Volume-Preserving
VS
Symplectic Dynamics
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Hamiltonian Flow is Symplectic

» Hamiltonian Dynamics: e ( OI é )
p = JVH
Bl
dilasiadiO

+ Flow ¢ onz = (q,p)




Symplectic Maps

- Amap f(x,y) —(xy) 1s symplectic 1f

* Standard (Chirikov-Froeschl¢) fory on T”XR”




Symplectic Shears

v =2+ Qy') mod 1

T s
DfTIDf =J S =y 4 Fa)

» The Chirikov-Froeshl¢ form 1s a composition of “shears”

f(xay) =85 0 Sy(xay)
Se(2,y) = (= + Q(y), )
Sy(ib,y) 5 (iIZ,y S F(:E))




Volume-Preserving Maps

- Amap f(x,y) — (x’y") 1s volume preserving 1f

det(Df) =1 ‘T actions
/

» Standard (angle-action) form on T x R™
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Why Volume-Preserving”

- Mixing (stirring) in incompressible fluids V-0 =0

Chaotic advection of dye & = v(x, 1)

-+ Magnetic fields V-B =0

stellerators, solar flares, Earth’s magnetotail



Curl Forces

+ Berry & Shukla note that odes on R* x R?of the form
T =1y

Gt W eR

arise 1n dynamics of polarizable particles 1n a polarized
electric field E(z,y, 2) = e***¢(z, y)é,
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Volume-Preserving Maps

- Examples:
Chirikov’s Standard map (1,1) (z',y") = (x + v,y — esin(2mx))
Froeschlé map (2,2) (513/, y’) = ($ I y’, o 8VV(£E))

- Two Angle—One Action Normal form (Rank-One Resonance)







-requency Map @

Tor1 exist only where
“true” frequency map
Crosses incommensurate
frequency vectors

To fix frequency: add a
parameter:

Q(y,0) — (1, ®2)

Qy, 8) = (y+ v, By — 9)




Volume-Preserving KAM

- Xia & Cheng/Sun: For one-action case: A Cantor set of
codimension-one, Diophantine (¢ > 0, s > 2)
p-w—ql>— pEL™0,q€EZ

p|°

tor1 persist in smooth, volume-preserving families, 1if €2
satisfies a non-degeneracy (twist) condition

pnl DS DOl DEDIE—y

1.e., Kolmogorov nondegeneracy.

Cheng, C.-Q. and Y.-S. Sun (1989). “Invariant tori in 3D measure-preserving mappings.”
Celest. Mech. 47(3): 275-292.

Xia, Z. (1992). “Existence of invariant tori in volume-preserving diffeomorphisms.”
Erg. Th. Dyn. Sys. 12(3): 621-631.

Blass, T. and de la Llave, R. (20167) KAM theory for volume-preserving maps



lorl act as Barriers

Many rotational tor1 Only one rotational torus
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e =0.005 c=0.02725
B=2,5=0.1,y=%(1+5)



Computing Tori: Parameterization

Fak(8)) = k(B + wy—""4l

Auxiliary
Parameters




Newton lteration

Given an approximate solution, (k,A):
fa(k(0)) — k(0 4+ w) = e(6)

O\ pereren

Compute correction (A, C):

k(0) — k(0) + A(0)
A— A+




Spectral Method
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Destruction = Transport
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Meiss, J. D. (2012). “The Destruction of Tori in Volume-Preserving
Maps.” Comm. Nonl. Sci and Num. Sim. 17: 2108-2121.




Transport




Nekhoroshev [heory

 Near integrable Symplectic Map (e << 1)

' =x+VS(y') mod1
y =y —eVV(x)

S, V analytic, S convex (though steep is sufficient)

-+ the actions do not drift far in exponentially long times:




IS there
Nekhoroshev for Volume-

et fLt¢ L B .. . ¥ -" L / & 0 - e d M/ i .lu y » : ] - e 1 ~~.
T e B A J V2 f B - Y | g v o S : f o, o R Rar- ol
: L - ! "'t' '.llu _‘:c?__,?') N o :




Near-Integrable 4D Map

' =x+4+vy mod]l
/
y =y+ F(z)

- Froeschlé-like forces

e o in Wi es in(@ais s )
M= ( bsin(2wx2) + csin(2w(x1 + x2 + @)) >

¢ = 0: Symplectic since F=-VV
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Resonance Web

Resonances
R={weR":m -w=n,(m,n) €2\ {0}}

For a resonance, the rank 1s the
dimension of the module

Ge—lunscyZhadnaiiscl 7

In Action space, resonances
occur at

m-Q(y) = n

Nonlinearity “fattens resonances







Fast Lyapunov Indicator

- Iterate arbitrarily chosen 1nitial deviation vy

Compute the supremum up to time 7

FLI = sup (log | D f*(x0)vo]|)
sl










Resonance Web

- Near resonance
y=y +0y m-y =n
F(LE) == FR(mat) —I—FNR(CIZ) mezZ"
Note: m orthogonal to resonance channel

- Resonant Phase and action
A== p N
e == = o)
J) =my -0y




.. Resonance Web

JR:m-5y
J||=mL-5y

- Transform away nonresonant forces g

vovint i N e
Jp=Jr+m-Fr(y) !
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Resonance Web

- But for a Volume-Preserving map, J; can be driven!

Y =Y +n+Jg
Jy=Jy+my - Fr(y)
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Drifting Orbits



Symplectic:  (a,b,c¢,d) = (0,0.1,0.07,0.0001)
T=10°

0.4

N 0.35 8

0.25
-0.45

Symplectic Map m = (1,1) resonance 0,0.5) slice
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Symplectic:  (a,b,c,d) =(0,0.1,0.07,0.0001)
T=10°
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Zooming Out!
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Symplectic Map m = (1,1) resonance x = (0,0.5) slice



Volume-preserving, (a,b,c,d)=(0,0.1,0.07,0.0001), phases =(0.5,0)

T=10°
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Volume-Preserving Map m = (1,1) resonance x = (0,0.5) slice



Zooming Out!

Volume-preserving, (a,b,c,d)=(0,0.1,0.07,0.0001), phases =(0.5,0)

Volume-Preserving Map m = (1,1) resonance



Zooming Way Out!

Volume-preserving, (a,b,c,d)=(0,0.1,0.07,0.0001), phases =(0.5,0)
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Volume-Preserving Map m = (1,1) resonance x = (0,0.5) slice
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Crossing Resonances



Volume-Preserving Map

e '..-.Q&M-«-r—m’i‘r‘_: B R - ¥ Rl T 8, 4 ,Jm.-éﬁ. A

(a,b,c,d) =0.0,0.1,0.07, 0.0001, ¢ = (0, 0..5)



More about VP Maps

+ Dullin, H. R. and J. D. Meiss (2009). “Quadratic Volume-Preserving Maps:
Invariant Circles and Bifurcations.” SIAM J. Appl. Dyn. Sys. 8(1): 76-128.

- Lomeli, H. E. and J. D. Meiss (2009). “Generating Forms for Exact Volume-
Preserving Maps.” Disc. Cont. Dyn. Sys. Series S 2(2): 361-377.

+ Dullin, H. R. and J. D. Meiss (2012). “Resonances and Twist in Volume-Preserving
Mappings.” SIAM J. Appl. Dyn. Sys. 11: 319-349.

« Meiss, J. D. (2012). “The Destruction of Tor1 in Volume-Preserving Maps.” Comm.
Nonlinear Sci. Numer. Simulat. 17: 2108-2121.

+ Fox, A. M. and J. D. Meiss (2013). “Greene's Residue Criterion for the Breakup of
Invariant Tor1 of Volume-Preserving Maps.” Physica D 243(1): 45-63.

+ Meiss, J. D. (2015). “Thirty years of turnstiles and transport.” Chaos 25(9): 097602.

« Fox, A. M. and J. D. Meiss (2016). “Efficient Computation of Invariant Tori in
Volume-Preserving Maps.” SIAM J. Appl. Dyn. Sys. 15(1): 557-579.



