3     

      *  Dynamics – a time step:
       ☻   Annihilation:
             Choose indiv. at random, remove with
             probability  

Tangled Nature model of evolution
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   ☻ Reproduction:
   ►  Choose indiv. at random
  ►  Determine
                                            
 

                                              

occupancy at the location    
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from           reproduction probability
                                            

                                 1
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1 generation 
= 

Intermittency at systems level: 

 # generations

Non Correlated

Type 
label

 Decaying extinction rate
 Realistic species abundance distributions
 Species are laws
 Realistic interaction-diversity relation
 Realistic connectance-diversity relation 

S ∝ Az

For references see: www.ma.ic.ac.uk/~hjjens
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Record dynamics:

       

   

              

Ratio r remains 
non-zero Cumulative Distribution 

Simulation Hierarchies for Climate Modelling, UCLA 2.5-8.5 2010 

Henrik Jeldtoft Jensen, Imperial College London 

Wednesday, 5 May 2010



Third System:

 Magnetic Relaxation 

in 

Type II Superconductor 
  

with Nicodemi, Oliveira, Sibani
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Restricted Occupancy Model

  Monte Carlo Kawasaki dynamics on stack of coarse 

  grained superconducting planes  

x

n(x, , y, z, t) = ni ≤ nc ∼ Bc2
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ROM: Temperature  independent creep
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Further evidence 

The cumulative distribution of the log waiting times. 
Comparison with exponential distribution.
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Quake statistics and the total number vortices 
entering.
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The magnetic creep rate: 

comparison with experiment

From Oliveira, Jensen, Nicodemi & Sibani PRB 71, 104526 (2005)

Experim. data from
(a) Civale et al. 
     PRL 65, 1164 (1990)

(b) Kaiser et al. J Cryst   
     Growth 85, 593 (1987)

(a) (b)
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Ant colonies

 

On ants: TO Richardson , EJH Robinson, AB Sendova-Franks,

           NR Franks, E Arcaute, K Christensen
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Ant colonies

Time

No. of ants in nest

t1 t2 t3 t4
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Ant colonies
Simulation Hierarchies for Climate Modelling, UCLA 2.5-8.5 2010 

T.O. Richardson, E.J.H. Robinson, H.J. Jensen, N.R. Franks and A.B. Sendova-Franks, 
Record Dynamics in Ants, PloS One, 5, e9621 (2010).
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Earthquakes 

The quakes are instantaneous on the time 
scale of the driving.

 
         after shocks relaxation under fixed 
         boundary conditions

         Omori 1/t independent of ‘everything’
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Earthquakes shocks - aftershocks
58
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Omori laws for shocks occurring after 1932 ! 1st declustering technique

Time (year)

R
a

te

3<M<3.5 
p=0.67
4<M<4.5
p=0.85
5<M<5.5
p=0.96
6<M<6.5
p=1.29
7<M<7.5
p=0.99

Figure 5. Seismic decay rates of stacked sequences for several magnitude intervals of the mainshocks,

for the period from 1932 to 2003 when using the first declustering technique.

From Ouillon and Sornette
Magnitude-depended Omori law,  J Geophys Res 111, B04306 (2005)
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Record dynamics - and 1/f noise
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Short time correlations in logarithmic τ=ln(t)

C(τ) ! exp(−λτ) = t−λ

suggesting a power spectrum (for the non-stationary 
process) behaving like

S(ω) ∝ 1/ω1−λ

Sibani & Littlewood, PRL 71, 1482 (1993)

with λ = 1/ln(T0) ∼ 1
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Record dynamics    

Questions:

Which fluctuating quantity undergoes records?  

or in other words: the “after shocks” are related 
to which records?
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1/f noise

 Not noise - but fluctuations (deterministic lattice gas) 

  Always indicative of long time correlations 

  Several mechanisms possible

Consequences of record dynamics.

  Statistics of quake times independent of

     underlying “noise mechanism”

  Deceasing rate of events 

  Likely to show 1/f behaviour
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 Thank You

Collaborators: Paolo Sibani, 

Papers from: www.ma.ic.ac.uk/~hjjens

and P Anderson, K Christensen, M Hall, D Jones, 
M Nicodemi, LP Oliveira,
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