Beyond Vehicles and Other Flow Systems |
Benedetto Piccoli |

Rutgers University — Camden




Part |: models and scales



Modelling of vehicular traffic
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Modelling of vehicular traffic

MACROSCOPIC
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(Social) dynamics of multi-agent systems
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Example of social dynamics models

Hegselmann-Krause model T; = Z|xj_xi|<,,,(55j — 337,)

R. Hegselmann and U. Krause. Opinion dynamics and bounded confidence: models, analysis and simulation.
J. Artificial Societies and Social Simulation, 5(3), 2002.

Cucker-Smale model 1, = v;, U; = % Zj a(HZL’j — J%H)(Ug — Ui)
F. Cucker and S. Smale, Emergent behavior in ﬂockls, IEEE‘ Trans. Automevlt. Control, 52 (2007), pp. 852—862.
Migration model  ¥; = a;(V —v;) + (1_—]\?) Zj a(||lz; — i) (v; — vy)

Darren Pais, Naomi E. Leonard, Adaptive network dynamics and evolution of leadership in collective migration,
Physica D: Nonlinear Phenomena, Volume 267, 2014, Pages 81-93,

N
Consensus on sphere iy = Z agi(x; — (x5, 2)2;)
j=1

M. CAPONIGRO, A. Lal, B. PiccoLl: A nonlinear model of opinion formation on the
sphere, Dynamics of Continuous and Discrete Systems, 35 (2015), 4241-4268.
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Flow systems on networks

Transportation

Supply chains

Services/SUpPlY  11/4ata networks

Gas iplines

Real fluids

Blood circulation

Vascular stents




Modeling at different scales (gas dynamics)

1 \ Microscopic {:Z
e i

&

3 alllzy — mal) (v — vi)

f(t,x,v)
Mesoscopic Oy f +v-V,.f + AV, -Q(f, f) =0,
. >

! p(tX)
"/\ Macroscopic dep + 0xq(p) =0




Part Il: microscopic controls



The Cucker and Smale model
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the system will converge to a consensus

Cucker-Smale : consensus (flocking) conditions for 3>1/2

Ha-Tadmor: kinetic and hydrodinamic limit of CS

Motsch-Tadmor: relative distance, asymmetric

Karper-Mellet-Triviza: hydrodinamic limit of MT model

Jabin-Motsch: first order clustering

Particle systems: Reynolds, Vicsek, Ben-Jacob et al, Krause, Couzin, Helbing, ...
Degond, Carrillo, Hauray, Fornasier, Bertozzi, Toscani, Figalli, Vecil, Slepcev ...



Sparse control of CS system (1)

L}::-{Oq,...,vN)eEIRmV]1q::---::VN},)ZL:::{V\ > vi=0}.
N [N

B(u,v) = %]\72 Z<u, — Uj, Vi — Vj> = N Z(ui,vi> — {(u,v),

ij=1 i=1

X = B(X X) 2]\72 ZZJ Hxl _xJH2 V= B(V V) 2N2 sz Hvl o VJH2

Proposition
Assume that Xy = B(xg,x9) and Vo = B(vy, Vo) satisfy

v(Xo) := /;a(ﬁvr)dr > V.

Then the solution of tends to consensus.

Proposition
The feedback control u(t) = —av, (t), stabilizes the system to
consensus in infinite time.



Sparse control of CS system (2)

Definition
Let U(x,v) be set of control solving

N
min (B(v u) + (B Z ||u,|) subjectto » lul| <M.

i=1
Theorem
Set F(x,v) ={(v,—Lwv+u) | uc Ux,v)}, then for every initial
data the unique solution to

(x,v) € F(x,v) (1)

converges to consensus ast tends to +oo.

Theorem

The single-valued lexicographic uo selection of F is sparse and
admits sample-and-hold solutions (Clarke - Ledyaev - Sontag -
Subbotin) tending to consensus for sufficiently small time steps.
Moreover, uy minimizes 4V .



Traffic control

Expenmental evidence
for the physical mechanism of forming a jam

LYuki Sugiyama, Minoru Fukul, Macoto Kikuchi.

Katsuya Hasebe, Akihiro Nakayama, Katsuhiro Nishinan
Shin-ichl Tadaki and Satoshl Yukawa s

Movie 1

The Mathamabcal | Socety. o




Part Ill: mean-field limits



Can we really control?
Mean-field limit: Vlasov-type equations
{x = ;. Hxu(x,v) = [ H(x —y,v — w)du(y, w)

v, = H * pun(xi,vi), i=1,...N, H(x,v) :=a(]x|)v.
N

1
1 pn(t) = N Z 6(561'(?5)»’01' (t))
1=1




Mean-field games
(not mean-field controlled equations)

Many agents with perfect knowledge of the system and strategy
given by solving a game, then pass to the limit as in mean-field.

Ot +v-Vepu=Vy-[(Hxp)pl + ocAp
v+ ocAv+H(t,x,Vu,u) =0

Huang M, Caines PE, Malhame RP (2003) Individual and mass behaviour in large
population stochastic wireless power control problems: centralized and Nash
equilibrium solutions. In: Proceedings of the 42nd IEEE CDC, Maui, pp 98-103

Lasry J-M, Lions P-L (2007). Mean field games. Japan J Math 2:229-260



Control by leaders

’

Vi = W,
:H*/«LN(Yk,Wk)+H*Mm()7k,Wk)‘|‘l/lk k:17"°m7 (1)
Xi == Vi,
\ = H % pun (i, vi) + H % piy (xi, vi) i=1,...N,
(Vi = wi,
S Wi = H* (4 o) Ok, W) + uy, k=1,...m,(2)
O+ v - Vip =V - [(Hx (0 + pm)) 1
FN fo {L yN ( ) v (1)) + = Sy ur()| } dt,
fo {LO@, wr), 1) + 3 30 ()]} dr
Theorem

Fy T'-converges to F, thus optimal controls of (1) weakly
converge to optimal controls of (2).

M. FORNASIER, B. PiccoLl, F. Rossi: Mean-field sparse optimal control, Philosophical
Transaction of Royal Society of London Series A, 372 (2014), 20130400.



Mesoscopic scale: Boltzmann equation

(not mean-field equation)

aof UF =
S+ UV = QU f)

f if the probability distribution of particles,
Q is the interaction kernel

|dea for control:

1. Mimic micro-model interactions with Q

2. Insert optimized control in the microscopic dynamic for
AV

3. Deduce Boltzmann equation (and hydrodynamic limit)
for controlled traffic

Albi, Chiarello, Degond Herty, Pareschi, Toscani, Tosin, Zanella ...



Part |V:
measure differential equations



Wasserstein metric
(Earth mover)
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Wasserstein metric

Optimal transport first proposed by Monge in 1781.
Particular case is given by the cost ¢(x,y) = |x — y|? with
p > 1, defining the Wasserstein distance:

1/p
W) = it ([ bt -arau)
Rl’l

YH U=V

A probability measure = on R¢ x R“, one can interpret it
as a method to transfer a measure. y is sent to v if:

| [ dr(x, ) = du(x), vl [ dr(-,y) =dv(y).

R4 R4

Monge-Kantorovich problem. Wasserstein distance:

1/p
W) = (I min [ p-ypantn)
R4 x R4

mell(p,v)

where I1(u, v) is the set of transference plans from p to v.



Language from differential geometry

W A

T
[]

L
m

Manifold: space that locally is diffeomorphic to R*n

T, M tangent space at x or set of vector tangent to a point x
Each element is a couple (x, v(x))

TM tangent bundle: union of all tangent spaces U, T, M

1. TR™ = R"XR™ = R*"
2. Ordinary differential equation = vector field = section of tangent bundle
3. ODEs can be seen as maps x — (x,v(x))




Measure differential equations

Fiber 1 Fiber 1
& " = >
Base Base
X - U(X) X - (x,v(x)) 5x - 5(x,v(x))
Definition

A Probability Vector Field (briefly PVF) on P(R") is a map
V:PR") — P(TR") such that m#V|u] = pu.

Measure Differential Equation: p = V/|u]

For every f € C*(R"),

4 / (x) dp(r)(x) = / (V@) ) Vo)) (1)



Solutions to MDEs

Assumptions for existence of solutions:
(H1) V is support sublinear, i.e. 3C > 0 such that

sup v <Cl1+ sup |x]].
(x,v) ESupp(V[p]) xESupp (i)

(H2) The map V : P.(R") — P.(TR") is continuous (for the
Wasserstein metrics W& and w*"))

Lipschitz semigroup using:

WV, V) = inf{ Jrmnsrme [V — W] dT(x,v,y,w) :

IS P(Vh V2)7 7T13#T < Popt(,ula NZ)}



Part V: conclusions
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High complexity of traffic

Internal Agents
dynamics dynamics
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