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Motivation

[A. Tarantola]
Using observations to infer the values of some parameters corresponds to
solving an ‘inverse problem’. Practitioners usually seek the ‘best solution’
implied by the data, but observations should only be used to falsify
possible solutions, not to deduce any particular solution.
FINDING A NEEDLE IN A HAYSTACK IS HARD IF THE HAYSTACK HAS
HUNDREDS OF DIMENSIONS...
Bayes is the (best) way to go!
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Abstract

We have a reasonable corpus of theory and experience in Model Inversion and
Data Assimilation, but the abundance of Data that is available today is
changing the paradigms and inciting us to study new approaches to these
problems. In this talk we will begin by reviewing “classical” inverse problem
and data assimilation theories and insist on their broad applicability. Then we
will broach the potential of data-driven assimilation and inversion, and detail
some of the most promising methods for this - specifically for time-series
data. This will lead us to the challenging question: how can one couple
model- and data-driven approaches to solve complex, real-world control
problems in the domain of energy?
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Plan of the Talk

1 Context and Challenges.
2 Worked examples: for a (realistic) toy problem, perform

1 deterministic inversion,
2 statistical inversion.

3 Conclusions and Open Problems.
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Plan

1 Context and Challenges
Model-Space Inversion
Data-Space Inversion

2 Worked Examples
Deterministic Inversion
Bayesian Inversion

3 Conclusions
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Forecasting Challenge

Coupling of Carbon Capture and Storage (CCS) and geothermal energy extraction to
enable permanent storage of CO2 in (sedimentary basin) geothermal reservoirs, while
simultaneously extracting heat energy that can be used to generate clean, i.e.,
CO2-emission-free, baseload or dispatchable power. [Credit: M. Saar, ETH Zurich ]

multi-scale
multi-physics
nonlinear
stochastic...
data- and
compute-
intensive
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CSE Challenges

Some Total challenges

1

$XXs G$ investment 

100s TB data
$100s M

100s PFXXs Gboe

100s GBs data
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The split

Ethernet
Switches

Local Node
Storage 

X86 Racks +
GPUs or

Accelerators 

In-situ
Processing

Infiniband +
Ethernet
Swtiches

SAN + Local
Node

Storage 

Commodity X86
Racks 

Lustre (Parallel
File System)

Batch Scheduler
(e.g., SLURM) HDFS (Hadoop File System)

System
Monitoring

Tools 

Applications and Community Codes

Hbase BigTable
(key-value store)

AVRO

Sci. Vis.

Zookeeper (coordination)

Map-Reduce Storm

Hive Pig Sqoop Flume

Mahout, R and Applications

Domain-specific Libraries

FORTRAN, C, C++ and IDEs

Cloud Services (e.g., AW
S)) Virtual Machines and Cloud Services

Containers (Kubernetes, Docker, etc.)
Containers 

(Singularity, Shifter, etc.)

DATA ANALYTICS ECOSYSTEM COMPUTATIONAL SCIENCE ECOSYSTEM

MPI/OpenMP
+Accelerator

Tools

Numerical
Libraries

Performance &
Debugging
(e.g., PAPI)

We’ll go on living

separate lives...

[P. Collins. 1985]

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 8 / 50



The split

Ethernet
Switches

Local Node
Storage 

X86 Racks +
GPUs or

Accelerators 

In-situ
Processing

Infiniband +
Ethernet
Swtiches

SAN + Local
Node

Storage 

Commodity X86
Racks 

Lustre (Parallel
File System)

Batch Scheduler
(e.g., SLURM) HDFS (Hadoop File System)

System
Monitoring

Tools 

Applications and Community Codes

Hbase BigTable
(key-value store)

AVRO

Sci. Vis.

Zookeeper (coordination)

Map-Reduce Storm

Hive Pig Sqoop Flume

Mahout, R and Applications

Domain-specific Libraries

FORTRAN, C, C++ and IDEs

Cloud Services (e.g., AW
S)) Virtual Machines and Cloud Services

Containers (Kubernetes, Docker, etc.)
Containers 

(Singularity, Shifter, etc.)

DATA ANALYTICS ECOSYSTEM COMPUTATIONAL SCIENCE ECOSYSTEM

MPI/OpenMP
+Accelerator

Tools

Numerical
Libraries

Performance &
Debugging
(e.g., PAPI)

We’ll go on living

separate lives...

[P. Collins. 1985]

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 8 / 50



The inference cycle. [Asch, Moore, et al. IJHPCA. 2018]

Come together, right now...
[T. Beatles. 1969]

To move from reality to
decision-making, we must go back to
Peirce’s Logic (1903)

Abductive (explore data, suggest
hypothesis - e�ect to cause)

Deductive (refine hypothesis -
cause to e�ect)

Inductive (empirical
substantiation - specific to
general)
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Inverse Problems - Introduction

definitions + cartoons
di�erent strokes...
I optimal control (initial, boundary)
I data assimilation
I parameter identification
I history matching

3 spaces:
I space of data D
I space of modelsM
I space of observations O

Q1: how to invert inM∩D? (“classical” model-space inversion)
Q2: how to invert in D ∩O? (“new” data-space inversion)
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Inverse Problems - Definitions

s (x, t ) ! (u; m) = s u(xr , t ),

r = 1, . . . ,Nr

source unknown medium
array

model

Take a parameter-dependent dynamical
system, du/dt = s(t, u;m), u(t0) = u0,

with s a known source, m ∈M, u(t) ∈ Rk .

Forward: Given m, u0, find u(t) for t ≥ t0.

Inverse: Given u(t) for t ≥ t0, find
m ∈M.

Observation equation:
f (t,m) = Hz(t,m), whereH is the
observation operator.

Usually we have a finite number of
discrete (space-time) observations
{ỹj}

n
j=1 , where ỹj = f (tj,m) + εj and εj

represents the measurement error - an
additive (Gaussian) noise model.
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j=1 , where ỹj = f (tj,m) + εj and εj

represents the measurement error - an
additive (Gaussian) noise model.

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 11 / 50



Classical Inverse Problem

Definition
In a typical inverse problem, we seek to determine plausible values of model
parameters given inexact (uncertain) data and an assumed theoretical model
relating the observed data to the model.

Examples
These are di�icult problems that can be found in diverse areas of science,
engineering, and medicine. Examples from geophysics include (1) forecasting
production performance of geothermal reservoirs, (2) extracting oil and gas,
(3) estimating pathways of subsurface contaminant transport, (4) hydrology
and groundwater management, and many others.
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Well-posedness of IPs
Let X and Y be two normed spaces and let K : X → Y be a map between the two. The
problem of finding x given y, such that K(x) = y, is well-posed if the following 3 properties
hold:

1 Existence: for every y ∈ Y there is (at least) one solution x ∈ X such that Kx = y.
2 Uniqueness: for every y ∈ Y there is at most one x ∈ X such that Kx = y.
3 Continuous dependence of solutions on observations (stability) : the solution x depends

continuously on the data y in that for every sequence {xn} ⊂ X with Kxn → Kx as
n→∞, we have that xn → x as n→∞.
The existence and uniqueness together are also known as “identifiability”.
The continuous dependence is related to the “stability” of the inverse
problem.

Warning:
All (interesting) inverse problems are ill-posed.
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Inverse Problem: a simple example
To recap (in finite-dimension):

d is the data (vector, dim(d) = n),
m is the model parameter (vector, dim(m) = p),
we have an equation, G(m) = d, relating the two.
I Forward problem: find d given m, by solving the ode/pde/integral equation
I Inverse problem: find m given d, by “inverting” the ode/pde/integral equation

But due to ill-posedness, (n� p), we have to minimize a (regularized)
cost function to achieve this,

min
m
‖G(m) − d‖2

X + α2 ‖Lm‖2
X ,

where α is a regularization coe�icient and L is a (discretized) gradient
operator.
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Inverse Problem: a simple example II
Consider the boundary value problem, for f a given function and b, c unknown parameters:{

−b(x)u ′′(x) + c(x)u ′(x) = f (x), 0 < x < 1,
u(0) = 0, u(1) = 0.

Discretize the bvp by finite di�erences, with h = xi+1 − xi, 0 = x0, x1, . . . , xN = 1{
−bi

ui+1−2ui+ui+1
h2 + ci

ui+1−ui
h = fi, i = 1, . . . ,N − 1,

u0 = 0, uN = 0,

Rewrite as a linear system, a(1)
i = −bi/h2 + ci/h, a(2)

i = 2b/h2 − ci/h, a(3)
i = bi/h2,

1 0 · · · · · · · · · 0
a(1)

1 a(2)
1 a(3)

1
. . . . . . . . .

a(1)
i a(2)

i a(3)
i

. . . . . . . . .
0 · · · · · · · · · 0 1




u0
...

ui
...

uN

 =


f0
...
fi
...

fN

⇔ Au = f
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Inverse Problem: a simple example III

For given parameters, we can now solve the linear system (at will, but
note that is nonlinear in the parameters b and c)

u = A−1f
.
= G(m).

For given observations, d, choose α and solve the optimization problem

m∗ = argmin
m
‖G(m) − d‖2

2 + α
2 ‖Lm‖2

2

directly by a quasi-Newton method of choice, or by an adjoint method
when possible - see [1].
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Model-Space Inversion

Inversion
A major part of scientific discovery and research deals with questions of the
nature: what can be said about the value of an unknown, or badly known
variable m, that represents the parameters of the system, if we have some
measured data D and a modelM of the underlying mechanism that
generated the data?

Challenge
The current grand challenge in computational science and engineering is the
solution of large-scale statistical inverse problems governed by PDEs that
involve large amounts of (observational) data - see the Inference Cycle.
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Bayesian Inversion
But solving the IP is precisely the Bayesian context, where we seek a
quantification of the uncertainty in our knowledge of the parameters that
according to Bayes’ Theorem takes the form,

p(m | D) = p(D | m)p(m)

p(D)
=

p(D | m)p(m)∫
m p(D | m)p(m)

.

Physical model is represented by the conditional probability (also known
as the likelihood) p(D | m),

Prior knowledge of the system by the term p(m).

The denominator is considered as a normalizing factor and represents the
total probability of D.
From these we can then calculate the resulting posterior probability,
p(m | D).
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MAP, MLE and co.

Definition
The most probable estimator, called the maximum a
posterior (MAP) estimator, is the value of the
parameter/model that maximizes the posterior
probability, m∗ = argmaxm p(m | D).

MLE, LS
Note that for a flat, or uninformative prior, p(m), the
MAP is just the maximum likelihood estimator (MLE),
the value of m that maximizes the likelihood p(D | m)
of the model that generated the data-in this case
neither p(m) nor the denominator play a role in the
optimization. When the model is linear and noise is
Gaussian, we obtain the least squares estimate.

Challenge
A point estimator is o�en
insu�icient. So the current
grand challenge has now
become: “how to explore
the (high-dimensional,
non-Gaussian) posterior
probability?”, a task that is
notoriously intractable for
real problems of interest.
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UQ for Model Inversion - exploring the posterior
Monte-Carlo: generate a large
number of realizations, then
compute statistics of the resulting
distribution.

Monte-Carlo Markov Chain: use a
more sophisticated sampling scheme
to generate the posterior.

Ensemble Kalman Filters and
Smoothers: widely used in weather
forecasting. . .

Cost

These approaches are far too expensive to
compute if we want high resolution
models and reliable UQ.

Solutions
A huge number of “remedies” exist [Ghanem, et al.
Springer Handbook on UQ, 2053 pp. (2017)]: replace
forward problem with a reduced order model in both
parameter and state space; approximate parameter-
to-observable map, or the posterior with a Gaussian
process response surface; employ a polynomial chaos
approximation of the forward problem; use two-stage
“delayed acceptance" MCMC method (multifidelity
approach) eg. AMFMC; employ gradient information
(of the negative log posterior) to accelerate sampling;
exploit Riemannian geometry of parameter space to
accelerate sampling; use sparse grid methods; create
stochastic Newton MCMC method that uses local
gradient and low-rank Hessian information of the
negative log posterior to construct a local Gaussian
approximation; employ a data-space inversion strategy
(see below), etc.

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 20 / 50



UQ for Model Inversion - exploring the posterior
Monte-Carlo: generate a large
number of realizations, then
compute statistics of the resulting
distribution.

Monte-Carlo Markov Chain: use a
more sophisticated sampling scheme
to generate the posterior.

Ensemble Kalman Filters and
Smoothers: widely used in weather
forecasting. . .

Cost

These approaches are far too expensive to
compute if we want high resolution
models and reliable UQ.

Solutions
A huge number of “remedies” exist [Ghanem, et al.
Springer Handbook on UQ, 2053 pp. (2017)]: replace
forward problem with a reduced order model in both
parameter and state space; approximate parameter-
to-observable map, or the posterior with a Gaussian
process response surface; employ a polynomial chaos
approximation of the forward problem; use two-stage
“delayed acceptance" MCMC method (multifidelity
approach) eg. AMFMC; employ gradient information
(of the negative log posterior) to accelerate sampling;
exploit Riemannian geometry of parameter space to
accelerate sampling; use sparse grid methods; create
stochastic Newton MCMC method that uses local
gradient and low-rank Hessian information of the
negative log posterior to construct a local Gaussian
approximation; employ a data-space inversion strategy
(see below), etc.

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 20 / 50



UQ for Model Inversion - exploring the posterior
Monte-Carlo: generate a large
number of realizations, then
compute statistics of the resulting
distribution.

Monte-Carlo Markov Chain: use a
more sophisticated sampling scheme
to generate the posterior.

Ensemble Kalman Filters and
Smoothers: widely used in weather
forecasting. . .

Cost

These approaches are far too expensive to
compute if we want high resolution
models and reliable UQ.

Solutions
A huge number of “remedies” exist [Ghanem, et al.
Springer Handbook on UQ, 2053 pp. (2017)]: replace
forward problem with a reduced order model in both
parameter and state space; approximate parameter-
to-observable map, or the posterior with a Gaussian
process response surface; employ a polynomial chaos
approximation of the forward problem; use two-stage
“delayed acceptance" MCMC method (multifidelity
approach) eg. AMFMC; employ gradient information
(of the negative log posterior) to accelerate sampling;
exploit Riemannian geometry of parameter space to
accelerate sampling; use sparse grid methods; create
stochastic Newton MCMC method that uses local
gradient and low-rank Hessian information of the
negative log posterior to construct a local Gaussian
approximation; employ a data-space inversion strategy
(see below), etc.

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 20 / 50



Data-Space Inversion

Pure data-space inversion, based on Machine
Learning, can potentially obviate the need for
model-based approach, if:
I the examples/data are representative enough of the

underlying information-theoretic composition, and
I the learning algorithm is agile enough to capture the

subtleties of the task.

However:
I we do not (in general) have enough data (realizations);
I ML does not (easily) provide UQ;
I coupling ML and other methods might be an option?
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Goal: Inference for Time Series + UQ

original
pointw

ise
cum

ulative

Jan Feb Mar Apr

100

105

110

115

120

−5

0

5

10

15

0

100

200

300
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Prediction Focused Analysis
In PFA we consider, in addition to data variables and model variables, the
intended prediction, or outcome, variables - i.e. the intended purpose of the
study, in the optic of a decision-making process.

d ∈ D is the data (a vector in the finite-dimensional case) that represents
the (time-varying) data variables of the underlying (physical) problem;
m ∈M is the (physical) model;
d = gd(m) is the (generally nonlinear) mapping from the model spaceM
into the data space D (in our case, g is a PDE that is expensive to solve);
finally, y = gh(d) is the observed/measured (or predicted) data in the
observation space Y.

We are interested here in cases where the dim(y)� dim(d),leading to
so-called evidential learning (as opposed to causal learning), where we aim to
learn the relationship between the data variables (the evidence) and the decision
variables (the decision hypothesis) via a statistical model.
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PFA: Rationale

We would like to quantify posterior uncertainty on the forecast without
history matching/inverting/assimilating individual models. Because:
I direct modeling is complex;
I models are extremely high dimensional and despite this, still remain a simplified

representation of the actual subsurface geological and fluid complexity;
I any sparse representation or dimension reduction method would further simplify an

already simplified reality.

On the other hand,
I production data and forecast variables are simple time-series, on which
I statistical dimension reduction techniques as well multivariate modeling can be

readily applied,
I without much loss of information.
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Algorithm
PFA proceeds as follows:

1 obtain/use a known prior π(m) on m;
2 generate a set of N prior models {m1, . . . ,mN } by some MC/sampling

algorithm;
3 evaluate the models by solving the forward problem d = g(m) and

compute the forecast y = gh(d) that can include measurement errors, but
is basically a dimension reduction mechanism - these form the training
set for statistical learning;

4 use a statistical dimension reduction method (bijective FPCA, FCCA) to
generate reduced dimension vectors d∗ and y∗;

5 construct the multivariate distribution of d∗ and y∗ (by KDE, GPR, etc.);
6 back transform to obtain the posterior distribution π(y(m)|dobs) - learn

the statistical relationship.
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Workflow 1
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Workflow 2
318 Comput Geosci (2017) 21:315–333

Fig. 2 General overview of the proposed methodology. The workflow
uses Monte Carlo sampling and forward modeling to produce a set
of prior historical and forecast-response curves. FPCA and CCA are
used to reduce the dimension of the responses and maximize a linear
correlation between the two variables. Performing Gaussian process

regression and sampling from the resulting posterior distribution yields
a set of updated forecasts conditioned to the observed historical data.
Undoing the CCA/FPCA transformations produces the posterior fore-
casts as a set of time series responses from which updated quantiles
can be computed

Using a spline basis has the advantage of computational ease
of evaluation as well as establishing derivatives. The choice
of the number of basis is a modeling choice and will need to
be tuned for each case, usually using cross-validation [20].
We will use such spline basis throughout the paper. PCA on
the coefficients of this linear combination characterizes the
functional variations in the time series data and is referred
to as FCA:

h (t) ∼=
K∑
i=1

h f
i φ h,i (t) (10)

Hence, FPCA represents a time series as a lin-
ear combination of K orthonormal eigen-functions{
φ h,1 (t) , φh,2 (t) · · · φh,K (t)

}
with coefficients h f . Note

that FPCA, like PCA is bijective. A similar decomposition
can be achieved for the data variables:

d (t) ∼=
K∑
i=1

d f
i φd,i (t) (11)

Applying FPCA to the set of N prior samples one obtains:

{
{d f

1 , h f
1 }, {d f

2 , h f
2 }, . . . , {d f

N , h f
N }

}
(12)

Given the non-linear nature of the forecast and data response
model, Eqs. 2 and 3, it is not necessarily guaranteed that one
observes, after FPCA, a linear relationship between the pair-
wise components of d f and h f . This is usually attributed to
the presence of cross-correlations among the functional data
variables. Therefore, a linearizing operation is performed
by means of canonical correlation analysis (CCA), which
is a more general form of partial least squares [29]. CCA
relies on a linear transformation of both d f and h f such
that the components in such transformation are maximally
correlated, or in terms of notation:

dc = d f AT and hc = h f BT (13)

where A and B are obtained as solution of:

max
A,B

A�DH BT

√
A�DD AT

√
B�HH BT

(14)

with

D =

⎡
⎢⎢⎣

d f
1
...

d f
N

⎤
⎥⎥⎦

T

,H =

⎡
⎢⎢⎣

h f
1
...

h f
N

⎤
⎥⎥⎦

T

�DH = cov (D, H) ; �DD = cov (D, D) ; �HH = cov (H, H)

(15)

[Credit: J. Caers, L. Li]
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Priors

Statement of model parameterization and prior uncertainty

Parameter Name Parameter code
Amount

of parameters
Type of uncertainty Established from Fields of science

Local model lithology ma 1 Scenario
Geophysics

wells

geophysics, 
petrophysics, 
geostatistics

Regional and local
permeability

Kh 22 Log-normal pdfs
Head data
Well data

hydrogeology

pressure boundary 
conditions

ch 5 Uniform Experience
hydrology

engineering

River flows and 
conductance

riv 8

Conductance:
log-normal

Experience
from previous

studies
River science

DEM: uniform

Drain conductance drn 8

Conductance:
log-normal

Experience
from previous

studies
hydrology

DEM: uniform

Aquifer Recharge rch 1 Trapezoidal
Base-flow 
estimates

hydrology, 
meteorology, 

climate science

Prior distributions for the model data. [Credit: J. Caers]
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Plan

1 Context and Challenges
Model-Space Inversion
Data-Space Inversion

2 Worked Examples
Deterministic Inversion
Bayesian Inversion

3 Conclusions
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Deterministic Inversion: Problem Formulation

Our toy problem is the estimation of an unknown (or
badly known) coe�icient, m, in an elliptic partial
di�erential equation.

LetΩ ⊂ Rn, n ∈ {1, 2, 3} be an open, bounded
domain, and consider the following inverse
problem:

min
m

J(m) :=
1
2

∫
Ω

(u − ud)
2 dx +

γ

2

∫
Ω

|∇m|2 dx, (1)

where u is the solution of a Poisson, boundary-value
problem,

−∇ · (exp(m)∇u) = f inΩ,

u = 0 on ∂Ω.
(2)

m ∈Mad := {m ∈
H1(Ω)

⋂
L∞(Ω)} the unknown

coe�icient field,

ud denotes (possibly noisy) data,

f ∈ H−1(Ω) a given force, and

γ ≥ 0 the regularization parameter.

Note

This is a protoypical problem se�ing,
and can be extended to a large
number of other pde’s, contexts and
problems - see [1].
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min
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u = 0 on ∂Ω.
(2)

m ∈Mad := {m ∈
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⋂
L∞(Ω)} the unknown
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ud denotes (possibly noisy) data,

f ∈ H−1(Ω) a given force, and

γ ≥ 0 the regularization parameter.

Note
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and can be extended to a large
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DIP: Numerical Solution
We perform a series of increasingly large simulations to appreciate the
computational cost of direct simulations, and of the deterministic
inversion approach. This could, in principle, be used as “random
di�erential equation” (a di�erential equation with random coe�icients)
approach, where the parameter is peturbed randomly, then for each
perturbation we solve the inverse problem. Finally, we compute statistics
of the ensemble. There are a number of caveats:
I there is no propagation of uncertainty;
I we have no guarantee that the ensemble is representative;
I we require a very large number of simulations to obtain reliable (but, see above 2

points) statistics.

Some advantages of the approach:
I extremely simple and non-intrusive (requires no modification of the direct code);
I can aid falsification (in a Bayesian approach) where we would like to ascertain

whether realizations fall within a given distribution or not.
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DIP: Computational Scaling
We perform a series of deterministic inversions to see how the computational
cost evolves as a function of the problem size. The results (Table 1 and Figure
1) show a cubic (power of 3) exponential growth.

N #dof Time (sec.)
32 1024 0.0277
64 4096 0.0446
128 16384 0.1336
256 65536 0.6138
512 262144 3.6356
1024 1× 106 27.112

N #dof Time (sec.)
32 1024 3.2
64 4096 10.9
128 16384 61.9
256 65536 368.1
512 262144 ≈ 3000

Table: CPU time for deterministic Poisson equation (le�), deterministic inverse problem
(right) - factor of 500X between direct and inverse. [Villa, U. and Petra, N. and Gha�as, O.
hIPPYlib: an Extensible So�ware Framework for Large-scale Deterministic and Bayesian
Inversion. 2016. http://hippylib.github.io]
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DIP: Computational Scaling II

Figure: CPU time as function of problem size: direct (le�), inverse problem (right).
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DIP: Computational Scaling III

Observation
The computational cost for a direct solution scales as O (N2) .The
computational cost for an inverse problem solution is approximately 500×
that for the direct problem, i.e. O (N3) .

All computations performed in Ubuntu/Linux (Virtualbox) on MacBook Pro
with 3.5 GHz Intel Core i7 and 16 GB of memory.
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Bayesian Inversion: Problem Formulation
Definition
A Bayesian Inverse Problem (BIP) is defined as follows:

Given:
I observational data and their uncertainties,
I a (possibly stochastic) forward model that maps model parameters to observations,
I and a prior probability distribution on model parameters that encodes any prior

knowledge or assumptions about the parameters.

Find:
the posterior probability distribution of the parameters conditioned on
the observational data.
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A Bayesian Inverse Problem (BIP) is defined as follows:

Given:
I observational data and their uncertainties,
I a (possibly stochastic) forward model that maps model parameters to observations,
I and a prior probability distribution on model parameters that encodes any prior

knowledge or assumptions about the parameters.

BIP
This probability density function (pdf) is defined as the Bayesian solution of
the inverse problem. The posterior distribution assigns to any candidate set of
parameter fields our belief (expressed as a probability) that a member of this
candidate set is the “true” parameter field that gave rise to the observed data.
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Inverse Permeability Problem
Determining the permeability of an unknown medium (subsurface rock,
ba�ery cell, etc.) is enormously important in a range of di�erent
applications. Among these applications are:
I the prediction of transport of radioactive waste from underground waste repositories,
I the forecast of geothermal production,
I the optimization of oil recovery from underground fields,
I the electrochemical behaviour of ba�ery cells.

Darcy’s law is an excellent model of the pressure field as a function of the
permeability,

−∇ · (k∇p) = 0, x ∈ D,

p = h, x ∈ ∂D.

The inverse problem is: find the permeability k from observations of the
pressure at points in the interior of D.
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BIP: Theoretical Result
A. Stuart’s formulation of the BIP [4]. A stochastic inverse problem
formulation for Darcy flow (and other pde’s...) is:

Consider Darcy flow with (log) permeability u ∈ X = L∞(D)

−∇ · (exp(u)∇p) = 0, x ∈ D (3)
u = g, x ∈ ∂D

Find u ∈ X , given noisy observations

yj = p(xj) + ηj, (4)

where η ∼ N (0, Γ) and the prior, µ0 is a Gaussian measure on u
Abstractly the inverse problem is: for G : X 7→ Y = RJ, find u given noisy
measurements,

y = G(u) + η, noise. (5)

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 38 / 50



BIP: Existence Theorem (well-posedness)

Theorem (A. Stuart)
Consider the Bayesian Inverse Problem (BIP) for u(x) = ln k(x) subject to
observations of the form (4) where p solves the flow equation (3). Suppose that
we have a prior measure µ0 = N (0, β), then µy(du) = P (du | y) is absolutely
continuous with respect to µ0, with Radon-Nikodym derivative

dµy

dµ0
(u) ∝ exp

(
−

1
2
|y − G(u)|2Γ

)
with G given by (5). The expression dµy/dµ0 is precisely the posterior
probability density function expressed in terms of measures.
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BIP: Explore Posterior by Rejection Sampling

Objective: generate a set of samples of the model m that are distributed
according to the posterior σ(m) ∝ π(m)L(m) - we do not a�empt to
compute σ explicitly!
Algorithm [Ripley, 1987] in Bayesian context:

for i = 1 : N
sample m from its prior π(m)
sample ξ from U [0, 1]
compute likelihood L(m)
if ξ ≤ L(m)/SL, where SL = sup L

accept m
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BIP: Numerical Solution by Rejection Sampling

Figure: Rejection sampling example

But, the curse of dimensionality is fatal here... and leads to very low
acceptance rates ≈

(
σg/σf

)−d . If, σg/σf = 1.01 in dimension d = 1000, then
acceptance rate is 1/20000.
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BIP: Numerical Solution by MCMC and RMAP

N #dof Time (sec.)
32 1024 19.3
64 4096 63.1
128 16384 317.0
256 65536 1865.8

Table: CPU times for MAP solution of Bayesian inverse problem

Method used here [Gha�as, et al] is state-of-the-art, scalable, adjoint-based
algorithm, based on a stochastic Newton MCMC method with MAP-based
Hessian.
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BIP: Computational Scaling

Comparison of CPU times for forward and inverse problems.

Remark: Cost of BIP is 5-50X DIP, which is 2 500-25 000X the direct problem
(depending on the required posterior statistics).
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Plan

1 Context and Challenges
Model-Space Inversion
Data-Space Inversion

2 Worked Examples
Deterministic Inversion
Bayesian Inversion

3 Conclusions

Mark Asch (Total and UPJV) DA & IP in a Data-Rich World IPAM, UCLA - Sep’24-28th, 2018. 44 / 50



Some Open Research �estions

How to take into account model error (insu�icient numerical precision,
incorrect assumptions of the physical model, simplifications in the
simulator) ?
How to deal with inconsistent priors: the major challenge is the
specification of the prior and evaluating its consistency with the observed
data?
How to e�iciently perform high-dimensional regression?
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Thoughts and Conclusions

Inverse problems are tough.
UQ is even tougher.
Tough problems require creative approaches and solutions.
Data is everywhere, but needs to be correctly “constrained” by the
models.
Intelligent “blending” of model- and data-space inversion techniques can
provide excellent results.
But, when we have lots of parameters thanks to sophisticated
instrumentation (there are many examples of this), a causality approach
would seem to be indicated.
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Plan

4 Appendix
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Backup: gPC & Stochastic Galerkin
The implementation of gPC involves the following seven steps.

(I) Identify the sources of uncertainty in the model in question.
(II) Choose independent random variables with appropriate PDFs to
represent these sources of uncertainty
(III) Construct a generalised Polynomial Basis.
(IV) Use this basis to construct a gPC expansion of the sources of
uncertainty - initial conditions, parameters etc.
(V) Substitute the gPC expansions into the governing equations.
(VI) Perform a Galerkin projection to transform the stochastic equation
into a set of coupled deterministic equations.
(VII) Solve the resulting system of equations with appropriate numerical
methods.
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Backup: Functional Data Analysis

point 1
point 2
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