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OUTLINE

© Ising model

o phase transition

e conformal invariance at criticality?
© crossing probabilities

e critical Ising model
e critical percolation
o level lines of the Gaussian free field

(double-dimer pairings)

(multichordal loop-erased random walks / UST branches)
@ scaling limits of interfaces: SLE variants
o chordal SLE,

o multiple SLEs
e partition functions



ISING MODEL

ON THE PLANE




ISING MODEL: FERROMAGNETIC PHASE TRANSITION

[Lenz & Ising 20s, Peierls 30’s, Kramers, Wannier, Onsager 40’s —]
@ random spins o, = %1 at vertices x of a graph
. . s 1
@ nearest neighbor interaction: P [config.] oc exp (T Dix~y ax(ry)
@ phase transition at critical temperature T = T,

look at correlation of a pair of spins at x and y
C(x,y) =E[o,0y] -E[o,] E[oy] when |[x —y|>>1:

T<T, T=T, T.<T
C(x,y) ~ const. Clx,y) ~ |x -y Clx,y) ~ L
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[Lenz & Ising 20s, Peierls 30’s, Kramers, Wannier, Onsager 40’s —]
@ random spins o, = %1 at vertices x of a graph
. . s 1
@ nearest neighbor interaction: P [config.] oc exp (T Dix~y ax(ry)
@ phase transition at critical temperature T = T,

look at correlation of a pair of spins at x and y
C(x,y) =E[o,0y] -E[o,] E[oy] when |[x —y|>>1:

T<T, T=T, T.<T
C(x,y) ~ const. Clx,y) ~ |x -y Clx,y) ~ L

@ scaling limit at critical temperature T.: conformal invariance



CROSSING PROBABILITIES




CROSSING PROBABILITIES IN THE CRITICAL ISING MODEL

@ consider critical Ising model on a graph (e.g. square grid)
o take marked points xi,...,xoy on the boundary
@ impose alternating &/ boundary conditions

= N macroscopic interfaces connect the marked points pairwise
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CROSSING PROBABILITIES IN THE CRITICAL ISING MODEL

@ consider critical Ising model on a graph (e.g. square grid)
o take marked points xi,...,xoy on the boundary
@ impose alternating &/ boundary conditions

= N macroscopic interfaces connect the marked points pairwise

@ possible connectivities labeled by planar pair partitions o € LPy

What are the probabilities of the various connectivities? J
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EXAMPLES — PREVIOUS WORK

Proposition [{zyurov '11]

%irr(l)P[ there exists a left-right @ crossing |

-1
~ fl S2/3(1 _ 5)2/3 f/l 52/3(1 _ S)Z/S
o 1—s+s2 o 1—s+s2
Proof: multi-point discrete holomorphic observable
+ FK-duality

@ where ¢: Q — H, ¢(x4) = o

_p(x1) — p(x2)
~p(x3) = lx2)
@ conjectured in physics literature
[Cardy '80’s; Bauer, Bernard, Kytolda '05]




EXAMPLES — PREVIOUS WORK

Proposition [{zyurov '11]

%irr(l)P[ there exists a left-right @ crossing |

-1
~ fl S2/3(1 _ 5)2/3 f/l 52/3(1 _ S)Z/S
o 1—s+s2 o 1—s+s2
Proof: multi-point discrete holomorphic observable
+ FK-duality

@ where ¢: Q — H, ¢(x4) = o

_ ¢t — p(xa)
@(x3) — @(x2)
@ conjectured in physics literature

[Cardy '80’s; Bauer, Bernard, Kytolda '05]

@ [Izyurov '14]: convergence of 2"~! connectivity events
._ _1 (2N 4N :
@ BUT there are Cy := W<N) ~ VRV events in total



MAIN THEOREM(S)

© Schramm & Shefield




CROSSING PROBABILITIES OF MULTIPLE ISING INTERFACES

@ discrete polygons (Q‘S, X[ ng) Q9 c 572
0—0
o (Q%x,...,x5) — (Qixy,...,xzy) in the Carathéodory sense
Theorem [P. & Wu ’18]

For the critical Ising model on Q° with alternating boundary
conditions, for all connectivities @ € LPy, we have

ZEQ;x, ..., Xaw)

N
I(su:,g(Q % P x2N)

%iII(l) P[ connectivity of interfaces = a] =
—

N 3 _
° ZI(su)lg : ZQGLPN Z(K = pf ((xj - X;) 1)i,j

° {ZC(,K:?’): a € LPy} “pure partition functions”



CROSSING PROBABILITIES OF MULTIPLE ISING INTERFACES

@ discrete polygons (95 ,...,ng) Q9 c 572
0—0
o (Q%x,...,x5) — (Qixy,...,xzy) in the Carathéodory sense
Theorem [P. & Wu ’18]

For the critical Ising model on Q° with alternating boundary
conditions, for all connectivities @ € LPy, we have

-3
ZEQ;x, ..., xon)

Iqmg(Q Xl eens xZN)

%iII(l)P[ connectivity of interfaces = @] =
—

N =3 _
ZI(su)lg : ZQELPN Z((yK )= pf ((xj - Xi) 1)ij
° {Z((f:g): a € LPy} “pure partition functions”

Main inputs to the proof:

@ convergence of interfaces to SLE3 variants

@ good control of the martingale Z4/ Zysing



CROSSING PROBABILITIES OF PERCOLATION INTERFACES

@ discrete polygons (Q‘S;xf, . ,ng) Q% c §T2
0—0
o (Q%x,...,x5) — (Qixy,...,xzy) in the Carathéodory sense
Theorem [P. & Wu ’18]

For the critical Bernoulli percolation on Q% with alternating
boundary conditions, for all connectivities @ € LPy, we have

-6
ZE0Q; x1, . .., xow)

N
Z0 (X, ., Xaw)

%in(l) P[ connectivity of interfaces = a] =
—

N =6
° Z}ger)co = ZaELPN Z((l’K ) =1
° {ZC(,KZG): a € LPy} “pure partition functions”

Main inputs to the proof:

@ convergence of interfaces to SLEg variants

@ good control of the martingale Z,/Zperco



CONNECTION PROBABILITIES OF LEVEL LINES OF GFF

1 T T3 Ty T5 Tg

—A +A —A +A -2 +A -

Theorem [Kenyon & Wilson 11, P. & Wu '17]
For the Gaussian free field with alternating boundary data, for all

connectivities @ € LPy, we have (KW: similar result for double-dimers)

=4
ZE=DQx, ..., xow)

N
Z80 Qs x1, -, Xon)

P [ connectivity of level lines = «]

N =4 Le_qyj-i
° Z((}F)F = Z(IELPN Z((tk ) = H(xj - xi)z( b/

i<j
° {ZC(,K:4): a € LPy} “pure partition functions”
Main inputs to the proof: ﬁﬁ mla

o level lines: multiple SLE,4

@ good control of the martingale Z,/Zggr



MULTIPLE SLE PARTITION FUNCTIONS A LA LAWLER, DUBEDAT

Theorem [Flores & Kleban 15, Kytola & P. '15, P. & Wu 17, Wu 18]
(Proved so far for x € (0,6].) There exists a unique collection {Z,}
of functions with properties PDE, COV, ASY, and a growth bound.

Pure partition functions form a basis {Z,}ecrp, for a space of
smooth positive functions of 2N real variables x; < -+ < Xapn.

(PDE): system of 2N partial differential equations

2
{fa—+2( 2 0 _ 6= 1)}Z(x1,...,x2N):0 V1< j<2N

2 8x3 A\ xi = x; 0x;  (x;—x;)?

(COV): conformal covariance
Z(f(x), .. (XzN))

(ASY): speciﬁc asymptotics

I (x))

= X Z(X1,. .., Xon)

|X]+1 | Z(y(xl’ cooy Xon)
x,-,x,-;l)—>§ Z(,,\”V‘/-H)(xl,...,xj_l,xj+2,...,sz) if {_],]+1} ca ﬂ
0 Fljrlga B g
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@ discrete polygons (95 ,...,ng) Q9 c 572
0—0
o (Q%x,...,x5) — (Qixy,...,xzy) in the Carathéodory sense
Theorem [P. & Wu ’18]

For the critical Ising model on Q° with alternating boundary
conditions, for all connectivities @ € LPy, we have

-3
ZEQ;x, ..., xon)

Iqmg(Q Xl eens xZN)

%iII(l)P[ connectivity of interfaces = @] =
—

N =3 _
ZI(su)lg : ZQELPN Z((yK )= pf ((xj - Xi) 1)ij
° {Z((f:g): a € LPy} “pure partition functions”

Main inputs to the proof:

@ convergence of interfaces to SLE3 variants

@ good control of the martingale Z4/ Zysing



PROOF IDEAS
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PROOF IDEA: MARTINGALE ARGUMENT

@ WLOG: assume {1,2} € a.
@ consider scaling limit r712 of Ising interface starting from xi:
AW, = V3 dB, + 38,108 Zigng(W,, V2, V3, .., V)dr
; 2dt i .
AV, = ———, Vo=x, fori#l, Wy=x
Vi W,

(convergence of discrete interface: [Izyurov ’15; P. & Wu ’18])

10
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AV, = ———, Vo=x, fori#l, Wy=x
Vi W,
(convergence of discrete interface: [Izyurov ’15; P. & Wu ’18])

@ pure partition function Z, gives bounded martingale
 ZW, VEVE, L VEY
ZIs'mg(th VIZ, VtS, PN VtZN)

t -
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PROOF IDEA: MARTINGALE ARGUMENT

@ WLOG: assume {1,2} € «
@ consider scaling limit r712 of Ising interface starting from xi:

AW, = V3 dB, + 38,108 Zigng(W,, V2, V3, .., V)dr
; 2dt i .
AV, = ———, Vo=x, fori#l, Wy=x
Vi-W,
(convergence of discrete interface: [Izyurov ’15; P. & Wu ’18])

@ pure partition function Z, gives bounded martingale
Zo(W,, VE V3, V2N

ZisingWi, V2, V3, V)

@ Main proposition: [P. & Wu '18] at continuation threshold T,

t-—

t—>T C (Vga ] VZN)
My —  lo(T) = x) (N"U L= My
Zigng (V3 ..., V)
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PROOF IDEA: MARTINGALE ARGUMENT

@ WLOG: assume {1,2} € «
@ consider scaling limit r712 of Ising interface starting from xi:

AW, = V3 dB, + 38,108 Zigng(W,, V2, V3, .., V)dr
. 2dt i .
AV, = ———, Vo=x, fori#l, Wy=x
Vi W,
(convergence of discrete interface: [Izyurov ’15; P. & Wu ’18])
@ pure partition function Z, gives bounded martingale
Z(I(Wl‘a V[27 vt37 ey VIZN)

ZISing(Wh Vl‘za Vt37 sy VtZN)

@ Main proposition: [P. & Wu '18] at continuation threshold T,

t-—

t—>T C (Vga ] VZN)
My —  lo(T) = x) (N"U L= My
Zigng (V3 ..., V)

o therefore, by the optional stopping theorem,

Zo (X1, X2, X3, .. ., XoN)
@ 3> _ MO _ E[MT]
Zising (X1, X2, X3, . . ., Xan) 10




PROOF IDEA: INDUCTION ON N

Induction hypothesis: for Ising model with N —1 interfaces,

) R Za(x3,. .., X2N)
glr%P[a/] (N"D
- Zising (X35 ..., XaN)

Then: optional stopping argument + technical details give
Zo (X1, X2, X3, ..., XoN)

Zlsing (X1, X2, X3, . . ., XoN)

= E[Mr]

Za(V3, ... VEN)
Uma(T) = o)y v
Zliing (Vo, ..., VI

= E [1{ni(T) = x5} lim P [a1]

= (lsi_{r(l) E [1{77‘152 terminates at x‘;} E [« | 17‘152]]

= lim P[a]
0—0 1



SCALING LIMITS OF INTERFACES

SLE, VARIANTS
& PARTITION FUNCTIONS
dW, = Vk dB, + kdilog Z (W, VA, VP, ..., V2Y) dt

11



SCALING LIMIT OF AN ISING INTERFACE

Dobrushin boundary conditions: 9Q° = {® segment} | J{© segment}

0—0
interface of Ising model — Schramm-Loewner evolution, SLE3 J

NB: Convergence in the topology of curves (and driving functions)
[Chelkak, Duminil-Copin, Hongler, Kemppainen, Smirnov '14]

Proof: tightness (RSW type estimates) + discrete holomorphic observable 12



SCALING LIMITS OF MULTIPLE ISING INTERFACES (I)

X5

@ fix discrete domain data (Q‘S;xf, ... ,ng)

@ consider critical Ising model in

Q° c 6§72 with alternating ®/S b.c.

o let (Qd;x‘f,...,x‘;N) ﬂ) (Q; x1,...,X9N)

in the Carathéodory sense

13



SCALING LIMITS OF MULTIPLE ISING INTERFACES (I)

X5

@ fix discrete domain data (Q‘S;xf, ... ,ng)

@ consider critical Ising model in
Q° c 6§72 with alternating ®/S b.c.

0—0
o let (Qd;x‘f,...,x‘;N) — (;x1,...,Xxn)
in the Carathéodory sense

@ condition on the event that the
interfaces connect the boundary points

according to a given connectivity «

Theorem [Beffara, P. & Wu ’18]

The law of the N macroscopic interfaces of the critical Ising model

converges in the scaling limit 6 — 0 to the N-SLE, with x = 3.

Wu [arXiv:1703.02022] Proof: convergence for N =1 and
Beffara, P. & Wu [arXiv:1801.07699] classification of multiple SLE3
13



SCALING LIMITS OF MULTIPLE ISING INTERFACES (I)

@ consider critical Ising model in
Q° c §7? with alternating ®/© b.c.

@ condition on having given connectivity «a

Theorem [Beffara, P. & Wu ’18]

. . 6—0 .
Ising interfaces — N-SLEg associated to «

14



SCALING LIMITS OF MULTIPLE ISING INTERFACES (I)

@ consider critical Ising model in
Q° c §7? with alternating ®/© b.c.

@ condition on having given connectivity «a

Theorem [Beffara, P. & Wu ’18]

. . 6—0 .
Ising interfaces — N-SLEg associated to «

e On (H; xy,...,xon) the marginal law of the curve starting from
x1 is given by the Loewner chain with driving process
dW, = V3 dB, +3dilog Z, (W, V2, V2, . VIN)dt,  Wo=x
2dt

Vi = ——,  Vj=ux, fori#l
Vi-Ww,

14



SCALING LIMITS OF MULTIPLE ISING INTERFACES (I)

@ consider critical Ising model in
Q° c §7? with alternating ®/© b.c.

@ condition on having given connectivity «a

Theorem [Beffara, P. & Wu ’18]

. . 6—0 .
Ising interfaces — N-SLEg associated to «

e On (H; xy,...,xon) the marginal law of the curve starting from
x1 is given by the Loewner chain with driving process

dW, = V3 dB, +3dilog Z, (W, V2, V2, . VIN)dt,  Wo=x
S 2dr :
dV) = ————, Vo =xi, fori#l
Vi- W,

@ Almost surely generated by a continuous transient curve,
which hits the boundary only at its endpoint, determined by a.

P. & Wu [arXiv:1703.00898]  Proof: control drift + compare with chordal SLE 14



GroBaL MULTIPLE SLE,, AkA N-SLE,

o family of random curves in
(5 x1, ..., Xon)
@ various connectivities encoded in

planar pair partitions o € LPy

@ unique ‘pure” measure for each a:

Theorem [Beffara, P. & Wu 18]
Let x € (0,4] U {16/3, 6}. For any fixed connectivity @ of 2N points,
there exists a unique probability measure on N curves
such that
conditionally on N — 1 of the curves, the remaining one is

the chordal SLE, in the random domain where it can live.

Dubédat (2006); Kozdron & Lawler (2007-2009); Miller & Sheffield (2016);
Miller, Sheffield & Werner (2018); P. & Wu (2017); Beffara, P. & Wu (2018)

Proof: Markov chain on space of curve families 15



SCALING LIMITS OF MULTIPLE ISING INTERFACES (II)

X5

@ consider critical Ising model in
Q° c §7? with alternating ®/© b.c.

o let (Q‘S;x‘f,...,x‘;N) 6:9 (Q; x1,...,X9N)

@ allow any connectivity of the interfaces

Theorem [Izyurov '15]

6—0
Ising interfaces — (local) multiple SLE3

Proof: multi-point holomorphic observable

16



SCALING LIMITS OF MULTIPLE ISING INTERFACES (II)

X5

@ consider critical Ising model in
Q° c §7? with alternating ®/© b.c.

o let (Q‘S;x‘f,...,x‘;N) 6:9 (Q; x1,...,X9N)

@ allow any connectivity of the interfaces

Theorem [Izyurov '15]

6—0
Ising interfaces — (local) multiple SLE3

X2 Proof: multi-point holomorphic observable

Scaling limit of the interface starting from x;
is given by the Loewner chain with driving process

dW, = V3 dB, + 3dilog Zigng (W V2 V2., VEY)dt,  Wo=x
S 2dr ,
dV) = ——, Vo=x;, fori#l
Vi- W,

LOCAL: A priori, holds only before blow-up .



SCALING LIMITS OF MULTIPLE ISING INTERFACES (II)

@ consider critical Ising model in
Q° c 672 with alternating ®/© b.c.

@ allow any connectivity of the interfaces

Theorem [Izyurov '15]

50
Ising interfaces S (local) multiple SLE3

dW, = V3 dB; +3d1log Zigne (Wi, VA V2, V) dt

Proposition: “Globality of the scaling limit” [P. & Wu 18]

@ Convergence holds also in the space of curves.

© Scaling limit is a.s. a continuous transient curve, that hits
the boundary only at its endpoint = one of the marked points.

Proof: 1. RSW bounds by [Chelkak, Duminil-Copin & Hongler '16]
+ results of [Aizenman & Burchard 99; Kemppainen & Smirnov '17]

2. control drift + compare with chordal SLE [arXiv:1808.09438] 16



RELATION OF PARTITION FUNCTIONS IN (I) AND (II)

(I): conditionally on given connectivity a:
. 0—0 .
interfaces — N-SLEj3 associated to «a,
which has (pure) partition function Z,

dW, = V3 dB, + 3dilog Z (W, VA, V3,...,V2V) dt J

[arXiv:1703.00898]

17



RELATION OF PARTITION FUNCTIONS IN (I) AND (II)

(I): conditionally on given connectivity a:
interfaces (E)) N-SLE3 associated to a,
which has (pure) partition function Z,

(I1): allow any connectivity of the interfaces:

. 0—0 . . . .
interfaces — multiple SLE3 with partition function Zigine

dW, = V3 dB, + 3dilog Z (W, VA, V3,...,V2V) dt J

[arXiv:1703.00898]
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RELATION OF PARTITION FUNCTIONS IN (I) AND (II)

(I): conditionally on given connectivity a:
interfaces (E)) N-SLE3 associated to a,
which has (pure) partition function Z,

(I1): allow any connectivity of the interfaces:

. 0—0 . . . .
interfaces — multiple SLE3 with partition function Zigine

dw, = \/§dB,+38110gZ(Wt’Vf’Vf”---’VrZN)d’J

Lemma [Kytola & P. 16, P. & Wu '17]

1
ZIs'mg = pf(xj _xi)~ = ZZa

Proof: uniqueness of partition functions using
ideas of [Dubédat '06; Kozdron & Lawler '07] + PDE results [Flores & Kleban '15]

[arXiv:1703.00898]

17
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