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Bochner-Riesz means
e Bochner-Riesz operator of order o (v > 0)

Ri f(x) = / et <1 - 'ﬂ) f(€) de.
le1<t
e Question. Given p, for which «
Rif — finLP ast — o0?

e (Fefferman) Except for p = 2, the condition o > 0 is necessary.

e Relation between smoothing order a and LP convergence: The
smoothing of order « reduces the effect of new part into the
integral as t increases. The better the integral behaves, the larger
a is.

e The problem has its origin in the study of convergence of Fourier
series in LP(T?) and the problem is equivalent with that of its
discrete counterpart

Z <1 — ’nP)af(n)eQ”“'x — f in LP(T9) as t — oo?

t?
In|<t



e By the uniform boundedness principle the question is equivalent
with the uniform estimate

IR fllemey < ClIf |l oo may-

e Bochner-Riesz Conjecture: For 0 < o and 1 < p < o0,

IRE fllLr®ay < Cll fll o (ma
if and only if
1 1 1
a>a(p) =max (d|= — —| — = ,0).
(p) = max (d[ 5 — | = 5.0)
e The conjecture is true for d = 2 but open for d > 3.
e For max(p,p’) > dZpo the necessity part follows from a Schwartz
function and the explicit kernel estimate for R¢*.
e For d%dl > max(p,p’) > 2 Fefferman’s counterexample of the
disk multiplier gives the necessary condition.



Brief history

e Bochner (1930): L? boundedness for 1 < p < oo if a > 451

e Carleson and Sjolin (1972): When d = 2, the conjecture is true.
In higher dimensions

e Stein-Tomas (1979): The sharp L? restriction estimate for the
sphere and Stein’s argument which deduces LP boundedness from
L2 restriction estimate,

max(p,p’) > 2(d +1)/(d - 1).

e Bourgain (1990): In R3, LP boundedness beyond the range of
Stein-Tomas ((max(p,p’) > 4 — €).

e Tao-Vargas-Vega (1998), Tao-Vargas (2002): Further progress
by a systematic bilinear approach in R3.

e L. (2004): For d > 3, by making use of the sharp bilinear
restriction estimate for the elliptic surfaces due to Tao,

max(p, p') > 2(d + 2)/d.



e Bourgain-Guth, (2012): Using Bennett-Carbery-Tao's multilinear
oscillatory estimates, the conjecture is now verified for

max(p, p’) > po,

where

12

m |dek(mOd3),k:—17071

Do = 2+
e Forlarge d > 1
/ - 4
max(p,p’) > (bilinear) 2 + p
3
(multilinear) po ~ 2 4+ p
d 2
~ 24—
1 + d

ject
(conjecture) y



Square function

e Consider the square function

2it>1/2,

Gortae) = ([ |t @

where €2/, ke

Ki©) =20+ 155 (1- 55 )
e Naturally, G* may be considered as vector valued operator of
order o. This was introduced by Stein, in a slightly different form,
to control maximal Bochner-Riesz operators for everywhere
convergence of Bochner-Riesz means.
e Note that

0

to, RiTE) = K& (6)f(€).

e L? bound, Stein (1958): For a > —1/2, ||G|l2 < C||fll2- The
proof relies on Plancherel’s theorem.




LP? boundedness of G¢

e For 1 <p <2, itis known that

1G°fllp < Cllfllp-

if and only if
a>d(l/p—1/2) —1/2.

The oscillation for large |z| plays no role here.

e In the range 2 < p < o0, the oscillation of the kernel K/* is
important and the problem is closely related to the Fourier
restriction and Bochner—Riesz problems. It is known that the
condition

a>a(p)—1/2

is necessary.



Square function conjecture

e Conjecture. For 2 < p < o0

1G°Fllp < ClIFll

if and only if a > a(p) —1/2.
e When d = 2, the conjecture was verified by Carbery (1983) via
an adaptation of Fefferman and Cordoba arguments which prove
Bochner-Riesz conjecture in R2.

(d+1)

o Forp>
theorem.

, Christ (1985): using the Tomas-Stein restriction



°p> Q(dfjﬂ, L.-Rogers-Seeger (2010): relying on the sharp

bilinear restriction theorem for the elliptic surfaces,

/ (G° () 2wle) de < / | (@) 220w (z) do,

for1 <¢g<(d+2)/2 and a > d/2q — 1, where w — 2w is
bounded on L™ with g < r < oc.

Theorem (L.-Seeger, 2013)

Let ps = ps(d) be defined by

12

94 =
Ps = 2% 6k

ifd=k (mod 3), k =0,1,2.

If p> ps anda>a(p)—%,

Gofllp < CllFllp-

e ps > p, due to inefficiency in exploiting orthogonality for the
square funciton) and this is new when d > 9.



Applications
e Maximal Bochner-Riesz. If a > «(p), for p > ps

| sup R flll Lo ray < Clf || Lo (ra)-
>0

¢ Radial multiplier. Let m be a bounded function on (0, c0) and
define a multiplier operator by

F(Tnf)(E) = m(E) ().

e Hormander (1960): Let ¢ € CS°[1/2,2]. T, is bounded on LP,
1 <p<oo,if sup;sgllem(t-)llrzm) < oo, a>d/2.
e (Carbery-Gasper-Trebels (1983))

9T f(z) < Csup lom(t)|rz my G~ f(2),

where g is a g-function satisfying ||g[f]|l, ~ || f|lp for 1 < p < cc.
o If max(p, p’) > min(ps, 2(d + 2)/d), then for @ > d|; — ]|

[T £l oo S sUp lom(t )l 2wy
>0



Frequency localization
e Let ¢ € S supported in [1/2,2]. For 0 < § < 1/2 set

Si1(6) = o(67 (1 - ) Tl
e By dyadic decomposition of the multiplier |¢|?(1 — |£]*)% away

from the singularity and Littlewood-Paley decomposition (and
discarding harmless factors), the matter reduces to showing

I(/ 8t ar) | 5 s,

e If p =2, by Plancherel's theorem (because ||| — ¢| < § if the
integrand is nonzero)

([ 1ssrwpar) // |¢ L) 2t T e



From L?-restriction to square function estimates

e Tomas-Stein restriction theorem for the sphere, Minkowski's
inequality and Plancherel’s theorem gives

1
\\S§f||2<dd+1> S 02| fll2 for t ~ 1.
—1

e Let J be essentially disjoint intervals of length 4 such that
UJ = [1,2] and J be the interval {t : dist (¢, J) < 20}. Then, set

~ ~

fj(é) = (5)X{|§|6j}-
e For each fixed t,§§Tf is supported in {{ : t — 26 < [£] <t + 26}
For t € J,

Sif = Ssf5.



o With p = 2+1)

I ) ), = (S f1stszea) ),

1

Z / Isrilar)* <03 ( Z / 7713 de)* < 817l

e Using the fact that the kernel of Sf; rapidly decaying outside of
B(0,C571), one may assume f is supported in a ball of radius
~ §~17¢ By Holder's inequality

I(/ 2\S§f12dt)”2Hp566 WG £l

e The disjointness of Fourier support of Sg as t varies is important

for the extra gain of 53



Oscillatory integral operators

e Bourgain-Guth's result on Bochner-Riesz bounds were obtained
from the sharp oscillatory integral estimate

_d
ITagllp S A7 llgllp

where
Thg(z) = / @A (. 2)g(2)dz, = e R
Rd-1

e This has obvious advantage over handling multiplier operators
because it is similar to the adjoint restriction operators. In fact,
one may consider g € L.

e However, this approach doesn’'t seem adequate for the study of
the square function. Especially, the disjointness of Fourier
transform (as ¢ varies) is difficult to exploit.



Fourier transform side approach

e Denote by m(D)f the multiplier operator given by

F(m(D)f)(€) = m(£)f(€), and D = (D', Dy).

e (General class of square functions) For 0 < ¢ define
S5 = S5(¢,m) by

Ssf(x) = </1=[1,u ’¢(U(D,t)(Dd6— w(D,’t))>f(ac)‘2dt)é.

e We need to consider the square functions given by classes of ¥
and 1 which are suitable the induction argument.

e In fact, this makes it possible to absorb the perturbed terms
which arise from translation and rescaling after decomposition.




Multilinear approach: From multilinear to linear

e Mutilinear estimates for the square function

» k-linear estimate with transversality

» k-linear estimate with transversality but confined Fourier
support (k + 1 transverality fails)
e Stability of these estimates under smooth perturbation of the
associates surfaces.
e Improvement of bounds due to smaller Fourier supports

e Multi-scale decomposition. Control of given operator S5f a
sum of products (]] S(;fl-)% while remaining parts are controlled by
functions of smaller Fourier supports: With implicit constants
(over simplified!)

-1 k l
Ssf Sy sshity, >, (ISwer+ Y (]St

k=2  k—trans but i=1 l—trans i=1
non—(k+1)—trans



The induction quantity
e (One parameter family of elliptic functions) Denote by &(e,, N)
the class of smooth function v defined on I%~! x I which satisfy

(&', t) — %’5/’2 - tHcN(Idflxj) < €.
e Define a class of smooth functions £(N) by
E(N) = {ne C®(" xI): |nllengaxy < 2,1~ 1}
e Define B(6) = B,(0) by
B(3) = sup{ 1S5, )l : ¥ € B(co, V),
ne&(N), |flly < 1,suppf C %Id}.
e Since suppfc %Id, by estimating the kernel

B(6) < Cif §>1, and B(6) < C6~@=D/2H1/2f 5 < 1,



e We need v
B(6)<Co = tre

e For monotonicity we slightly modify it. Define for > 0

B(6) = B2(6) = sup st By(s).
0<s<1

We show B?(§) < C for any 3 > 0.

Proposition (Improvement by small Fourier supports)

Let 0 < § < 1, 9 € €(eo, N), and ) € E(N). Suppose that f is
supported in q(a,€), Vi<e< 1/2, and a € %Id. Then, if e >0
is small enough, there is an k = k(eo, N') such that

1516, m) fllp < Cev 2 By(e726) | £

holds with C, independent of 1, 1 and €, whenever V6 < & < k.



Multilinear estimates for square function

Let ¢ € &(eo, V) and set
I =T') = {(¢,¢(¢,1) : & € [-1,1]" '}

e Normal vector field n = n()) For each ¢ = (¢,7) € I? there is
a unique t such that £ = ((,9((,t)) since Oy ~ 1. Then we
define n(&) to be the unit normal vector to I'* at £ which forms a
vector field on I%.



Theorem
Let ) € &(eo, N), n € E(N) and o > 0. Suppose that, for
0<iKo,

(&) An() A---An(G)| Z o

holds whenever &; € suppﬁ +0(5),i=1,2,...,k. Then, if

p > 2k/(k — 1) and e, is small enough, for € > 0, there is an N (e)
such that the following estimates hold with C, C., independent of
Y, n, if N > N(e):

| [T st
i=1

b < Ccf@f:lj (5||fz'||2),

| [T sstv.ns ; S co-5]] (5= 15l
i=1 i=1

e The second inequality follows from the first by spatial
localization and Holder's inequality.



e Currently, we have C. ~ C'log % .

e When the degree of transverality gets smaller, the bound
becomes really bad. In particular, the bound becomes inefficient
when o ~ §°.

e This cannot be obtained by direct application of multilinear
estimates because p/k < 1 in general. Instead we redo the proof of
the multilinear restriction estimate using the multilinear Kakeya
estimate.

e It is not easy to run induction argument with the estimate of this
form. We need to find a suitable setting which allows the induction
argument.



Proposition
Let ¢ € &(eo, N), and o > 0. Suppose that, for 0 < § < o,
i=1,...k

supp F(Gi(+,t)) C It + 0(), tel,

and

n(&1) An(&) A An(&)] 2

whenever §; € supp F(G;(-,t)) + O() for somet € I. Then, if
p > 2k/(k—1) and €5 > 0 is small enough, for ¢ > 0 there are
constants N = N (e) such that

k k
[Tz ], < co~O T (G 1Gullz,)
i=1 =1

holds with C, Ce, independent of 1, n, if N > N (e).

e Applying this with G; = ¢( (D t)(Dd WD )fi gives the
theorem.




Proposition (with confined Fourier support)

Let I C R? be a k-plane containing the origin. Under the same
assumption as in the above proposition and suppose, additionally,
that, fori =1,...,k,

n(supp F(G;(-, 1)) € S*! N (IT + O(9)).

Then, if 2 < p < 2k/(k —1) and e is sufficiently small, for e > 0
there is an N (€) such that the following estimate holds uniformly
for i, n, if N > N(e):

k k
1_1
TGz, < o Ca® D= [TIGH 2,

i=1 k i=1
e At the critical p = 2k/(k — 1) this gives a better bound 52¢,
which is better than §% .
e This lemma covers the case (k + 1)-transverality in dimension
fails while k-transverality is satisfied. So this will be used with a
relatively large 0.



e Let {q} be the collection of dyadic cubes of side length I,
o <1< 20. Define f, by

F(fq) = xqF(f), and set R=1/0.
Theorem
Let iy € &(eo, N), n € E(N), 11 be a k-plane containing the origin,
and o > 0. Suppose that, for 0 < 0 < 0,

n(&1) An(&) A---An(&)| 2 o
whenever §; € suppﬁ +0(c), i=1,2,...,k. Suppose
n(suppfi) clI+0(s), i=12,... k.

Then, if2k/(k—1) <p<2and0<§ <a, fore >0 there is an
N(e) such that

ITE50 ), = O < TS 500) )

holds uniformly for i) € &(e, N) if N > N( ).

Lp



e Increasing multi-linearity gives better bounds but the size of
non-transversal fourier support also get larger.

e The proof is basically to compromise the estimates in two
theorems.

e Non-transversal is handled by the ¢?>-estimate and the smallness
of Fourier support.



Multi-scale decomposition

o let 01,...,04 be dyadic numbers to be chosen later such that
(K041 K- Ko <Kog=1.

We call o; i-th scale.

e {q'}: the collection of all (closed) dyadic cubes g’ of sidelength
20, ¢ cI® i=1,...,d—1,

f:qui, fori=1,...,d—1.
qi

e Let 2 < p < oo. Then, there is a constant C, independent of
{q}, such that

(D))" < Cllf -
qi



o Let g, .. .,q’,jﬂ € {d"}. We write g%, g5, ..., qﬁﬂ s trans
(transversal) if

(1) An(&) A An(§py1)| 2 o102 .. 0%,
Whenever&eqf, 1=1,....,k+1.

e Dual cubes of i-th scale {Q'}: the collection of dyadic
intervals of sidelength 2/0;, which covers R? so that

Ja' =r
Qi



Decomposition increasing the degree of multilinearity
e After [-th scale decomposition

15 1l < Zak 0] Bylo7%0) Hpr+ZU‘CAk

l+1

_ T
+ o, © Sup max HS(STzf ‘ 2
s Ti1 G q§+1:t7"ans . I+1
where
AFf = sup max X
Tl Th q]ffl,...,q’,zfl:trans
k P 1
k P
STt > wr)||5e, )
( ; H =1 ( o DMl o
25 = qrca;

n(q¥)em*+0(oy)

Here II¥ is a k-plane containing the origin which depends on
q]f 1,...,q],z_1,53k, and TlyereysTk-



Two estimates for /N\kf

e Since the mother cubes q]ffl, qgfl, .. .,q]g*l are already

transversal, for p > 2k/(k — 1)
~ O 42 d
IA*Fllp < Cop 6~ 2 0P .

e Using square function estimates for confined Frequency support
and #<{q§ :n(qh) C H+O(0k)}) <ok for2 < p < 2k/(k—1)

e=(k+1)(5—7)

|A* £, < Coy* ox B0 *0)[1f llp-

e Combining two cases, if 6, < §, for some o > 0
I8 fller < €57 5P (0 + o BY2) ) 11l

2(2d—k—1) %)

if p > min(=5 757, 7o7)-



o If

C20d—k—1) 2% . 20+1) 2(d—1)
> =
pZp(l) = max min(— 2=, o)V = V=

l
_d=2,d_
1551l S (2 (075 + 07508 B%(6)) + 7)o~ = 5P £
k=1

e By stability of the estimates along ¢, n and f, taking sup we
have, for o < 6 <1 and some o > 0,

l
5EIB0) Y (06 + 0 ot B 0)) + 07 C.
k=1

e Hence taking sup along §, d, < < 1, for p > p(I)

(Zak 1%) ﬁ(5o)+§l:‘7k_0-
k=1

e The minimum of p(l) is ps.



Remarks

e p(!) minimizes with [ ~ %d. The roles of multilinear estimates of
the higher degrees seem unclear.

o A different proof of the currently best known result for the
Bochner-Riesz problem in Fourier transform side.

e The same result for a little more general (non-symmetric)
multiplier

~

F(Tf)E) = (r = () Ixe(©) F(©)
if ¢ is elliptic.



