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RAYLEIGH-BENARD CONVECTION - EXPERIMENTS
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How can we characterize the dynamics in a comprehensible manner?




RAYLEIGH-BENARD CONVECTION - NUMERICS

Pr—! (%—? +u- Vu) = —Vp+ V?u+ RaT?z d=>5,000,000
%—f +u-VT = VT

V-u=0
u(x,y, z,t) is velocity field
p(x,y, 2z, t) is pressure field
T(x,y,z,t) is temperature field
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Do numerics and experiment
agree?
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EXACT COHERENT STRUCTURES
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Kolmogorov Flow a—i + Bu - Vw = vV w — aw + A cos(21y/\)
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Summary: (1) The natural phase space for many physical
systems is infinite dimensional.

(2) Approximations (both numerical and experimental)
are high dimensional.

Goals: (1) Describe this dynamics in terms of low
dimensional invariant structures (fixed points, periodic
orbits, invariant tori, heteroclinic orbits, symbolic
dynamics).

(2) Describe dynamics in terms of identifiable landmarks
and probabilities of transitions between these.

(3) | would like this know that, at least theoretically, the
description is mathematically rigorous.
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INFINITE DIMENSIONAL MAP
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Goals: (1) Describe this dynamics in terms of low
dimensional invariant structures (fixed points, periodic
orbits, invariant tori, heteroclinic orbits, symbolic
dynamics).

(2) Describe dynamics in terms of identifiable landmarks
and probabilities of transitions between these.

Observation: Evolution of the patterns is of central interest.

Immediate Goals: (1) Perform
dimension reductions that
preserve geometric information.

(2) Reconstruct dynamics
from reduced system.
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WHAT DO WE NEED TO KNOW ABOUT HoMOLOGY?
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SHAPE OF A DENSITY FUNCTION VIA HOMOLOGY
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SHAPE OF A DENSITY FUNCTION VIA HOMOLOGY

Fact: Boussinesq equations exhibit an up down symmetry

(a) | | | | (b) |
® <f,.> | 12/ & <B;.>

O <Bop> } O <Byp>

o i % P
30/ (} {) f <> | 0

60

<B1>

'Y
20| R-IV R-l R-lI R-l - M ety el Rl .
0.65 1 .235 1 .%5 2:8 0.65 1 .:?:5 1 .%5 2:8
Q Q
H. Kurtuldu, K. M., and M. Q = Busse number
Schatz,
Measuring the departures .
from the Boussinesq Conclusion: We can use homology to
approximation in by how much the numerical
Rayleigh-Benard . .
convection experiments model fails to match the physical system.
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No reason a single level should characterize shape of function!




TOPOLOGY OF A TIME SERIES

Time series from

Homology of time series data: IR >
Bo(X) ~ 100
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PERSISTENT HoOMOoLOGY (1)
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PERSISTENT HomMmaoLocYy (1)
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Persistent homology is invariant under
homeomorphisms of the domain
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DEFINITION OF PERSISTENCE DIAGRAM

Given a scalar field f: X — R and a filtration
© ={60; |0y <0 <--- <Oy} the associated persistence
diagram PD;(f,61) is the multi set consisting of

e one point for each i-th persistence pair (6,,60y),

e infinitely many copies of points on the diagonal (6;,6;)




METRICS FOR PERSISTENCE DIAGRAM

Given two persistence diagrams PD;, and PD;, let

W,(PDg, PD}) =

where ~ ranges over all bijections from PD;, to PD/..

@)

il

Wasserstein
distance

Let per denote the space of all persistence diagrams.

We have defined a function

pd: L°°(X,R) — per

f = pd(f)

Persistence diagram of f.

Theorem (Cohen-Steiner, Edelsbrunner, Harer) pd is a Lipschitz continuous

function
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Strategy: Study dynamics in space of persistence diagrams

What is the

physics at per
this point?
space of
persistence
diagrams

How do we connect the dots,
l.e. how do we lift conclusions from
dynamics in per to physical phase space?

Trajectory in space
of temperature fields,
normal forces, etc.
(high dimensional)

Want to do dynamics
IN this low dimensional
space.



LIUANTIFYING PATTERN DYNAMICS
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KAy lmgh—Be;mrdl Convection: BO Persistence Diagram Bl Persistence Diagram
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A PROBLEM ARISING FROM SYMMETRY

100"~

Equilibria
identified
using
Newton’s
method.

) . =700 5000. )
First 3 Fourier Coefficients

Hypothesis: Chaotic Dynamics is generated by heteroclinic connections
between unstable invariant sets, e.g. equilibria, periodic orbits, invariant tori.

Problem: Periodic boundary conditions lead to continuous families of
symmetric fixed points.

Solution: PD is invariant under domain symmetries, so cluster equilibria
using persistent homology in Per.
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IDENTIFYING COHERENT STRUCTURES

Question: Can we identify oscillations in the data!?

Solution: A periodic orbit is a loop, use PD to identify nontrivial first
homology in Per.
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Numerical Simulations of Boussinesq
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IDENTIFYING LANDMARKS
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¥~ General Homology Software Wity
chomp.rutgers.edu
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