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Let A be a unital C ∗-algebra and let T (A) be the tracial state space of A.

Then there is a natural paring, i.e., an order preserving homomorphism
ρA : K0(A)→ Aff(T (A)) (ρA([p])(τ) = τ(p) := (τ ⊗ Tr)(p) for all
τ ∈ T (A), where p ∈ Mn(A) is a projection) where Aff(T (A)) is the
space of all real affine continuous function on T (A).

Z is the Jiang-Su algebra: a unital separable infinite dimensional simple
C ∗-algebra which is an inductive limit of sub-homogeneous C ∗-algebra
such that Z has a unique tracial state, and

(K0(Z),K0(Z)0+, [1Z ],K1(Z))

= (Z,Z+, 1, {0}).

For any unital separable C ∗-algebra A, Ki (A⊗Z) = Ki (A), i = 0, 1, and
T (A⊗Z) = T (A).
If A is simple and has weakly unperforated K0(A), then
Ell(A) = Ell(A⊗Z).
A C ∗-algebra A is Z-stable, if A⊗Z ∼= A.
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Theorem Classification of unital simple C ∗-algebras
(1) If A is a unital separable simple finite amenable Z-stable C ∗-algebra,

then K0(A) is a countable weakly unperforated simple ordered group, and
x ∈ K0(A)+ \ {0} if and only if ρA(x)(τ) > 0 for all τ ∈ T (A);
(Gong-Jiang-Su, M. Rørdam, predicted by Elliott)
(2) For any weakly unperforated Elliott invariant, (G0,G0+, u, ρ,∆,G1),
where ∆ is a metrizable Choquet simplex, (G0,G0+, u) is any countable
weakly unperforated simple ordered group, ρ : G → Aff(∆) is any order
preserving homomorphism such that g ∈ G0+ \ {0} if and only if
ρ(g) > 0, ρ(u) = 1, and G1 is a countable abelian group, there exists a
unital separable simple amenable C ∗-algebra A which is an inductive limit
of sub-homogeneous C ∗-algebras and has rationally generalized tracial
rank at most 1 such that

(K0(A),K (A)+, [1A], ρA,T (A),K1(A)) = (G0,G0+, [u], ρ,∆,G1).

(Elliott, Gong-Niu–L (refined)) (3) If A and B are two unital separable
finite amenable simple Z-stable C ∗-algebras which satisfy the UCT, then
A ∼= B if and only if

(K0(A),K (A)+, [1A], ρA,T (A),K1(A))
∼= (K0(B),K (B)+, [1B ], ρB ,T (B),K1(B))
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Elliott, Gong, Jiang and Su, M. Rørdam for the first part,

Elliott, Gong–Niu–L for the second part, For the part (3),
Gong–Niu—-L ( C. R. Math. Acad. Sci. Soc. R. Canada, 42 (2020),
63-454), Elliott-Gong-Niu–L, A Tikuisis, S. White, and W. Winter (Ann.
of Math. 185 (2017), 229–284), and J. Castillejos, S. Evington,
A. Tikuisis, S. White, and W. Winter.

We will report the non-unital cases.
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The world is not perfect.

There is a non-unital separable simple C ∗-algebra Z0 which is locally
sub-homogeneous with a unique tracial state, and K0(Z0) = Z and
K1(Z0) = {0} with trivial paring: K0(Z0) = kerρZ0 . So K0(A)+ = {0}. Z0

is stably projectionless.
If A is any separable amenable simple C ∗-algebra, then
K0(A⊗Z0)+ = {0}. So A⊗Z0 is stably projectionless. Moreover
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Theorem (Elliott-Gong-Niu–L–(2020))

The class of KK-contractible simple separable amenable Z-stable
C ∗-algebras is classified by the invariant (T̃(A), σA).

Any C ∗-algebra A
in this class is a simple inductive limit of Razak algebras.

(ArXiv 2016) Here T̃ (A) is the set of lower-semi continuous traces
(densely) defined on the Pedersen ideal Ped(A).
σA(τ) = sup{τ(a) : 0 ≤ a ≤ 1, a ∈ A} for τ ∈ T̃ (A).

Theorem (Gong–L (2020) )

Let A and B be two separable simple amenable Z-stable C ∗-algebras in
the UCT class. Suppose that kerρA = K0(A) and kerρB = K0(B). Then
A ∼= B if and only if

(K0(A), σA, T̃ (A),K1(A)) ∼= (K0(A), σB , T̃ (B),K1(B)).

(ArXiv 1611.04440).

Also σA(τ) = dτ (eA) ∈ LAff+(T̃ (A)), where eA is a strictly positive
element.
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There is a unique separable amenable simple KK-contractible C ∗-algebra
W with a unique tracial state.

Note that W ⊗W ∼=W.

Z0 is the unique separable amenable simple C ∗-algebra with finite nuclear
dimension in the UCT class with K0((Z0) = Z, ρZ0(K0(Z0)) = {0},
K1(Z0) = {0} and the unique tracial state. Z0 ⊗Z0

∼= Z0.

For any separable simple amenable C ∗-algebra A in the UCT class, A⊗Z0

is in the class that is classified in the previous theorem.
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The world is far from perfect.

There are separable stably projectionless simple C ∗-algebras A such that
K0(A)+ = {0}, but ρA(K0(A)) 6= {0}.
What is a paring?
Let T (A) be the tracial state space. One may define
ρ([p]− [q])(τ) = τ(p)− τ(q) for all τ ∈ T (A).

This does not really work when A ∼= A⊗K (T (A) = ∅). One should
replace T (A) by T̃ (A).
But A may not have any projections. One needs to consider Ã. If
A ∼= A⊗K, then, when A is stably projectionless, for any projection
p ∈ Mn(Ã), τ(p) =∞ for any τ ∈ T̃ (A).
Choose e ∈ Ped(A)+ \ {0} and B = eAe. If A is σ-unital, then
B ⊗K ∼= A⊗K. One can consider Mn(B̃) and there is a paring
ρB : K0(B)→ Aff(T (B)).
Let x ∈ K0(B) ∼= K0(A). Then the function ρB(x) would depend on B.
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Let A be a C ∗-algebra with T̃ (A) 6= {0}.

If τ ∈ T̃ (A) is bounded on A,
then τ can be extended naturally to a trace on Ã. Let T̃ b(A) be the set of
bounded traces on A. Denote by ρbA : K0(A)→ Aff(T̃ b(A)) the
homomorphism defined by ρbA([p]− [q]) = τ(p)− τ(q) for all τ ∈ T̃ b(A)
and for projections p, q ∈ Mn(Ã) (for some integer n ≥ 1) and
πAC(p) = πAC(q), where πAC is the quotient map extending Ã→ C. One
can show that ρbA([p]− [q]) is continuous on T̃ b(A). In the case that
T̃ b(A) = T̃ (A), for example, A = Ped(A), we write ρA := ρbA.
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Let T̃ b(A) be the set of
bounded traces on A. Denote by ρbA : K0(A)→ Aff(T̃ b(A)) the
homomorphism defined by ρbA([p]− [q]) = τ(p)− τ(q) for all τ ∈ T̃ b(A)
and for projections p, q ∈ Mn(Ã) (for some integer n ≥ 1) and
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bounded traces on A.

Denote by ρbA : K0(A)→ Aff(T̃ b(A)) the
homomorphism defined by ρbA([p]− [q]) = τ(p)− τ(q) for all τ ∈ T̃ b(A)
and for projections p, q ∈ Mn(Ã) (for some integer n ≥ 1) and
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can show that ρbA([p]− [q]) is continuous on T̃ b(A). In the case that
T̃ b(A) = T̃ (A), for example, A = Ped(A), we write ρA := ρbA.

Huaxin Lin Department of Mathematics University of OregonNonunital simple C∗-algebras
Jan 21st, 2021 Joint work with Guihua Gong 11

/ 25



Let A be a σ-unital C ∗-algebra with a strictly positive element 0 ≤ e ≤ 1.

Put en := f1/2n(e). Then {en} forms an approximate identity for A. Note
en ∈ Ped(A) for all n.
Set An = Her(en) := enAen. Denote by ιn : An → An+1 and jn : An → A
the embeddings. It extends ι∼n : Ãn → Ãn+1 and j∼n : Ãn → Ã unitally.
Thus ιn and jn induce continuous cone maps ιn

b
T : T̃ b(An+1)→ T̃ b(An)

and jnT : T̃ (A)→ T̃ b(An) (defined by ιn
b
T (τ)(a) = τ(ιn(a)) for

τ ∈ T̃ d(An+1), and jnT (τ)(a) = τ(jn(a)) for all τ ∈ T̃ (A) and all a ∈ An),
respectively. One has

T̃ b(A1)
ι1

b
T←− T̃ b(A2)

ι2
b
T←− T̃ b(A3) · · · ←− · · · ←− T̃ (A).
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Hence one also has the following commutative diagram:

K0(A1)

ρA1
��

ι1∗o // K0(A2)
ι2∗o //

ρA2
��

K0(A3)) //

ρA3
��

· · ·K0(A)

Aff(T̃ b(A1))
ι]1,2 // Aff(T̃ b(A2))

ι]2 // Aff(T̃ b(A3)) // · · ·Aff(T̃ (A)).

Thus one obtains a homomorphism ρ : K0(A)→ Aff(T̃ (A)).
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One can show that the above does not depend on the choice of eA by
working on the following diagram:

K0(A1)

ρbA1

**

ι1∗0 //

φ1∗0

��

K0(A2)

ρbA2

**

ι2∗0 // · · · → K0(A)

idK0(A)

��

ρ

((
Aff(T̃b(A1))

φ
]
1

��

ι
]
1 // Aff(T̃b(A2))

ι
]
2 // · · · → · · · Aff(T̃ (A))

id
Aff(T̃ (A))

��

K0(A′1)

ρb
A′

1

**

ι′1∗0 // K0(A′2)

ψ2∗0

OO

ρb
A′

2

**

ι′2∗0 // · · · → · · · K0(A)

ρ′

((

OO

Aff(T̃b(A′1))
ι′1
]

// Aff(T̃b(A2))

ψ]

OO

ι′2
]

// · · · → Aff(T̃ (A))

OO
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Moreover, if A is simple and if A = Ped(A), ρ := ρA.

Furthermore, if A
and B be two C ∗-algebras and Φ : A→ B is a homomorphism, then

K0(A)
ρA //

Φ∗0

��

Aff(T̃ (A))

Φ]

��
K0(B)

ρB // Aff(T̃ (B)).
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Theorem

(Elliott-Gong-Niu-L —2020) Let A be a non-unital separable stably
projectionless exact simple C ∗-algebra which is Z-stable and T̃ (A) 6= {0}.
Then, for any x ∈ K0(A), there exists τ ∈ T̃ (A) such that ρA(x)(τ) = 0.

If A is separable exact simple Z-stable C ∗-algebra, and there is x ∈ K0(A)
such that ρA(x) > 0 for all τ ∈ T̃ (A), then there is a non-zero projection
p ∈ Mn(A) for some n ≥ 1 such that [p] = x .

So the classification of THESE separable simple amenable C ∗-algebras will
be reduced to the unital case.
This strong version of weakly unperforation of paring needs to be even
stronger.
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The world is balanced.

Theorem
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A (simple) ordered group paring is a triple (G ,T , ρ),

where G is a
countable abelian group, T is a convex topological cone with a metrizable
Choquet simplex as its base and a homomorphism ρ : G → Aff(T ).
Define G+ = {g ∈ G : ρ(g) > 0} ∪ {0}. If G+ 6= {0}, then (G ,G+) is a
simple ordered group. It has the property that if ng > 0 for some integer
n > 0, then g > 0. In other words, (G ,G+) is weakly unperforated.
A scaled simple ordered group paring is a quintuple (G ,Σ(G ),T , s, ρ)
such that (G ,T , ρ) is a simple ordered group paring, where
s ∈ LAff+(T ) \ {0},

Σ(G ) := {g ∈ G+ : ρ(g) < s},

or Σ(G ) = {g ∈ G+ : ρ(g) < s} ∪ {u} for some u ∈ G with ρ(u) = s.

We allow Σ(G ) = {0}. It is called unital scaled simple ordered group
paring, if Σ(G ) = {g ∈ G+ : ρ(g) < s} ∪ {u} with ρ(u) = s, in which
case, u is called the unit for G . Note that, in this case u is the maximum
element of Σ(G ).
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Let (Gi ,Σ(Gi ),Ti , si , ρi ), i = 1, 2, be scaled simple ordered group parings.

A map
Γ0 : (G1,Σ(G1),T1, s1, ρ1)→ (G2,Σ(G2),T2, s2, ρ2)

is said to be a homomorphism, if there is a group homomorphism
κ0 : G1 → G2 and a continuous cone map κT : T2 → T1 such that

ρ2(κ0(g))(t) = ρ1(g)(κT (t)) for all g ∈ G1 and t ∈ T2, and

κ0(Σ(G1)) ⊂ Σ(G2)), and s1(κT (t)) ≤ s2(t) for all t ∈ T2.

We say a homomorphism Γ0 is an isomorphism if κ0 is an isomorphism,
κ0(Σ(G1)) = G2, κT is a cone homeomorphism, and s1(κT (t)) = s2(t)
for all t ∈ T2.
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Theorem A
[Elliott-Gong-Niu-L 2020, Gong-L-2020] Let A be a separable exact simple
Z-stable C ∗-algebra.

Then its Elliott invariant is a simple scaled ordered
group paring together with a countable abelian group.

This is to say
(K0(A),Σ(K0(A)), T̃ (A), ρA, σA)

is a scaled simple ordered group paring.

Ell(A) = ((K0(A),Σ(K0(A)), T̃ (A), ρA, σA),K1(A)).

Σ(K0(A)) = {[p] : p ∈ A, p a projection } and
σA ∈ LAff+(T̃ (A)) \ {0}, σA(τ) = limε→0 τ(fε(eA)),

(fε ∈ C0((0,∞)), 0 ≤ fε(t) ≤ 1, fε(t) = 0 if t ∈ (0, ε/2) fε(t) = 1 if
t ∈ (ε,∞).),
or σA(τ) = sup{τ(a) : 0 ≤ a ≤ 1, a ∈ A}.
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Let a ∈ M2(Z)+ such that dτ (a) = 1 and a is not a projection.

Let
A = aM2(Z)a. Then

Ell(A) = (Z, {0},R · τ, ρA, 1, {0}}

where ρA(m)(r · τ) = rm (for m ∈ Z, r ∈ R).
Let b ∈ M3(Z)+ such that dτ (b) = s (s = 3/2 and s = 2), and b is not a
projection. Let B = bM2(Z)b. Then

Ell(B) = (Z, {0, 1},R · τ, ρB , s, {0}}

where ρB(m)(r · τ) = (r/s)m for m ∈ Z, r ∈ R.
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Theorem B
[Gong–L –2020] Let (G0,Σ(G0),T , s, ρ) be a scaled simple ordered group
paring and G1 be a countable abelian group.

Then, there is a simple
separable amenable C ∗-algebra A which satisfies the UCT such that

((K0(A),Σ(K0(A)), T̃ (A), 〈̂eA〉, ρA),K1(A)) = ((G0,Σ(G0),T , s, ρ),G1).

A is unital if and only if Σ(G0) has a unit u. (This means that u is the
non-zero maximum in Σ(G0) and ρ(u) = s).
If ρ(G0) ∩ Aff+(T ) 6= {0}, then A can be chosen to have rationally
generalized tracial rank at most one and is an inductive limit of
sub-homogeneous C ∗-algebras of spectra with dimension no more than 3.
If ρ(G0) ∩ Aff+(T ) = {0}, then A is stably projectionless, and A can be
chosen to have generalized tracial rank at most one and is locally
approximated by sub-homogeneous C ∗-algebras with dimension no more
than 3.
If G1 = {0} and G0 is torsion free, then A can be chosen to be an
inductive limit of 1-dimensional NCCW complexes.
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Z0 can be written as an inductive limit of 1-dimensional NCCW
complexes.

(Recall Z0 has a unique tracial state, K0(Z0) = Z, K1(Z0) = {0}, and
ρZ0(K0(Z0) = {0}.

There is a simple inductive limit of 1-dimensional NCCW complexes Z1,−1

with K0(Z1,−1) = Z, K1(Z1,−1) = {0}, ρA(K0(Z1,−1) 6= {0} but
K0(Z1,−1)+ = {0}, and with two tracial states t1 and t2 with t1(1) = 1
and t1(1) = −1.

There is a simple inductive limit of 1-dimensional NCCW complexes Z1,0

with K0(Z1,0) = Z, K1(Z1,0) = {0}, ρA(K0(Z1,0) 6= {0} but
K0(Z1,0)+ = {0}, and with two tracial states t1 and t2 with t1(1) = 1
and t1(1) = 0. Note ρZ1,0(1) ≥ 0.
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Theorem (2020)

Let A be a non-unital separable simple Z-stable C ∗-algebra.

Then, the
usual map

U(Mn(Ã))/U0(Mn(Ã))→ U(Mn+1(Ã))/U0(Mn+1(Ã)) (e 0.-7)

is an isomorphism, and K1(A) = U(Ã)/U0(Ã). Also
U(Mn(Ã)/CU(Mn(Ã)) ∼= U(Ã)/CU(Ã).

Theorem C
Let A be a separable stably projectionless simple amenable Z-stable
C ∗-algebra in the UCT class. Then A has generalized tracial rank one
(and has stable rank one).
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Also
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Theorem D
Let A and B be two (finite) separable simple amenable Z-stable
C ∗-algebras in the UCT class.

Then A ∼= B if and only if

Ell(A) ∼= Ell(B).

[Gong–L, 2020] For the case that both A and B are stably projectionless.

((K0(A),Σ(K0(A)), T̃ (A), 〈̂eA〉, ρA),K1(A))

∼= ((K0(B),Σ(K0(B)), T̃ (B), 〈̂eB〉, ρB),K1(B))
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