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Overview
• Increasingly available range sensors for sampling the environment or 

the position of an adversary agent (lines-of-sight or depth field data) 

• Autonomous robotic agents (e.g. UAVs) performing tasks involving 
line-of-sight “objectives” 

• exploration and surveillance 

• vision-based tracking (and learning) of moving targets 

• Problems become challenging in complex environments 

• Learn the dependence on the domain shape



Exploration and surveillance



Problem formulation
Problem

Notation Description
D ⇢ Rd Domain
⌦ ⇢ D Free space
xi 2 D Vantage points
Vxi⌦ Visibility set from xi

⌦k =
k[

i=�

Vxi⌦ Cumulatively visible set

I : Rmd ! {�, �} Indicator function

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦
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“Sparse solution”
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min
I

||I||0 subject to
[

{xj |I(xj)=1}

Vxj⌦ = ⌦

(formulated for surveillance of a known environment)



Greedy approachGreedy Approach

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦

Assume environment ⌦ is known. De�ne gain
function

g(x;⌦k,⌦) := |Vx⌦ [ ⌦k|� |⌦k|

Algorithm:

xk+� = argmax
x

g(x;⌦k,⌦)

ȍ

ȍ

ȍ

ȍ

⇧ Gain function g captures the volume of region (green) revealed by moving to x.
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+Reg( )x, {xj : j = 0,1,...,k}



Our approach

• Greedy algorithm 

• “Gain” (in new information) computed by a CNN 

• The approach is not limited to depth information or the 
particular notion of “gain” 

• Parts of the training data are computed 

• Visibility level set method

xk+1 = arg max
x∈Uk

g(x; Ωk, Ω) + λR(x, xk, xk−1)

g → gθ
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Cumulative Visibility Frontiers Gain Next Step
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Kitsap

Sampling the shape space

Chicago

one greedy step

Cumulative Visibility Frontiers Gain Next Step

 <latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit>

G
<latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit>

argmaxG
<latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit>

(S,�)
<latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit>

B<latexit sha1_base64="3HkJJGCu2VxWQu0MEF9yr9oAYwk=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmL1J3YpqVCfoA+ZN54n07O+2BmXiDiL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6XQhpAPJ7O2vrG5ld3O7ezu7R/kD4/aOkoUhxaPZKS6HtMgRQgtI4yEbqyABZ6Ejje5Tv3OPSgtovDWTGNwAzYKhS84M1Zq1gf5AikSQiilOCW0fEUsqVYrJVrBNLUsCmiFxiD/3h9GPAkgNFwyrXuUxMadMWUElzDP9RMNMeMTNoKepSELQLuzxaFzfGaVIfYjZSs0eKF+n5ixQOtp4NnOgJmx/u2l4l9eLzF+xZ2JME4MhHy5yE8kNhFOv8ZDoYAbObWEcSXsrZiPmWLc2GxyNoSvT/H/pF0q0osiaV4WavVVHFl0gk7ROaKojGroBjVQC3EE6AE9oWfnznl0XpzXZWvGWc0cox9w3j4B4gGM/g==</latexit>

Cumulative Visibility Frontiers Gain Next Step

 <latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit>

G
<latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit>

argmaxG
<latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit>

(S,�)
<latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit>

B<latexit sha1_base64="3HkJJGCu2VxWQu0MEF9yr9oAYwk=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmL1J3YpqVCfoA+ZN54n07O+2BmXiDiL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6XQhpAPJ7O2vrG5ld3O7ezu7R/kD4/aOkoUhxaPZKS6HtMgRQgtI4yEbqyABZ6Ejje5Tv3OPSgtovDWTGNwAzYKhS84M1Zq1gf5AikSQiilOCW0fEUsqVYrJVrBNLUsCmiFxiD/3h9GPAkgNFwyrXuUxMadMWUElzDP9RMNMeMTNoKepSELQLuzxaFzfGaVIfYjZSs0eKF+n5ixQOtp4NnOgJmx/u2l4l9eLzF+xZ2JME4MhHy5yE8kNhFOv8ZDoYAbObWEcSXsrZiPmWLc2GxyNoSvT/H/pF0q0osiaV4WavVVHFl0gk7ROaKojGroBjVQC3EE6AE9oWfnznl0XpzXZWvGWc0cox9w3j4B4gGM/g==</latexit>

initialize

multiple greedy steps to complete visibility

Cumulative Visibility Frontiers Gain Next Step

 
<latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit>

G
<latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit>

argmaxG
<latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit>

(S,�)
<latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit>

B
<latexit sha1_base64="3HkJJGCu2VxWQu0MEF9yr9oAYwk=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmL1J3YpqVCfoA+ZN54n07O+2BmXiDiL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6XQhpAPJ7O2vrG5ld3O7ezu7R/kD4/aOkoUhxaPZKS6HtMgRQgtI4yEbqyABZ6Ejje5Tv3OPSgtovDWTGNwAzYKhS84M1Zq1gf5AikSQiilOCW0fEUsqVYrJVrBNLUsCmiFxiD/3h9GPAkgNFwyrXuUxMadMWUElzDP9RMNMeMTNoKepSELQLuzxaFzfGaVIfYjZSs0eKF+n5ixQOtp4NnOgJmx/u2l4l9eLzF+xZ2JME4MhHy5yE8kNhFOv8ZDoYAbObWEcSXsrZiPmWLc2GxyNoSvT/H/pF0q0osiaV4WavVVHFl0gk7ROaKojGroBjVQC3EE6AE9oWfnznl0XpzXZWvGWc0cox9w3j4B4gGM/g==</latexit>

Cumulative Visibility Frontiers Gain Next Step

 
<latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit>

G
<latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit>

argmaxG
<latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit>
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manifold of relevant shapes, 
and causality due to the algorithm



Exploring Chicago





Some theory

• Optimality of the greedy algorithm 

• Fundamental differences between surveillance and exploration 

• Surveillance: next step can be anywhere in the free space 

• Exploration: next vantage point can only be in what has been 
explored by the previous steps. 

• Observations

Problem

Notation Description
D ⇢ Rd Domain
⌦ ⇢ D Free space
xi 2 D Vantage points
Vxi⌦ Visibility set from xi

⌦k =
k[

i=�

Vxi⌦ Cumulatively visible set

I : Rmd ! {�, �} Indicator function
r
Á

ȍE

�6���ȍr
Á

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦

8 / ��

xS
1xE
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A bound for the known environment (surveillance)

"If optimal solution requires k steps, then after k greedy steps, 
will have covered at least 63% of the free volume." 

Optimality of Greedy algorithm [Krause-Colovin, 2014]



A bound for the unknown environment (exploration)

Depends on

● The arrangement of the obstacles
● The initial position



Exploration ratio

The ratio between a “greedy 
exploration step” and a 
“greedy surveillance step”.



A bound for the unknown environment (exploration)

optimal to greedy surveillance

greedy surveillance to exploration

contribution from 1st vantage point



Narrow alley example



Some academic examples

• Both start from the same initial location. 
• Similar observing locations.



Surveillance vs “exploration”

4 6 8 10
6teps

0

20

40

60

80

100

120

140

Co
un

t
1 Circles

6urveillance | 0ean 3.83
Exploration | 0ean 3.00

4 6 8 10
6teps

0

20

40

60

80

Co
un

t

2 Circles

0ean 4.39
0ean 4.40

4 6 8 10
6teps

0

20

40

60

80

100

120

Co
un

t

3 Circles

0ean 4.99
0ean 5.01

4 6 8 10
6teps

0

20

40

60

80

Co
un

t

4 Circles

0ean 5.90
0ean 5.85

4 6 8 10
6teps

0

10

20

30

40

50

60

70

80

Co
un

t

5 Circles

0ean 6.95
0ean 6.83

4 6 8 10
6teps

0

10

20

30

40

50

60

70

80

Co
un

t

6 Circles

0ean 8.02
0ean 7.89



Optimal feedbacks for tracking moving agents



Surveillance-evasion games

• Two players and non-cooperative 

• Strict line-of-sight end-game condition 

• Games allowing temporary occlusions 

• Total occlusion time budget 

• Maximum duration of temporary occlusion  

• Multiple players 

• This problem is very global due to the line-of-sights’ global reach 

• This talk will focus on the pursuer

Pursuer must maintain the evader under line-of-sight.



Controlled dynamics for two players

d
dt

P = f(P, σP(t)), t > 0, σP(t) ∈ A
d
dt

E = g(E, σE(t)), t > 0, σE(t) ∈ A

E(0) = y⟹ Px(t; σP) ⟹ Ey(t; σE)definitions

cE � 0 : E’s speed
cP � 0 : P’s speed

• “E” = Evader and “P” = Pursuer

• parameters & assumptions
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Feedback strategy ~ “policy”

πP : (P, E) ↦ A

πE : (P, E) ↦ A

P(0) = x

d
dt

P = f(P, πP(P, E)) ⟹ Px(t; πP)

d
dt

E = g(E, πE(P, E)) ⟹ Ey(t; πE)



Visibility based games

definitions

cE � 0 : E’s speed
cP � 0 : P’s speed

• “E” = Evader and “P” = Pursuer

• parameters & assumptions
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End-game states:   'end := {(x, y) : ψ(x, y) ≤ 0}

u(x, y) := sup
πP

inf
σE

J[x, y, πP, σE]

J[x, y, πP, σE] := inf{t ≥ 0 : (Px(t; πP), Ey(t; σE)) ∈ 'end}

computing the visibility
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T := {(xE , xP ) | xE is not visible from xP }

• boundary condition

• end-game set

}

V (xE , xP ) = 0 if �(xE , xP )  0

= {(xE , xP ) | �(xE , xP ) � 0}

Wednesday, March 2, 2011

Feedback strategy game:

J[x, y, σP, σE] := inf{t ≥ 0 : (Px(t), Ey(t)) ∈ 'end}

Vs(x, y) := sup
σP

inf
σE

J[x, y, σP, σE]

Static games:

Ṽs(x, y) := inf
σE

sup
σP

J[x, y, σP, σE]

Vs(x, y) ≤ u(x, y) ≤ Ṽs(x, y)

ψ < 0

[Takei-T-Zhou-Landa 2014]



A simulation involving optimal feedback

Observe that the blue guy knows  
when to move forward to guard special position,  
when to pause, when to follow closely  



Learning near optimal policies

• But what to train on? 

• Use Monte-Carlo-Tree-Search (MCTS) to  
• sample admissible trajectories in training domains and assess values 
• refine policies 
• play game until win/lose 
• (p*,v*) = (refined policies from MCTS, game outcome) 

• This generates training data for the neural network 
• Use MTCS online to further refine the policy 



Search algorithms

• We consider AlphaGo style Monte-Carlo-Tree-Search algorithms 

• Why? 

• High dimensional variable coefficient Hamilton-Jacobi-Isaacs equations 
are difficult to solve or impossible to formulate 

• Working policies for different geometries without “recomputing” 

• Potential to play the game online without a map of the environment  
(only what has been observed during the game play) 

• Highly relevant for developing multi-step greedy algorithms 
(reinforcement learning)



Search algorithms

• What have we discovered so far? 

• Good heuristics accelerated the learning process 

• Heuristics alone are not sufficient



MCTS

● MCTS is a function that outputs a refined policy p*, given
○ Current state: s
○ An evaluator function: f
○ The policy to be refined: p
○ # of iterations (higher means more lookahead steps)  

● Evaluator function f(s), produces policy and value 
estimate
○ Policy is probability distribution over actions
○ Value is estimate of the likely winner



Training

• Neural network take in images representing the state: 

• Visibility, frontiers, positions, obstacles 

• Network outputs policy and value estimate 

• MCTS helps to sample relevant branches 

• Train over various obstacle setups 

• Goal: Play game on unseen maps



Improving the efficiency of self-play

• Initially, the evader is weak, uses random movements 

• This means the pursuer always win, no need to learn anything 

• Self-play works (for GO) but requires extensive training time 

• See Leela-Zero, a crowd-source attempt to reproduce Alpha Go 
Zero



Use heuristics to help initialize the neural network, then fine tune  
(this is against the Alpha Go Zero philosophy!)

Stronger adversaries provide more efficient training data



Locally optimal evader 

• When the pursuer is stationary, HJI becomes simple Eikonal 

• u becomes the distance function to the end-game state. 

• Evader should move towards the closest shadow boundary.

−cP |∇xu | + cE |∇yu | = 1, (x, y) ∈ Ωfree∖'end

u(x, y) = 0 (x, y) ∈ 'end

�



The get-closer (distance) strategy for P

• Minimize distance to E 

• Keeps E from getting too far 

• But being too close to obstacles means larger occlusions 

• Cat-mouse game can fail at corners



The get-closer strategy for P

Softmax of (negative) distance is shown, green means higher probability.



The get-closer strategy for P

This policy leads to a cat and mouse chase where P moves to E's previous location. 


Near obstacles, occlusions are larger, and E wins by jumping behind obstacle.




The steer-shadow-away (shadow) strategy

• Based on rationale for the static game 

• Pick P's action that maximizes E's travel time to the corresponding 
shadow. 

• By moving farther from obstacles, shadows become smaller. 

• But moving too far can make it impossible to catch up to E



The steer-shadow-away strategy for P



The steer-shadow-away strategy for P

We avoid the cat-and-mouse game, because P stays further back. 


But in the open space, P might stray too far away and not be able to recover.




In both cases: pursuer does not fully utilize the dynamics of the frontiers 



Dynamics from the two strategies

Pursuers lose using the get-closer policy Pursuers win using the steer-shadow policy



MCTS-improved policy

MCTS(500, get-closer)MCTS(0, get-closer)

Online MCTS improves  
• the near-sighted-ness of the policy 
• the imperfect knowledge on the domain



MCTS statistics
• A proxy for “how far” the MCTS is searching for making one move 
• Record the game "time" of each leaf node for 100-1000 MCTS 

iterations.  
• Colors: the number MCTS iterations. Blue for 100. Cyan for 1000 
• Horizontal axis: game time 
• Vertical axis: normalized count

Orange on top of blue means: 
going from 100 MCTS to 200 MCTS,  
how many additional leaf nodes were explored.





Slice of the computed value functions

Table 3.2: Game statistics for the 1 pursuer vs 1 evader game with 5 circular
obstacles, where fP = 2 and fE = 1.

Method Win % (137 games) Average game time
Distance 52.55 53.56
Shadow 16.06 22.36
Blend 63.50 64.45
MCTS(·, Distance; 1000) 55.47 62.40
MCTS(·, Shadow; 1000) 67.15 69.45
MCTS(·, Blend; 1000) 58.39 63.27
MCTS(·, Uniform; 2000) 60.58 65.84
MCTS(·, Dirichlet; 2000) 65.69 69.02
MCTS(·, Neural Net; 1000) 70.80 71.61

Multiple players

Next, we consider the multiplayer case with 2 pursuers and 2 evaders on

a circular obstacle map where fP = 2 and fE = 2. Even on a 16⇥ 16 grid, the

computation of the corresponding feedback value function would take several

days. Figure 3.14 shows a sample trajectory. Surprisingly, the neural network

has learned a smart strategy. Since there is only a single obstacle, it is su�cient

for each pursuer to guard one opposing corner of the map. Although all players

have the same speed, it is possible to win.

Figure 3.15 shows a slice of the value function, where 3 players’ posi-

tions are fixed, and one evader’s position varies. Table 3.3 shows the game

statistics. Here, we see some deviation from the baseline. As the number of

players increase, the number of actions increases. It is no longer su�cient to

use random sampling. The neural network is learning useful strategies to help

guide the Monte Carlo tree search to more significant paths. The distance
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Figure 3.13: One slice of the ”value” function for single pursuer, single evader
game with 5 obstacles. Bright spots indicate that the pursuer won the game
if that pixel was the evader’s initial position.
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Comparable computational resource at run time for each method.

Game length



2v2 game

Comparable computational resource at run time for each method.

Figure 3.15: One slice of the value function for 2 pursuer, 2 evader game on
the circular obstacle.

99

Table 3.3: Game statistics for the 2 pursuer vs 2 evader game with a circular
obstacle.

Method Win % (162 games) Average game time
Distance 56.8 58.8
Shadow 46.3 50.1
Blend 65.4 67.9
MCTS(·, Distance; 1000) 73.5 76.6
MCTS(·, Shadow; 250) 40.7 44.5
MCTS(·, Blend; 250) 00.0 4.4
MCTS(·, Uniform; 2000) 00.0 5.3
MCTS(·, Dirichlet; 2000) 27.8 32.8
MCTS(·, Neural Net; 1000) 59.9 61.7

and blend strategies are e↵ective by themselves. MCTS helps improve per-

formance for Distance. However, 250 iterations is not enough to search the

action space, and actually lead to poor performance for Blend and Shadow.

For this game setup, MCTS(Distance,1000) performs the best with a 73.5%

win rate, followed by Blend with 65.4% and Neural Net with 59.9%. Although

the trained network is not the best in this case, the results are very promising.

We want to emphasize that the model was trained with no prior knowledge.

Given enough o✏ine time and resources, we believe the proposed approach can

scale to larger grids and learn more optimal policies than the local heuristics.

Figure 3.16 shows a comparison of the depth of search for M = 1000

MCTS iterations. Specifically, we report depth of each leaf node, as measured

by game time. To be fair, we allow the uniform and dirichlet baselines to run

for 2000 MCTS iterations to match the runtime needed for 1 move. Also, the

shadow strategies are extremely costly, and can only run 250 MCTS iterations
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All players have the same maximum speed

Game length

Slice of the computed value functions



Observations and some early thoughts

• We are trying to learning the optimal policy and its dependence 
on the domain geometry 

• The games are played in previously unseen environments 

• The performance of the heuristic policies tied to how tightly 
packed are the obstacles and the players 

• The neural networks are probably trained with insufficient data 
(hasn’t learnt to use the distance policy in the 2v2 game, for 
example) 

• The is probably a better network architecture for our purpose



Observations and some early thoughts

• MCTS can be used to refine non-optimal policies 

• One needs sufficient number of MCTS steps to benefit from it 

• MCTS can be expensive 

• We are currently developing a multi-resolution MCTS to 
improve  

• Search algorithms aims at getting good outcome for each 
instance of the game, instead of being optimal on average 
(stochastic control).



Thanks for your attention! 

Stay safe.


