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Our space: K = [0, 1]?
u: a Borel regular probability measure on K.
1t has weak exponential decay d@f

€

dey, e, a1, 00 > 0, Vo € [0,1]%,Vr € (0, 1]
ar®™ < u(Bi(z, 1)) < cor, (0.1)

where B,(z,7) = {y|ly € [0,1]%, |z — y| < r}.

Examples

(1) Liouville measure (or Liouville quantum gravity) associated with Gaus-
sian free field

(2) Random self-similar measures



Gaussian Free Field: a very short introduction based on [9, 2]

First Ingredient: (2, F, P): a probability space
{p}i>1: independet random variables satisfying Vi > 1, ¢; € L*(Q, P),

/gpidP =0 and /(goi)2dP = 1.
Q Q

{pi}i>1: independent = {p;};> is an orthonormal system of L*(Q, P).

Second Ingredient: (H,(-,-)): a real Hilbert space,
{e;}i>1: a complete orthonormal base of (H, (-,-)).



Define @ : H — L*(Q, P) as, V{a; }i>1 € £2(R),

(I)(Z a;e;) Cif Z Q5
i=1 i=1

@ s Tongm s ie (hh)= /(CD(h))2dP.
isometry Q
Formally if X, = .., wi(w)e;, then
®(h)(w) = (Xu,h).

Note that X, ¢ H!!



Additional Setting 1: Gaussian
Assume that the distribution of ¢; = the centered normal Gaussian;
V Borel set A C R,

P((p:)” \/ﬂ % da.
a8
P(d( / —h - S O

the distribution of ®(h)



Additional Setting 2: Dirichlet energy

U C R™: a bounded domain, p,: the Lebesgue measure

H}(U): the collection of H' functions with 0-bounday conditions.
(+,-)p: the Dirichlet energy defined by

(f,9)p Cif/U(Vf, Vg)dju.

Fact: (HJ(U), (+,-)p) is a Hilbert space.



J a complete orthonormal system {f;};>1 of L?(U, 1) and {);};>1 such that
0< A <A< A3 <0, im0 Ay = +00, Vi > 1,

fi € H&(U> and Afi=—-\Nf;

4

i _ 1
{ez = _)\i}izl. an orothnormal base of (Hy(U), (+,-)p)

Definition 0.1. ®(H) is called the Gaussian free field over U associated
with (Q,f, P) and {@1}221



Formally

X d } Z @i(w)e;(x) : Gaussian random variable for each z € U

Ep[Xu(2)Xu(y)] = | Xo(2)Xu(y)P(dw)

Q
= ZQ(QZ)BZGJ) = Z W - GU(I7y>7

=1

where Gy (z,y) is the Green function of the domain U.



Gausiann free field to Liouville measure

Assume n = 2.
®(H): Gausssian free field over U associated wtih (€2, F, P) and {p;}i>1.
Define

N
Xnale) 2 3 pielets)
= VYw € O, Xy, € H(U) and Vz € U, Xy, (z) € L*(Q, P).
In L2(Q, P),

®(h) = lim (Xnw, h)p(= (X, h)p, formally)

N—oo

Xnw: regularization of X,,.



For v > 0, define

Mo(2) = 7 X80 (2) = = Ep[Xnu(2)?]

def ’ 2
2
=vXnw(z) — ) XN’w(z)QP(dw)
Q
N 2

=73 wi@es) - L6z, 2),

i=1

N
where ngN)(z,w) = Z w
i=1 !



Define
M, nu(A) = / Moy, (dz)
def A

for any Borel set A C U. Then

Theorem 0.2 (Duplantier and Sheffield[2]). Vv € [0,2), P-a.s w € €2,

M, N —]>d M, . as N — oo.
weakly
Formally,
2
M, ,(dz) = M=) (dz), where \,,,(2) = 7X,,(2) — /?EP[XW(ZV}
M., ,: the Liouville measure, or, the Liouville quantum gravity

There is another way to construct the Liouville measure by means of
Gaussian multiplicative chaos originated by Kahane[5] and recently
developed by Robert and Vargas[8]. See also [7].



Liouville Brownian motion
By Garban, Rodes and Vargas [4, 3]

Time change of the Brownian motion with respect to M, , is possible.

3p,w(t, 21, 22): associated heat kernel which is jointly continuous

The time changed process is called the Liouville Brownian motion.

Asymptotic bahaviro of p, (¢, 21, 22):
Maillard, Rhodes, Vargas and Zeitouni [6] and Andres and Kajino[1].
By Andres and Kajino, P-a.e. w € Q, M, -a.e. 2 €U,

logpyo(t, 2, 2
i 108 Prw(t 2, 2)

= 1 + rough off-diagonal estimate
t10 logt



Notable fact on the Liouville measure:

Proposition 0.3 ([4] + [1]). Let V be a bounded subset of U. Then for
P-a.e. w€ Q, Jey, 09,01, > 0,3IR >0, Ve € V, Vr € (0, R],

car® < M, o (Bi(z, 7)) < cor? |,




Self-similarity of K: ¢; = (0,0),¢2 = (1,0),¢3 = (1,1),q4 = (0,1) and

L —d;
Fi(z) = 5 + qi

forv=1,2,3,4.

W ={1,2,3,4}" = {wy ... wy,|wi, we, ... ,w, € {1,2,3,4}}
W, = Wa

m>0
Fw1...wm :le OFwQO...Ome
le‘..wm - le...wm<K)

|wl: length of w € W, =m such that w € W,,.



Random self-similar measure

A = {(p1,p2,p3,p4)[0 < p; < 1,p1 +p2+ps+ps =1}

v is a Bore regular probability measure on A.
Let {(Aw, V) }wew, be independent copies of (A, v) and define (2, P,) as



Fact: ]P)l,—a.e. W = HwGW* (pl (UJ, w)7p2(u17 w)ap3(u77 CU), Pa (w7 W)),
3 Borel regular probability measure PY such that

P:;/(le...wm> = DPuw, (Qbu w)purg (wly W)' *DPuw,, (wl - Wim—1, w)

P: a random self-similar measure on K.

Theorem 0.4. Assume that 3¢ > 0 such that Vi = 1,2, 3,4,

/(pi)_qdu < ~00.
A

Then for P,-a.e. w, P has weak exponential decay.



the reflected Brownian motion on the square K = [0, 1>

2
E(u,v) :/ Z Ou Ov dx|: Dirichlet energy
. A

for u,v € H“*(K): the Sobolev space.

E(u,v) = — /K u(Lv)dz,

0% )
where | Lv = Z : Laplacian.




Time Change = Inhomogeneous media
Introduce f4: Density of the media, a Radon measure on K.
Assume that u(A) = 0 whenever Cap(A) = 0.

’u need not to be absolutely continuous to dT‘

Then by taking a proper modification F,, of the original domain H'?(K),
(€, F,): alocal regular Dirichlet form on L*(K, p)
— same pathes but different speeds



Define

h(w,y) = max{—loglx -y, 1}

h,(w) = sup / h(z,y)pu(dy)

def rEKy w

h(z,y) < the 0-Green function

Proposition 0.5. p: weakly exponential decay = 3C > 0, Yw € W,,
hu(w) < Clwl*p(Ky).

Furthermore, time change is possible with respect to .

w: the volume doubling property = 3C > 0, Vw € W,

hy(w) < Clulu(,.).



Poincaré inequality
Classical Poincaré inequality:

) 2/ ou\?
et [ (2w [ -
Bi(x,r) ;4 T Bi(z,r)

where B, (x,r) = {y|lx —y| < r}.
= Estimate of the second eigenvalue of the Neumann Laplacian A, i.e.
C

Ao > —.

B (z,r) ‘2dy




Poincaré inequality in general

(X,d): a metric space, u: a Radon measure on X.

(€, F): alocal regular Dirichlet form on L*(X, ).

U,V: open subsets of X, V C U C X.

gu(x,y): 0-order Green function associated with £ on U.

Assumption 0.6. o > 0, Vz,y € V, z € U with d(z, 2) > d(x,y)/2,

gU(x7Z) S OégU(fL',y)



The following result is an adaptation/modification of that in
R. Bass, A stability theorem for elliptic Harnack inequalities, J. Eur. Math.
Soc. 17(2013), 856-876

Theorem 0.7. Under Assumption 0.6, Vf € F,

1 w(V) a:i;lefv gu(z,y)
5<f7 f) Z % ’ 2
a*((sup [ (e omaz))
zeV JU

E.(7y) = / gu(z, 2)p(dz) : Exit time form U
U

/V (F(2) — (f)v)sulde)

Remark.



Theorem 0.8. 3C' > 0 such that p: Time change is possible =

Ao(p) = WC;,)W i.c.

where (u), = Jre u(z)p(de).

Note that
Oun2 s OuN2
5(u,u)=/K ((%) + <a_Z> )dxdy



’Weak exponential decay + Poincaré inequality = Nash inequality
Define py as puy(A) = p(Fu(A))/ p(Kw).

E(u,u) = ZE(quw,quw)

weA
C 1 ) 1 2
e (mKw) e g () ) |

where A is a partition.
Note that if 4 is volume doubling or self-similar, then h,, (¢) < C’



By the weak exopnential property,

Ty (0) < c1(log p(K)* + c2)




Consequently,

E(u,u +CZ ))</K udu) >C’Z

w weA

/ udp
Kw

Let A is the partition of W, where ¢(u(K,)) ~ t. (Cheating!!)
Set £ = ¢~ '. Then V¢ € (0,1],

4
el > 2ol

E(u,u) + — Nash type inequality.

=Vt € (0,1],

1 Tullse < Cmax{1,&(t)" Hlully

where T} is the semigroup assocoiated with the time change.
Note that if 4 is voulme doubling or self-similar, then £(t) = t.



Consequently,

Theorem 0.9. If i has weak exponential decay, then

(1) H, =associated self-adjoint operator: compact resolvent
(2) The associated semigroup {T,}~o: ultraconatractive

(3) 3 jointly continuous heat kernel p,(t,z,y) and o, ¢ > 0

pult,z,x) <ct™

fort € (0,1].



Assuem that p has weak exponential decay.
General lower heat kernel estimate:
Iy >0, prae. x € K, 3T, > 0, Vt € (0,T,],

5 <Du(t,2)
—_ z,x
t|logt|® — Pults
With a weak doubling condition:
3f : (0,00) — [1,00): non-increasing, Vz € K,r > 0

(B (z,2r)) < f(r)u(By(z,r)) and i Jog £(r)

= 0.
rlo  logr

Then Vx € K,
t10 logt



Volume doubling case:
Assume that p has the volume doubling property with respect to the
Euclidean metric, i.e.

1(Ba(z,2r)) < Cu(Bi(w,7)).

Theorem 0.10 (Sub-Gaussian). _

W has the volume doubling property with respect to the Eucliden metric
=

3d,,: a metric quasisymmetric to the Euclidean metric, 38 > 2,

dey, c9,c3,¢4 >0, YV, y,t,

‘ du(e,9)°\
pu<t,x,y>g;eXp<_CQ(M) )

t

and if d,(x,y) < cqt, then

C3
- < pult,z,y).



References

[1] S. Andres and N. Kajino, Continuity and estimates of the Liouville heat
kernel with applications to spectral dimensions, preprint, 2014.

[2] B. Duplantier and S. Sheffield, Liouville quantum gravity and KPZ,
Inventiones Mathematicae 185 (2011), 333-393.

[3] C. Garban, R. Rhodes, and V. Vargas, On the heat kernel and the
Dirichlet form of Liouville Brownian Motion, Electronic Journal of
Probability 19 (2014), 1-25.

[4] | Liouwville Brownian motion, Ann. Prob. 44 (2016), 3076-3110.

[5] J.-P. Kahane, : Sur le chaos multiplicatif, Ann. Sci. Math. Québec 9
(1985), 105-150.

[6] P. Maillard, R. Rhodes, V. Vargas, and O. Zeitouni, Liouville heat
kernel: regularity and bounds, Ann. Inst. H. Poincaré Probab. Statist.
52 (2016), 1281-1320.

[7] R. Rhodes and V. Vargas, Gaussian multiplicative chaos and
applications: A review, Probab. Surveys 11 (2014), 315-392.

[8] R. Robert and V. Vargas, Gaussian multiplicative chaos revisited, Ann.
Probab. 38 (2010), 605—-631.

[9] S. Sheffield, Gaussian free fields for mathematicians, Probab. Theory
Related Fields (2007), 521-541.



