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Outline

e Motivation: UAYV formation control

» Planar model based on unit-speed motion with steering
control

* Nonlinear analysis of two-vehicle formation control laws
- Connection to gyroscopic systems
- Contrast with synthetic potential methods

» Generalizations to # vehicles

e [Future research directions



UAY Modeling

* Features of UAV model:
- High speed < sluggish maneuvering.

- Turning = significant energy penalty (due to
side slip).

- An autopilot takes into account the detailed
vehicle kinematics.
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| « Vehicles modeled as point particles moving at unit
speed and subject fo steering control.

A formation control law 1s a feedback law which
specilies these steering controls.

* This modeling may be appropriate in other settings in
which there are high speeds and penalties associated
ss of dynamic stability).
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Planar Model (Frenet-Serret KEquations)

l-'l = X1
Unit speed X1 =N
assumption y1 = X%
l-'z = X9
X _—
X, ' Xy = Youp
V> = —X5U
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U, U,,..., U, are curvature
(1.e., steering) control mputs.

Specilying u,, u,,..., u_ as feedback functions of (r;, X;, y;),
(r,, X5, ¥5),..., (I, X, ¥,,) delines a control law.




An Intuitive Two-Vehicle Control Law
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Two-Vehicle Law: Intuition

Steering control equation for UAV #2.:

[y Y r A
Uy == X2 | 77 ¥2
rl CAIr

Align each vehicle
perpendicular to the baseline
between the vehicles.

—J(r)

(1

— 'Y
T

/

Steer toward or away from
the other vehicle to maintain

appropriate separation.

\
THX1-Y>
J
Align with the
other vehicle’s
heading.

* Biological analogy (swarming, schooling):
- Decreasing responsiveness at large separation distances.
- Switch from attraction to repulsion based on

separation distance or density.

- Mechanism for alignment of headings.
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D. Griinbaum, “Schooling as a strategy for taxis in a noisy environment,” 1n Animal Groups in
Three Dimensions, J.K. Parrish and W.M. Hamner, eds., Cambridge University Press, 1997.




Two-Vehicle Law: Change of Variables

Dot products can be expressed as sines and cosines 1n the

new variables: r | r
—X] =S¢,  — -y =COS¢
T T
r . r
—Xp =SIngy  — Y, =C0S¢P,
T 1|

X5 Y1 =SIn(@, — @ )
& X1y, =Ssin(g; —@,)

/ System after change of vanables:

£ =SIn ¢ —SIN @

b =—nsin g cos gy + f(p)cos gy + usin(gy —¢)
vl +(1/ p)(cos g, —cos ¢y )

= —nsin g, cosd, — f(p)cosd, + psin(g — ;)
+(1/ p)(cos@, —cos ¢, )




Two-Vehicle Law: Lyapunov Function

* A Lyapunov function 1s
Vpaz’r = —In(l+cos(g, —¢1)) + A(p)
where f (p) = dh/dp.

* The denvative of V', ;. with respect to time

along trajectories of the system 1s

. OVoair s Woair = OVopir
Vpaz’r = - ¢1 | £ ¢2 | . £
Oy 09, op
<0

» This Lyapunov function leads to a global
" convergence result for the two-UAYV system

(Justh, Krishnaprasad, 2002).
Note: V

Lair 18 MOt to be thought of as a synthetic potential (commonly used n
robotics for directing motion toward a target or away {rom obstacles). V18
a Lyapunov function for the shape dynamies of the two-vehicle formation.




Gyroscopic Forces and Vector Potentials

Kinetic energy Scalar potential
Consider the Lagrangian: / / '(f \
L = %i’-Mi—l—y(x)-i:—x-Kx: Vector potential
veR” M=MTso kK =r¢r7 (linear-in-velocity
Fuler-Lagrange equations: term)
i
d oL oL _ i(z\/b;:+y(x)) VI i+ K
dt ox Ox dt Ox
I
:Mi:'+[a—yji: [ayj % + Kx
Ox Ox
= MX+(Q(x)x + Kx
-0,
oy oy ' T
(*) ¢(x)= [ j [ J = Q(x) =-0Q" (x).
Ox O0x

Note: Lagrangian with linear-in-velocity term = skew term 1n the dynamics,
but the converse only holds 1f (OJ(x) can be expressed as 1n (¥) for some p(x).



Gyroscopically Interacting Particles

For a single particle in the plane:

r =posifion, v=r, a=r, H=0.
m = mass = | oYz A 3
’ 2H 0
H = kinetic energy = --||v : > r = o :
B 0 _ZH | _ \*\,‘ZH Sin 9)
ma=F o f= I 0 =u.
u 0 .
_ - - Restrict to the
Note: F 1s a gyroscopic force level-set of H
(Recall Lorentz force law for a charged \/ given by H=1/2
particle in a magnetic field)
r =X
Note that # may be a complicated function > X =vyu Frenel‘[-Serret
of time, and may involve feedback. y = —xy ©quations

For multiple particles, the kinetic energy of each particle 1s conserved, and the particles
interact via gyroscopic forces alone.

References:

» L..-S. Wang and P.S. Krishnaprasad, J. Nonlin. Sci., 2, pp. 367-415,1992.
» J.E. Marsden and T.S. Ratiu, Infro.to Mechanics and Symmeitry, 2nd ed, Springer, 1999.



Two-Vehicle Law: Key Ideas

» Unit-speed motion with steering control.

- Gyroscopic forces preserve kinetic energy of each particle.

- In mechanics, gyroscopic forces are associated with vector potentials.
* Shape variables: relative distances and angles.

* Lyapunov function = convergence result for the shape dynamics.

» Equilibnia of the shape dynamics = relative equilibria of the vehicle dynamics.
* Vehicle re-labeling symmetry.
» Lie group formulation:

- The dynamics of each particle can be expressed as a left-invariant system
evolving on $E(2), the group of rigid motions 1n the plane.

- G=8E(2) 1s a symmetry group for the dynamics: the control law 1s invariant under
rigid motions of the entire formation.

- V uir 18 also 1mnvarniant under G.

- Therefore, we can consider the reduced system evolving on shape space =

(GxG)G =G,
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Planar Formation Laws for Two Vehic
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Equilibrium Formations of Two Vehicles
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Rectilinear formation  Collinear formation Circling formation
(motion perpendicular (vehicle separation
to the baseline) equals the diameter of

the orbit)



Lyapunov Functions for Two Vehicles

» Rectilinear formation (perpendicular to baseline) or collinear formation:

Vpair = —In(1 +cos(¢, —¢,))+h(p)

Vio(P) = v (P) > 1 (P)—vaa(p), Vp>0
Vii1(p) +via(p) Vo 1(p) +vaa(p) #0, Vp>0

n(p) Circling formation or collinear formation:

chrc - 1]?1(1 - COS(¢2 T ¢1 )) T h(p)

Via(P)+va1(p) > V1 (P) +var(p), Vp>0

Vi1(2)—V2(p) +vo1(p) —vaa(p) 20, Vp>0




Global Convergence for Two Vehicles

* We consider the (reduced) dynamics on shape space.

* Conditions on the v, (p) determine whether V=V, or V=V, and ensure that

_ pair clrc>
V' <0.

 For any 1nitial condition such that ¥ 1s finite, the trajectory remains in a sublevel
set (2 of V, which 1s compact because ¥ 1s radially unbounded.

* By LaSalle’s Invariance Principle, the trajectory converges to the largest
invariant set A of the set E of all points in Q such that 7 =0

* The invanant set Af 1s the set of shape equilibria contained 1n Q2 .

* Further conditions can be imposed on the v, (p) to (linearly) stabilize particular
shape equilibria while destabilizing others.

Set of shape
equilibria
contained 1n 2

Sublevel set of V7 containing

the 1nitial condition \

Shape manifold

Set on which ¥V =0.




Formation Control for n vehicles

Generalization of the two-vehicle formation control law to # vehicles:

l-".:X.

J J
| i ( l‘j—l‘k
u;=— | F(r —n, X,y . %, ¥,) = f(r; =1 ) 'Y
nkij_ \‘l‘j—l'k‘
j=12,....m

At present, 1t 1s conjectured (based on simulation results) that
such control laws stabilize certain formations. However,
analytical work 1s ongoing.




Rectilinear Control LLaw Simulations




Rectilinear Control LLaw Simulations

Simulations with 10 vehicles /,
(for different random 1mitial
conditions).

Leader-following behavior: the red
vehicle follows a prescribed path

(dashed line).

Normalized Separation Parameter vs. Time

3

,.ﬂl\ /

On-the-fly modification of the separation parameter.

time




Circling Control Law Simulations
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Circling Control Law
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" Simulations Qﬂh 10 vehicles (for Beacon-circling” behavior: the %\ehmles respond

. . . to a beacon, as well as to each other.
different random initial conditions).

Normalized Separation Parameter vs. Time

On-the-fly 3
modification of the 2
separation parameter.

time




Convergence Result for n > 2

* We consider rectilinear relative equilibria, and the Lyapunov

function i}
V=) Z[— ln(l +cos(0, —Qk))+h(\ r;, — T D]

j=lk<j

* Convergence Result (Justh, Krnishnaprasad): There exists a sublevel

set €2 of V and a control law (depending only on shape vanables) such
that 7 <0 on Q.

» With this Lyapunov function, we cannot prove global convergence for
n>2

» Although we obtain an explicit formula for the controls U, 7=1,...n,
there 1s no guarantee that this particular choice of controls will result in
convergence to a particular desired equilibrium shape 1n €2.



Shape Space for n Vehicles

Frenet-Serret Group variables - Dynamics N
Equations Xy 0 0 1 0 -1 0

: J J 7]
r, =X; . ! g;,= g;/10 0 Oj+|{1 O O]u;
- . R |__
Xj=Y5H; 0 o0 ! 0 0 0] [0 0 O] |,
Y; = —X;u; 1:1_2 ] ] =g & Eiese(2), j=1,2,.,n
j=1L2,..., n g G g, € G=SEQ), Conﬁguratiqn space

the group of rngid motions _ hooples

1n the plane. S=GxGx---xG

Assume the controls u,, u,, ..., u_ are
functions of shape variables only.

Shape variables
capture relative

. . N , |
vehwlg p031j[10ns =g 'g; Jj=2,..m
and orientations.

Shape variables Shape space

n—1 copies

=

R:bxGx---xG




Two-Vehicle Law: Lie Group Setting

» Dynamics on configuration space S=(Gx(, where G=8E(2):

0

0

1

g1 = 8151 = 81(4g + A1),

8o =826, = g2(Ag + Ajuy).

_xl yl: rl_ ' cos ¢ —sm g : rl_
| |
— | — &, 1
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e Shape variable: g = g; ' g ‘:
* Dynamics on shape space R=G: g = g¢&,

0

0

0

0

0

0

, Ay =1 0 o]

& =69 —g_lflg =Gn _Adg—lé:l € se(2).

» Controls as functions of the shape vanable g:

13 23 g —1 7 2 2
u(g)=F(r.g13.£23.8 -8 )+f(r)(f_3l g=lg;l. g =lg”]l r=\/g13 + £33 5

23
13 23
u(g)=F(r.g .8 =313=323)+f(?‘)[{]-

Lyapunov Function:
Vpa:'r = Vpair (g)



Characterization of Equilibrium Shapes

Proposition (Justh, Krishnaprasad): For equilibrium shapes (1.e., relative equilibria of

the dynamics on configuration space), u; = u, = ... = u,_, and there are only two
possibilities:
(a) u, = u,= ... = u, = 0: all vehicles head 1n the same direction (with arbitrary relative

positions), or

(b) u;, = u,= ... = u_ # 0: all vehicles move on the same circular orbit (with arbitrary
chordal distances between them).

(a) (0) e s
g‘J 33/’ \\gz

ng gJ o | Ir

e
3




3-Dimensional Frenet-Serret Kquations

r - position vector

X - tangent
y - normal
Z - binormal

unit speed assumption —»

-

r =X
X = YU —ZV
V=—XU +ZwW

Z=XV—yw

U, v, w are control
inputs (two of which
uniquely specily the
frajectory)

Frenet-Serret:

Note: the Frenet-Serret frame

applies to the tfrajectory, and 1s not
a body-fixed [rame for the UAV

v=20
3 = curvature
w = torsion




Continuum Model

» Vector field (in polar coordinates):

(dr/dtY (cos@Y
sin & |.

» Continuity equation (Liouville equation):

ap 3(up) (cos @)

Ot 06  sind |

e Conservation of matter:

.[3 p(t,r,@)drd@ =1, Vt.

* Energy functional:

-V_p |

 This continuum formulation
only involves two scalar fields:

the density o(7,r, &) and the

steering control #(Z,r, 6).

» However, the underlying space
18 3-dimensional (for planar
formations).

* Incorporating time and/or
spatial derivatives in the
equation for # yields a coupled
system ol PDEs for pand «.

V(1) = %IG [ —In{l + cos(@ - 0))+ k(| r— F )| p(t,r,0) p(t, .0 )drd OdFdD
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