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Hamiltonian and one would have to resort to a variety of
approximation methods to obtain the aperture. Periodi-
cally driven systems are a class of time-dependent Hamil-
tonian systems for which an e↵ective time-independent
Hamiltonian (and consequently the aperture) can be ob-
tained by an exact analytical formalism known as the
Floquet formalism. The Floquet formalism is best under-
stood for quantum systems. Thus in the spirit of ref.[8],
we first obtain the e↵ective Hamiltonian for the quantum
version of the Hamiltonian given by Eq.(1) and then take
the classical limit. The Floquet formalism involves calcu-
lating the evolution operator after n periods U(nt) which
is given by :

U(nT ) = T
Z nT

0
exp(�iH(t)/~) = U(T )n (4)

Thus, the evolution operator for 1 period is defined by :

U(T ) = T
Z T

0
exp(�iH(t)) = exp(�iHe↵T/~) (5)

where He↵ is the e↵ective Hamiltonian. For the Hamil-
tonian in Eq.(1), this equation is particularly simple and
we obtain :

U(T ) = exp(�i
Kx3

6~ ) exp(
p2

2
+

!2x2

2
⌧) (6)

The e↵ective Hamiltonian is then given by :

He↵ = i~ log(exp(�i
Kx3

6~ ) exp(
p2

2
+

!2x2

2
⌧) (7)

Now employing the Baker-Campbell-Hausdor↵ expan-
sion and performing the quantum-classical correspon-
dence as shown in ref.[9] , we obtain the e↵ective Hamil-
tonian (up to the second order):

He↵ =
K2m⌧x4 � 2Kx

�
m2x2

�
⌧2!2 � 4

�
� 6mp⌧x� 2p2⌧2

�
+ 24m⌧

�
m2x2!2 + p2

�
48m2⌧

+O(⌧3) (8)

Examples of the aperture that we obtain for di↵erent
parameters is shown in Fig.1

(a) (b)

FIG. 1: A plot of the dynamic aperture (the thick black
line) and the dynamics generated by the map. (a)

Parameters used here are ⌧ = 0.1,K = 0.6,! = 0.96,
(b) Parameters used here are ⌧ = 1,K = 0.6,! = 0.96.

IV. NOISE

An important question to ask in several contexts is the
e↵ect of noise on the dynamics. Noise in accelerators, for
example, is given by photon shot noise and is a conse-

quence of the quantum mechanical nature of radiation
emission from charged particles. For time-independent
Hamiltonian dynamics, the answer is well known at least
since Kramer, who used the flux-over-population method
to calculate the escape rate of particles both in the
strong and weak damping regime. There has been some
work on the escape rate for maps in the strong damp-
ing regime[10]. The noise, whatever it’s form, cannot be
directly added to the e↵ective Hamiltonian that we cal-
culate in the previous section and must instead be added
to the original dynamics. For every time period, before
the kick, the equations of motion then are

ẋ = p, (9)

ṗ = �!2x� �p+ ⇠(t), (10)

We take the noise ⇠(t) to be delta-correlated Gaus-
sian noise specified by its two-point function ⇠(t)⇠(t0) =
2�T �(t�t0). This assumption of Langevin noise has been
used earlier to model systems [11, 12] but see [13] for
more a more realistic treatment of the noise. There is
no problem in principle in including multiplicative noise.
Integrating the equations of motion over one time period
and adding the kick gives the noisy map
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Hamiltonian and one would have to resort to a variety of
approximation methods to obtain the aperture. Periodi-
cally driven systems are a class of time-dependent Hamil-
tonian systems for which an e↵ective time-independent
Hamiltonian (and consequently the aperture) can be ob-
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IV. NOISE

An important question to ask in several contexts is the
e↵ect of noise on the dynamics. Noise in accelerators, for
example, is given by photon shot noise and is a conse-

quence of the quantum mechanical nature of radiation
emission from charged particles. For time-independent
Hamiltonian dynamics, the answer is well known at least
since Kramer, who used the flux-over-population method
to calculate the escape rate of particles both in the
strong and weak damping regime. There has been some
work on the escape rate for maps in the strong damp-
ing regime[10]. The noise, whatever it’s form, cannot be
directly added to the e↵ective Hamiltonian that we cal-
culate in the previous section and must instead be added
to the original dynamics. For every time period, before
the kick, the equations of motion then are

ẋ = p, (9)

ṗ = �!2x� �p+ ⇠(t), (10)

We take the noise ⇠(t) to be delta-correlated Gaus-
sian noise specified by its two-point function ⇠(t)⇠(t0) =
2�T �(t�t0). This assumption of Langevin noise has been
used earlier to model systems [11, 12] but see [13] for
more a more realistic treatment of the noise. There is
no problem in principle in including multiplicative noise.
Integrating the equations of motion over one time period
and adding the kick gives the noisy map

Chaos,	KAM,	and	all	that	
Single	parQcle	dynamics	

Time	dependent	Hamiltonian	H(t)	
Liouville’s	theorem:	
• 	Volume-preserving	6D	Poincare	
map					{x,	px,	y,	py,	z,	pz}	
• 	Emi.ance	~	phase-space	volume	
of	bunch	distribuQon	

{x,	px}	area	preserving	map.	Black	curve	is	
dynamic	aperture	for	2nd	BCH	Floquet	Heff.	Heff	

ignores	chaos.	
(Archishman	Raju,	Sayan	Choudhury)	

• 	KAM	tori	for	irraQonal	winding	
numbers	(raQos	of	‘betatron	tunes’)	
• 	ChaoQc	regions	at	raQonal	
‘resonances’	
• 	Dynamic	aperture	=	stability	
boundary.	

Ignore	interac'ons	between	par'cles	
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Analogy	with	planetary	mo'on	
Single	parQcle	dynamics	

• 	Solved	by	Kolmogorov,	Arnol’d	and	Moser	(KAM)	for	
nearly	integrable	systems	(small	masses/nonlineariQes)	
• 	Proved,	for	sufficiently	irraQonal	winding	numbers,	that	
tori	were	preserved	
• 	Solved	‘small	denominator’	problem	with	
superconvergent	Newton’s	method	plus	smoothing	
• 	Tori	do	not	parQQon	phase	space	for	high	dimensions:	
Arnol’d	diffusion	expected	to	connect	all	chaoQc	regions	
• 	Dynamical	aperture	is	probably	the	complement	of	an	
open	dense	set	of	ra;onal	chao;c	regions	

Why	has	the	Earth	not	lef	
the	Solar	System?		

The	three-body	problem.	

Billions	of	years	=	Billions	of	orbits		

Can	we	mathema'cally	
jus'fy	accelerator	
physicist’s	simpler	

picture?	Can	we	formalize	
ignoring	the	chaos?	



Avoiding	chaos	
Single	parQcle	dynamics	

The greatest advantage of the TBA lattice is that the 
emittance can be maintained to a constant value while the 
cell tune is varied over a large range. This is shown in 
Figure (2) where the cell tune is varied while holding the 
emittance fixed to 1.46 nm. 

 

 
Figure (1) Lattice functions for 24 period lattice with 

1.46 , ( , ) (1.562,0.560) / .x x ynm cellε ν ν= =  

 
Figure (2) Working point diagram, showing cell tune 

flexibility for the TBA lattice, with emittance of 1.46 nm. 

DYNAMIC APERTURE OPTIMIZATION 
Most light sources have had to deal with the reduced 

DA from the strong sextupoles necessary for tuning linear 
chromaticity. Early efforts have added harmonic 
sextupoles to reduce effects of leading order systematic 
resonances and tune shifts with amplitude introduced by 
the chromatic sextupoles. This approach was based on 
harmonic analysis of the Hamiltonian using 1st and 2nd 
order perturbation theory for the slowly varying terms [3].  
As the push for lower emittance drove sextupoles even 
stronger, the shortcomings of the resonance approach 
have become apparent.  

Alternatively, a more comprehensive approach has 
based on the Lie series representation of the one-turn 
map, with the generator a power series in the multipole 
strength [4]. This approach provided a method for 
controlling the non-linear lattice properties for the SLS 
lattice, which yielded a robust DA sufficient for injection 
and operation [5]. The requirements for NSLS-II are 
pushing the non-linear properties of the lattice to a level 
where this is no longer sufficient.  While the DA with 4-
chromatic and 3-geometric sextupole families optimized 
with this procedure [4, 6], gave adequate results for an 
ideal lattice, it proved insufficient when engineering 
tolerances were included. This can be seen from the large 
non-linear tune shift with amplitude, J, shown in Figure 
(3), which will excite non-structure resonances. To 
address this, the analytical method has been extended [7]. 

 
Figure (3) The betatron tunes Qx (left) and Qy (right) 

vs amplitude, 2x Jε = , for 3 coupling ratios (0, 10, 
100%) for the basic 24 period lattice with a 2nd order 
optimization using 7 sextupole families. 

WORKING POINT SEARCH WITH 
HIGHER ORDER OPTIMIZATION 

 
The one-turn mapM , can be expressed as [8]: 

1 : : ( )he− ⎡ ⎤= ∆⎣ ⎦oM A R R A                  (2) 

where :h: = :h3 + h4 +… h8:  the generator expansion for 
the nonlinear fields , R  is the linear tune operator with 
∆R a small tune shift operator and  A is a linear 
canonical transformation to normalized phase space.  
Previous attempts tried to minimize the driving terms up 
h4 or 2nd order in the multipole strength (bn) was done by 
adding geometric sextupoles with appropriate phase and 
strength in the lattice [9].  This attempt to optimize the 

DA used a cell tune close to ,
7 3,
4 4x yν ≈  to cancel the 2nd 

order sextupole driving terms over 4 cells.  This works in 
principle for non-interleaved sextupoles but isn’t a clear 
advantage once strong interleaved sextupoles are 
introduced.  

4/3	 3/2	 5/3	

1/
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2/
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3	

1)	Avoiding	raQonal	winding	
numbers	(Tune	plot)	

Qy	

Qx	
2)	Tuning	sextupoles	to	cancel	low	
order	resonances,	or	(IOTA)	generate	
‘integrable	accelerator’		

OperaQng	
points	 3)	Dynamic	

aperture	for	
higher	dimensions	
is	quite	compact.	
ParQcle	loss,	
emiJance	growth	
mostly	when	
resonances	
‘overlap’.	

Can	we	tune	nonlinear	map	to	cancel	
all	resonances	(perhaps	in	a	region)?	
C∞	integrability?	Fourier,	Lie	operator	

normal	forms,	BCH?	

4D	map,	single	effec've	H	

y	

x	

x	

px	
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where S =
H
ds. Even though an exact analytical ex-

pression for DEE(x, p) is easy to calculate given using
standard computer-algebra software, these integrals have
to be typically evaluated numerically. Having averaged
over the fast variable, we can now make a stochastic dif-
ferential equation using the prescription

dE

dt
= DE(E) + ⇠E(t) (25)

where h⇠E(t)⇠E(t0)i = 2DEE(E)�(t�t0). We now go from
a Langevin equation to a Fokker-Planck equation in the
usual way.

@⇢

@t
=

@

@E
⇢DE +

@

@E
⇢DEE (26)

The flux-over population method involves solving the
above equations with a constant steady state current and
dividing by the density to find the escape rate[14]. That
is, we want to solve the di↵erential equation

DE(E)⇢+
@

@E
(DEE⇢) = J, (27)

DE +D0
EE

DEE
⇢+

@⇢

@E
=

J

DEE
, (28)

Define

v(E) =

Z
DE +D0

EE

DEE
dE, (29)

=

Z
DE

DEE
dE + logDEE (30)

Then it can be checked that the solution is

⇢(E) = e�v(E)

Z
ev(E)

DEE
JdE (31)

And hence, the escape rate k is given by

k�1 =

Z Eb

0

e�
R DE

DEE

DEE
dE

Z E

0
e
R DE

DEE dE0 (32)

Estimating the value of the integral by its value at the
boundaries gives us a first approximation to k (which is
valid for Eb � T ). Doing this requires us to evaluate the
integral

R
DE
DEE

dE. The drift coe�cient has two parts,
one which is independent of T and one which depends
linearly on T . Hence, the integral has a part which de-
pends on T and contributes to the exponent. This is well
behaved everywhere. The other part contributes to the
pre-factor and has a singularity at E = 0 because the
di↵usion coe�cient vanishes there. Hence estimating the

escape rate requires one to find the finite limit e
�

R DE
DEE

DEE

converges to at 0 which was done numerically. In general,
this means the escape rate has the form

k =
a0�

T
e�f(Eb)/T (33)

FIG. 2: Because of the form of the rate given in
Equation 33, we can plot log(Trate) vs 1/T to get a

straight line. We again see that the analytical
approximation given in blue does well at low

temperatures. Error bars are drawn from Poisson
statistics.

FIG. 3: An energy histogram of the particles which do
not escape compared with the theoretical equilibrium
distribution shows that resonances do not seem to be

important in describing the dynamics for the parameter
values used in the simulation which are

⌧ = 0.1,K = 0.6,! = 0.96, � = 0.005, T = 0.0009.

where a0 is a pre-factor and f(Eb) is some function of the
barrier. Both of these are independent of the damping
and the temperature.
We note that the escape rate calculation is independent

of the perturbation theory used to generate the Hamil-
tonian. In particular, for cases where the perturbation
theory fails (in this case for !⌧ ⇠ 1), we can still gen-
erate e↵ective Hamiltonians by simply fitting a fourth
order polynomial to trajectories generated by the map.
The fit is generated by minimizing the variation of the
Hamiltonian over the trajectories. We show a compari-
son of the prediction of the escape rate with numerical
result in Figure 4.

VI. CONCLUSION

We have here calculated the aperture and escape rate
of a harmonic map with a nonlinear kick. Our method
is expected to work for systems without dangerous reso-

Adding	noise:	sta's'cal	mechanics	
Single	parQcle	dynamics	

Higher	dimensions	(Rubin)	
	‘Integrable’	approximaQon	

	Separate	temperatures	for	x,	y,	z	
		(correct	for	integrable	H	plus	noise,	

			one	temperature	for	each	
conserved	integral)	

5

FIG. 4: We compare our analytical prediction with
numerical results for the case where the perturbation

theory fails (⌧ = 1). Whereas, the e↵ective Hamiltonian
generated as above (green line) naturally fails to

capture the escape rate, we show that one can simply fit
a fourth order polynomial to the trajectory and get a

good estimate of the escape rate (blue line).

nances and weak damping. There are several situations
in which the above method will not work in its entirety
but we still expect parts of it to work pretty well. There
is the possibility of having a map with an exact invari-
ant. Finding the di↵usion constant of the invariant still

requires us to have a measure on phase space to aver-
age over the fast coordinate. The e↵ective Hamiltonian
procedure naturally gives this measure. In fact, the pro-
cedure works pretty well for a recent map that appeared
in the literature and has possible applications to real ac-
celerators at least in certain parameter regimes [15, 16].
Alternatively, one could do the averaging numerically.
For maps in higher dimension, the above procedure to

find an e↵ective Hamiltonian will still work. In d dimen-
sions, a procedure exists to generate d invariants from an
e↵ective Hamiltonian. In this case, one expects a d di-
mensional di↵usion equation and finding the escape rate
requires transition state theory[14]. In cases where the
perturbation theory fails, there is a growing literature on
non-perturbative methods to find approximate Hamilto-
nians and d di↵erent invariants by fitting polynomials or
Fourier coe�cients of generating functions to trajectories
[17–19]. Higher dimensions have an additional complica-
tion that they also have the possibility of Arnol’d di↵u-
sion. Several recent methods exist to try and estimate
the time scale of Arnol’d di↵usion which often utilize the
same invariants [20]. Alternatively, this time scale could
be estimated by more direct methods [21]. It would be
interesting to examine the competition between the two
time scales of ordinary and Arnol’d di↵usion in di↵erent
parts of phase space giving a much more comprehensive
picture of the escape process.
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Chemical	reacQons	
	

Thermal	noise	
Mean-square	vibraQons	

ReacQon	rate	

Accelerator	bunch	
	

X-ray	photon	noise	
EmiJance	
Loss	rate	

Emi<ance	
Loss	rate	

{x,	px}	map	
effecQve	H	

How	does	the	distribu'on	evolve	in	the	
limit	of	weak	nonlinearity	(Arnol’d	

diffusion)	and	weak	noise?	Asympto'cs	
for	emi<ances	and	loss	rates.	
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One	bunch:	Con'nuum	interac'ons	
ParQcle	interacQons	inside	a	bunch	

Coulomb	interacQons	suppressed	by	relaQvity	

Up	to	and	around	N~1010	parQcles	in	a	bunch.		
ConQnuum	limit	(spacing	<<	Debye	length	<<	packet	size)?	
Integro-differenQal	PDEs,	conQnuing	algorithmic	challenges	

Jared	Maxson,	Bob	Meller	
(not	me)	

Lab	frame	
Lorentz	
contracQon	

Bunch	frame	

Space	charge:	
‘average’	
Coulomb	
repulsion	

6N-D	emiJance	conserved	
6D	emiJance	retrievable,	
if	bunch	stays	ellipQcal	

t

PracQcal	emiJance	=	Δx	Δpx	Δy	Δpy	
grows	under	space	charge,	other		
bunch-warping	effects	

• 	Intra-beam	scaJering	
(IBS,	diffusion)	
• 	Intra-bunch	instabiliQes	
(head-tail,	microwave,	…)	



One	bunch:	Discreteness	effects	
ParQcle	interacQons	inside	a	bunch	

Binary	collisions	cause	parQcle	loss,	increase	emiJance	

Jared	Maxson,	Jamie	Rosenzweig		
(not	me)	

Large	angle	scaJering	(vs.	IBS)	
‘Touschek	effect’:	parQcle	loss	

‘Disorder-induced	heaQng’:	emiJance	growth	

+Momentum

Can	one	prove	
convergence	to	large-N	
limit	[con'nuum	+	
binary	collisions]?	
Homogeniza'on?	

Analogy	to	random	walk	
[CLT	+	extreme	value	

sta's'cs]	

Also	microbunching	
(longitudinal	space	
charge	instability)	



Linear	stability	theory	
Bunch	train	dynamics	

Richard	Rand,	Bob	Meller	
(not	me)	

• 	Bunches	lose	energy	via	X-ray	radiaQon	as	they	bend	(especially	electrons	in	rings).	
• 	Bunches	gain	energy	in	resonant	caviQes.	
Linear	mul'-bunch	stability	theory,	bunch	ç		environment.	(Nonlinear	stability	too…)	
• 	RadiaQon	from	one	bunch	interacts	with	other	bunches		
   è	Wake	field	instabiliQes	
• 	Walls,	‘Higher-order’	resonances	in	resonant	caviQes	excited	by	bunches		
   è		Beam	breakup	instability,	resisQve	wall	instability	
• 	‘Plasma’	scaJering	from	free	electrons	and	residual	gas	ions		
   è	Fast	ion	instability,	…	
• 	Time-delayed	interacQon	via	radiaQon,	resonances,	residual	gas		
   è	Integro-differenQal	delay	equaQons	

è	



Pseudospectra	
Bunch	train	dynamics	

Nick	Trefethen,	HoffstaeJer	
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Hamiltonian and one would have to resort to a variety of
approximation methods to obtain the aperture. Periodi-
cally driven systems are a class of time-dependent Hamil-
tonian systems for which an e↵ective time-independent
Hamiltonian (and consequently the aperture) can be ob-
tained by an exact analytical formalism known as the
Floquet formalism. The Floquet formalism is best under-
stood for quantum systems. Thus in the spirit of ref.[8],
we first obtain the e↵ective Hamiltonian for the quantum
version of the Hamiltonian given by Eq.(1) and then take
the classical limit. The Floquet formalism involves calcu-
lating the evolution operator after n periods U(nt) which
is given by :

U(nT ) = T
Z nT

0
exp(�iH(t)/~) = U(T )n (4)

Thus, the evolution operator for 1 period is defined by :

U(T ) = T
Z T

0
exp(�iH(t)) = exp(�iHe↵T/~) (5)

where He↵ is the e↵ective Hamiltonian. For the Hamil-
tonian in Eq.(1), this equation is particularly simple and
we obtain :

U(T ) = exp(�i
Kx3

6~ ) exp(
p2

2
+

!2x2

2
⌧) (6)

The e↵ective Hamiltonian is then given by :

He↵ = i~ log(exp(�i
Kx3

6~ ) exp(
p2

2
+

!2x2

2
⌧) (7)

Now employing the Baker-Campbell-Hausdor↵ expan-
sion and performing the quantum-classical correspon-
dence as shown in ref.[9] , we obtain the e↵ective Hamil-
tonian (up to the second order):

He↵ =
K2m⌧x4 � 2Kx

�
m2x2

�
⌧2!2 � 4

�
� 6mp⌧x� 2p2⌧2

�
+ 24m⌧

�
m2x2!2 + p2

�
48m2⌧

+O(⌧3) (8)

Examples of the aperture that we obtain for di↵erent
parameters is shown in Fig.1

(a) (b)

FIG. 1: A plot of the dynamic aperture (the thick black
line) and the dynamics generated by the map. (a)

Parameters used here are ⌧ = 0.1,K = 0.6,! = 0.96,
(b) Parameters used here are ⌧ = 1,K = 0.6,! = 0.96.

IV. NOISE

An important question to ask in several contexts is the
e↵ect of noise on the dynamics. Noise in accelerators, for
example, is given by photon shot noise and is a conse-

quence of the quantum mechanical nature of radiation
emission from charged particles. For time-independent
Hamiltonian dynamics, the answer is well known at least
since Kramer, who used the flux-over-population method
to calculate the escape rate of particles both in the
strong and weak damping regime. There has been some
work on the escape rate for maps in the strong damp-
ing regime[10]. The noise, whatever it’s form, cannot be
directly added to the e↵ective Hamiltonian that we cal-
culate in the previous section and must instead be added
to the original dynamics. For every time period, before
the kick, the equations of motion then are

ẋ = p, (9)

ṗ = �!2x� �p+ ⇠(t), (10)

We take the noise ⇠(t) to be delta-correlated Gaus-
sian noise specified by its two-point function ⇠(t)⇠(t0) =
2�T �(t�t0). This assumption of Langevin noise has been
used earlier to model systems [11, 12] but see [13] for
more a more realistic treatment of the noise. There is
no problem in principle in including multiplicative noise.
Integrating the equations of motion over one time period
and adding the kick gives the noisy map

Mathema'cal	ques'ons	about	
par'cle	beam	dynamics	

Does	nonlinear	map	tuned	to	cancel	all	
resonances	converge	to	effec've	

integrable	system,	jus'fying	the	simple	
dynamic	aperture	&	3	temperature	
models?	Adding	noise	and	Arnol’d	
diffusion,	can	we	derive	asympto'cs	

for	emi<ance	and	loss	rate?	

Can	one	derive	large-N	
limit	of	interac'ng	
Coulomb	par'cles,	
effec've	for	both	

con'nuum	and	par'cle-
level	effects?	

Is	linear	stability	theory	safe?	
Pseudospectral	tests	for	blowup	
due	to	non-normal	eigenvectors	

Single	par'cle	
dynamics	 Par'cle	

interac'ons	

Bunch	
interac'ons	



Sloppy	models	and	mul'parameter	
emi<ance	op'miza'on	
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theory,	&	renormaliza<on	group	
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CMB	spectra	of	
space	of	all	
universes	
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Searching	s<ff	direc<ons	of	energy	(aPer	
regular	tuning	protocol)	leads	to	rapid	
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