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Generalizations of Stein-Tomas [1967/75/77]
Setup in Mockenhaupt [2000] and Mitsis [2002]:

Given a compactly supported Borel probability
measure p satisfying

o |B(O| < (14 1EH~P/2,
o [u(B(z,r))| S re.
Note dim(supp ) > 8 and > a.

Mockenhaupt's Fourier restriction estimate

4(d — o) + 28
4(d—a)+p

J1F©Pdu S 112, p < per =

Unclear whether Stein’s analytic families argu-
ment can give LPer — L2(du) in this generality.

J, Bak, S. [11]: The endpoint bound holds,
with an improvement:

F o LPer? s L2(dp)



Standard "T*T" argument:

F:LP— [2(dp) <= fix: P9 — P4

AN

Following Tomas: & = Y92 Aj,
supp fij C {2771 < J¢| <201}, > 1.

e Fourier decay implies ||fi;]joo <2777/,

Y

| * flloo S 277P72]|f
e a-upper regularity implies |[ullco S 2j(d—a)

Iij * fllo < 2900 1
By interpolation

125 flly < 277 fllp if p < per.

Sum in 5. At the endpoint p = pcr use Bour-
gain’'s argument.

||Z'LLJ

Hence we get at least F : LPrl — L2(du).
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o F: LPrl 5 12(dyu) implies

1f * fjllo < 2792 £l L pern (1)
Use

£ %Rl = IF lla S 272 [ 712 51de) 2

and ([ 1£1211;1d€)Y2 < NI £l pperr- Thus (1).

e Similar bound on line connecting (1/pcr,1/2)
and (1/2,1/pgr).

e Interpolate these again with the L1 — L
bound for p;x, using Bourgain's trick.

e [ his gives

15+ fllLace S 1Sl ppa

for (1/p,1/q) on line segment parallel to the
diagonal with midpoint (1/pcr, 1/p%).

e Marcinkiewicz gives ||u * f||
which we need for r = 2.

Lplcr,r 5 HfHchr,’f’



e Original question in the Bak-S. project: Given
Hormander’s class of oscillatory integral oper-
ators

L) = [, e*CD (2 fy)dy; @RI

rank (®y,) =d—1
Cbly’xu = 0 = det ((CDy,u)gx) #= 0

2(d+1)
e Stein: T, : L a3 (RY) — L2(R41) with

I Tyl = O(A—4/7).

e Bourgain: in this generality no such LP — L4

result with for p > Q(ddj})l).

2(d+1) 2(d+1)

Q: Can L d4+3 Dbe replaced by L d+3 2

7 Yes.



Similar results for

e Estimate for eigenfunctions for eigenfunc-
tions of the Laplacian on compact manifolds
(Sogge [88]).

—Dey = MN%ey, Jel2=1

“1/q)— 2(d+ 1
lell gz < AL/2-1/D=1/2 (= ( )
d—1
e Lorentz improvements in

Estimates for Fourier integral operators with
(one-sided) fold singularities (Greenleaf-S [94]).

Restrictions of eigenfunctions to submanifolds
(Burg-Gérard-Tzvetkov [07], Hu [09]).



Higher rank Stein-Tomas theorem

e Removing logarithms in Simon Marshall’'s work
[11] on estimates for eigenfunctions of the al-
gebra of invariant operators on locally symmet-
ric spaces (and symmetric spaces of compact
type) of higher rank.

e Also vields endpoint results to work of Mock-
enhaupt [1991] on K-orbits in symmetric spaces
of Euclidean type (quotients of Cartan motion
groups by maximal compact subgroups).

An example in the Euclidean case

Let M(r,n) = R% be the Euclidean space of
r X n real matrices, r <n, d = rn.

Compact group K = SO(r) x SO(n) acts on
r X n matrices X by

kX = Ad(k)X = k1 Xk5 1!



Let a (or a*) be the subspace of diagonal ma-
trices

aig ... 0 O ... ... O

Letad ={a€a:0<a; <---<ar}.Foracal
consider the regular K-orbit

o= {k1ak5! : k1 € SOr, ko € SO},

which is r-co-dimensional in M(r,n).
e When r =1, >4, is sphere of radius aj.

e Endpoint version of Mockenhaupt’'s 1991 re-
sult (Marshall, S.):

//SOMSOR \f(Ad(k)a)lek < ||f||%p72(Rd),

2(d+ 1)
d+3r
This estimate is uniform as a varies over com-
pact subsets of aa__

p < pcr =



Open problems:

Problem: Characterizations of polyradial Mg
multipliers

Well known characterization for rank one: Let

1 <p< 248D im(e) = n(¢)). Then

IF=A - DAl < Cllfllp
for all f € S if and only if

d(l—%)( " zda)1/2
Is%li%R p /R |h(a)| < 00.

This is a corollary of the Stein-Tomas restric-
tion theorem and Littlewood-Paley.

Question: Is there a similar higher rank gen-
eralization for polyradial multipliers, i.e. K-
invariant multipliers on M (r,n)?

Related: Prove the sharp dependence on a
in the L2 restriction theorem theorem for K-
orbits >, when a tends to the boundary of aj_.
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Problem: Is there an LP — L1(X,) estimate for

some p > chi‘gqf)?

Problem: Characterization for K-invariant M},
multipliers?

In particular, if m is K-invariant and compactly
supported in R?%\ {0}, when is the necessary
condition F~1[m] € LP also sufficient for m &
M57?

Is it true for some p > 17 It can be conjectured
forl <p< dQ——IEir'

We know it for 1 < p < QEZdT_ll) in the rank one

case (Heo, Nazarov, S.)
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Back to Fourier restriction for measures.
Recall: if u satisfies

() )| =02, w(B(z,r)) = 00E*)

then F : LP — L2(dp) for p < pcr = 44&‘2 0403)1255

Questions (Mockenhaupt [2000])
o Is F:LP — L1(du) for some p > pcr?

e Could there even be a better range for Stein-
Tomas for Salem sets? Are there probability
measures u satisfying (*) with 8 = o so that
dim(supp (1)) = « and F : LP — L2(du) for
some p > pcr?

e Analogues for 8 < a well known (e.g. Christ
[85] for curves in R4, d > 3, ...).

If 8 =« the possible improvement range could
be per < p < 5%
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Sharpness of pcr: Standard Knapp examples

e Arithmetic progression Knapp examples by
K.Hambrook and I. £ aba (GAFA 13), for Salem
measures, d = 1:

Given integers M, N,

log M 4 — 2

b > — )
og N’ PP T 4 3,

there is an a-upper reqgular measure supported
on an o-dimensional subset of R, for which
(&) = O(|¢]F=*/2) Ve > 0 and for which F
does not map LP to L2(du).

1< M<N, a=

e Used random Cantor set construction con-
taining suitable arithmetic progressions at ev-
ery stage.

e Further questions about sharpness: For 8 < «
are there a-upper-regular measures, for which
for which fi(¢) = O(|¢|?/2) such that the pcr-
result is sharp?

Answered affirmatively by Xianghong Chen.
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Theorem (X. Chen, to appear in TAMS)
(i) Given 0 < a < 1 there is a probability mea-
sure u supported on E C [0,1], dim(FE) = a:

16| < |g|7o/2
7]

for all intervals of length < 1/2 centered in FE.

(ii) Given 0 < 8 < a < 1, d probability measure
1 supported on E C [0,1], dim(F) = «a:

()] < le|7P/2,

1y
log(1/[1[)+e= ™ ~log(1/11])

when |I| < 1/2, I centered in E, so that F does
not map LP to L2(du) for p > per(a, B).
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Nonsharpness:

e T. KOrner: “On a theorem of Saeki concern-
ing convolution squares of singular measures”
(08) showed the existence of probability mea-
sures supported on subsets of R, of Hausdorff
dimension a > 1/2, for which

2a—1
pxpeC .

This gives the estimate

Ifdullpary S NFNlL2au
and thus F : L*/3 — L2(du).

(W. Rudin, A. Iosevich-S.Roudenko, X. Chen).

Korner's arguments use randomness and Baire
category. Defines a metric space of pairs (u, E)
with u supported in the compact set F, uxu €
c(2a=1)/2  3nd shows that the sets of pairs
(u, E) with dim E = « is generic.
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Theorem: (X. Chen, S.) Given 0 < a < d, there
exists a probability measure u supported on a
compact set of Hausdorff dimension «, so that

a(e) = o(lg|=*/?)
w(B(z,r)) Sre
Yx,r, and, for higher convolution powers,
P=1,2,...

sup u*(B(z, 1)) < r®if ol < d
T

()

and

ol—d
wtec 7 if al>d

o If we let @ = d/n for some n € N then we
get a Salem measure u, with p*" € C.(R%), for
which assumptions (*) are valid, and

2d

d— o

F: LP — L?(dw) for1§p§2

This is the optimal range.

Remark: These measures are not Ahlfors-David
a-regular
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e Improvement for some p > pcr if a < 2d/3.

o Application: Multipliers of “Bochner-Riesz”
type.

e Let a = d/n, 1§p§%and let © be as
constructed above. Let x € C2°, A > 0. Set

mA§) = [ ,x(& = mlg = > dpu(m).

Then for p<qg <2

P 1 1, d-o
1F = ma g S 11 llps >‘>d(5__>_ -

2 2

One can also construct measures as before
with

/1 [7“_0‘ sup /L(B(CE,T))} t/2dr < 00

0 T r
and then the conclusion holds for
d— o

5

1 1
A>d(S -2 -
q 2
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