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© Percolation: the models.
e Exploration process for percolation and crossing probability.

© Polynomial rate of convergence for the Cardy-Smirnov observable: joint
work with Lincoln Chayes and Helen Lei.

© From convergence of observables to convergence of interfaces: joint work
with Larissa Richards (Toronto).
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Bond percolation on triangular lattice
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Percolation
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To hexagonal lattice: bond percolation

Interested only in connectivity properties, so can group triangles with the same
connectivity:
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Percolation
[e]e] o]

To hexagonal lattice: bond percolation

Interested only in connectivity properties, so can group triangles with the same
connectivity'
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Not quite symmetric:
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Introduce flowers and irises.
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Modified bond percolation

Introduce flowers and irises.
Rules

@ Flowers are disjoint
@ Non-irises are blue/yellow with equal probability a.

© lIris can be blue, yellow or split each allowed way with probabilities a, a, s
respectively.(2a + 3s = 1.) Also, a* > 2s?
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Modified bond percolation

Introduce flowers and irises.
Rules

@ Flowers are disjoint
@ Non-irises are blue/yellow with equal probability a.

© lIris can be blue, yellow or split each allowed way with probabilities a, a, s

respectively.(2a + 3s = 1.) Also, 2% > 2¢?

The last rule introduces local correlations. A generalization of site percolation.

@ In triggering situation iris is no longer iris!
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Exploration process.

In a simply connected domain © with two points (or prime ends) A, B on the
boundary, color all 1/n-hexagons on [AB] blue, on [BA] yellow. The unique
interface between yellow and blue, a random curve from A to B in Q is called
the exploration process.
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boundary, color all 1/n-hexagons on [AB] blue, on [BA] yellow. The unique
interface between yellow and blue, a random curve from A to B in Q is called
the exploration process.

Converges to SLEg when n — oo.
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boundary, color all 1/n-hexagons on [AB] blue, on [BA] yellow. The unique
interface between yellow and blue, a random curve from A to B in Q is called
the exploration process.

Converges to SLEg when n — oco. Proven for triangular site percolation
(Smirnov, 2000) and the modified bond percolation, but only when
Mdim(092) < 2 (B-Chayes-Lei, 2010).
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In a simply connected domain © with two points (or prime ends) A, B on the
boundary, color all 1/n-hexagons on [AB] blue, on [BA] yellow. The unique
interface between yellow and blue, a random curve from A to B in Q is called
the exploration process.

Converges to SLEg when n — oco. Proven for triangular site percolation
(Smirnov, 2000) and the modified bond percolation, but only when
Mdim(092) < 2 (B-Chayes-Lei, 2010).

How fast does it do it?
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Exploration process.

In a simply connected domain © with two points (or prime ends) A, B on the
boundary, color all 1/n-hexagons on [AB] blue, on [BA] yellow. The unique
interface between yellow and blue, a random curve from A to B in Q is called
the exploration process.

Converges to SLEg when n — oco. Proven for triangular site percolation
(Smirnov, 2000) and the modified bond percolation, but only when
Mdim(092) < 2 (B-Chayes-Lei, 2010).

How fast does it do it?

One should expect power rate of convergence (n~% for some 1) > 0).
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Cardy’s formula

w=h(B) 0=h(C) x=h(D} 1=h(A)

Cardy (1992):

. _ ) _  JX(s(1=s)) "3 ds
limp— oo Sn(2,A,B,C,D) = S5 (2; A, B, C,D) = G(x) := s s
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| P

==h(B) 0=h(C) x=h(D) 1=h{A)

Cardy’s formula

Cardy (1992):
. )  JXs=s) T3 ds
liMpsoo Si(Q,A, B, C,D) = Soo( A, B, C,D) = G(x) := 24— =

Ji(s(1—s))—2/3 ds
C@; |
/\ .
: AN
A (9
Carleson:

S(A,B, C,D) := 52!
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Cardy-Smirnov observable

Smirnov (2000): combinatorial description of the discrete approximation of the

mapping @q to the standard equilateral triangle A with the vertices
{1,627”./376727”‘/3} )
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Cardy-Smirnov observable

Smirnov (2000): combinatorial description of the discrete approximation of the
mapping ¢q to the standard equilateral triangle A with the vertices
{1,e%"/3 e721/3} A “complexification” of Cardy's observable.

HA A HB A Hc &

H2(2) 4 e*™/3Hp(2) + e 2™/3H2(z) converge to ¢q.
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Cardy-Smirnov observable

Smirnov (2000): combinatorial description of the discrete approximation of the
mapping ¢q to the standard equilateral triangle A with the vertices
{1,e%"/3 e721/3} A “complexification” of Cardy's observable.

HA A HB A Hc &

H2(z) 4 e*™/3Hp(z) + e 2™/3H2(z) converge to ¢q. Coincides with Cardy’s
formula when z € 99.
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Exploration process
[ele] J

Cardy-Smirnov observable

Smirnov (2000): combinatorial description of the discrete approximation of the
mapping ¢q to the standard equilateral triangle A with the vertices
{1,e%"/3 e721/3} A “complexification” of Cardy's observable.

HA A HB f Hc

H2(z) 4 e*™/3Hp(z) + e 2™/3H2(z) converge to ¢q. Coincides with Cardy’s

formula when z € 909Q.
Also works for the modified bond percolation when Mdim(9Q) < 2

(B.-Chayes-Lei, 2010).

The polynomial rate of convergence of critical interfaces.
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The rate of convergence for Cardy-Smirnov observable

Theorem (B.-Chayes-Lei, 2014).

Let Q be a bounded simply connected domain, A, B, C, D be prime ends at
the boundary. Then for some universal constant 1) > 0 and for large enough n,

1S,(Q2; A, B, C,D) — Soo(2%; A,B,C,D)| < n~ .
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The rate of convergence for Cardy-Smirnov observable

Theorem (B.-Chayes-Lei, 2014).

Let Q be a bounded simply connected domain, A, B, C, D be prime ends at
the boundary. Then for some universal constant 1) > 0 and for large enough n,

1S,(Q2; A, B, C,D) — Soo(2%; A,B,C,D)| < n~ .

The same is true for the Cardy-Smirnov observable:

Ha(z) + €2 PHE(2) + e > PH(2) — pa(z)| < n~¥.
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The rate of convergence for Cardy-Smirnov observable

Theorem (B.-Chayes-Lei, 2014).

Let Q be a bounded simply connected domain, A, B, C, D be prime ends at
the boundary. Then for some universal constant 1) > 0 and for large enough n,

1S,(Q2; A, B, C,D) — Soo(2%; A,B,C,D)| < n~ .
The same is true for the Cardy-Smirnov observable:
Ha(z) + €2 PHE(2) + e > PH(2) — pa(z)| < n~¥.

For modified bond percolation, the estimate holds only when Mdim(0Q2) < 2.

V.
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The rate of convergence for Cardy-Smirnov observable

Theorem (B.-Chayes-Lei, 2014).

Let Q be a bounded simply connected domain, A, B, C, D be prime ends at
the boundary. Then for some universal constant 1) > 0 and for large enough n,

1S,(Q2; A, B, C,D) — Soo(2%; A,B,C,D)| < n~ .
The same is true for the Cardy-Smirnov observable:

Ha(z) + €2 PHE(2) + e > PH(2) — pa(z)| < n~¥.

For modified bond percolation, the estimate holds only when Mdim(0Q2) < 2.

Mendelson, Nachmias, Watson (2014): the same result for the usual site
percolation and for domains with piecewise-analytic boundary, but with any
exponent Y < %.
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Polynomial rate of convergence: observable.
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Sketch of a proof

Let Q, be a “good” 1/n-hexagonal approximation of 2, and the points A,, B,
C,, and D, are selected to be the conformally closest grid points to A, B, C,
and D correspondingly. Let ¢, be the unique conformal map of Q, that sends
An, B,, C, to the corresponding vertices of A.
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Let Q, be a “good” 1/n-hexagonal approximation of 2, and the points A,, B,
C,, and D, are selected to be the conformally closest grid points to A, B, C,
and D correspondingly. Let ¢, be the unique conformal map of Q, that sends
An, B,, C, to the corresponding vertices of A.

Let H"(z) := Hi(z) + e™/3HA(z) + e 2™/*H2(z). Extend it by linearity to
the whole domain Q,.
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Sketch of a proof

Let Q, be a “good” 1/n-hexagonal approximation of 2, and the points A,, B,
C,, and D, are selected to be the conformally closest grid points to A, B, C,
and D correspondingly. Let ¢, be the unique conformal map of Q, that sends
An, B,, C, to the corresponding vertices of A.

Let H"(z) := Hi(z) + e™/3HA(z) + e 2™/*H2(z). Extend it by linearity to
the whole domain Q,.

What do we need to know about H,?

In an ideal world, H, is discrete holomorphic, i.e. for any discrete closed lattice
path v, = {wo, vi,..., vk, W} we have

k

§ @) d =3 5 (Hul) + ) (1 = ) =0,

Jj=0

llia Binder The polynomial rate of convergence of critical interfaces.



Polynomial rate of convergence: observable.
[o] lelele]e]

Sketch of a proof

Let Q, be a “good” 1/n-hexagonal approximation of 2, and the points A,, B,
C,, and D, are selected to be the conformally closest grid points to A, B, C,
and D correspondingly. Let ¢, be the unique conformal map of Q, that sends
An, B,, C, to the corresponding vertices of A.

Let H"(z) := Hi(z) + e™/3HA(z) + e 2™/*H2(z). Extend it by linearity to
the whole domain Q,.

What do we need to know about H,?

In an ideal world, H, is discrete holomorphic, i.e. for any discrete closed lattice
path v, = {wo, vi,..., vk, W} we have

k

§ @) d =3 5 (Hul) + ) (1 = ) =0,

Jj=0

and uniformly(in n) Hélder continuous.
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Cauchy transform as a bridge between discrete and continuous worlds

In an ideal world, one can show that the Cauchy transform

Fo(2) := i?! (&) d¢

27i Joq, £ — 2
is polynomially close to H,(z) and for z inside Q,, when

dist(z, 0Q,) > n~*.
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In an ideal world, one can show that the Cauchy transform

Fo(2) := i?! (&) d¢

27i Joq, £ — 2
is polynomially close to H,(z) and for z inside Q,, when

dist(z, 0Q,) > n~*.

Since H, is Holder, it is close to H, in the whole domain €2, and is “almost
conformal”.
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Cauchy transform as a bridge between discrete and continuous worlds

In an ideal world, one can show that the Cauchy transform

Fo(2) := i?! (&) d¢

27i Joq, £ — 2
is polynomially close to H,(z) and for z inside Q,, when

dist(z, 0Q,) > n~*.

Since H, is Holder, it is close to H, in the whole domain €2, and is “"almost
conformal”. So it is close to ¢,, which, by standard distortion theorems is
polynomially close to ¢. So H, is polynomially close to .
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Almost discrete analyticity and Holder continuity

In reality:

@ H, is just almost holomorphic (the main observation in Smirnov’s proof of
convergence!): for any n-lattice closed path ~,,

7{ Hy(z) dz < Cn™ " length(ya), p>0
Vn
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Almost discrete analyticity and Holder continuity

In reality:
@ H, is just almost holomorphic (the main observation in Smirnov’s proof of
convergence!): for any n-lattice closed path ~,,

7{ Hy(z) dz < Cn™ " length(ya), p>0
Vn

@ H, is Holder continuous outside of some neighborhood of 0€2,. What

saves us near the boundary is the following property:
there exists € > 0, o > 0, such that for any z with dist(z, 9Q,) < € there

exists w, € 0, such that

Z— wpl|?
[Hu(2) = Ho(wi)| < €| 2=
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Almost discrete analyticity and Holder continuity

In reality:
@ H, is just almost holomorphic (the main observation in Smirnov’s proof of
convergence!): for any n-lattice closed path ~,,

7{ Hy(z) dz < Cn™ " length(ya), p>0
Vn

@ H, is Holder continuous outside of some neighborhood of 0€2,. What

saves us near the boundary is the following property:
there exists € > 0, o > 0, such that for any z with dist(z, 9Q,) < € there

exists w, € 0, such that

Z— wpl|?
[Hu(2) = Ho(wi)| < €| 2=

© Sometimes, we can not choose D, close to D!

The polynomial rate of convergence of critical interfaces.
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Cauchy transform

Step 1: Replacing a function H, with its Cauchy integral extension
1 H,
Fo(z) := —f Hn(€) d¢.
270 Joq, £ — 2

It is an analytic function which is close to H, inside Q,, since H, is almost
discrete analytic and Holder continuous.
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Polynomial rate of convergence: observable.
0O000e0

Cauchy transform

Step 1: Replacing a function H, with its Cauchy integral extension
1 H,
Fo(z) := —f Hn(€) d¢.
270 Joq, £ — 2

It is an analytic function which is close to H, inside Q,, since H, is almost
discrete analytic and Holder continuous. By the Argument Principle, it
conformally maps a smaller domain Q) to (1 — n~?)A, for some universal a.

/o >
Qnm
|

llia Binder The polynomial rate of convergence of cri nterfaces.
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Analytic and percolation arguments

Step 2: Since in ), F, is power close to H,, we can use a percolation
argument (the so-called Harris systems on the level N >> n) to show that €, is
“close” to Q in the conformal sense: 8 (¢(2,)) is n° close to A in the
supremum norm.
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Analytic and percolation arguments

Step 2: Since in ), F, is power close to H,, we can use a percolation
argument (the so-called Harris systems on the level N >> n) to show that €, is
“close” to Q in the conformal sense: 8 (¢(2,)) is n° close to A in the
supremum norm.

Step 3:
: 1 -1
g = an o

is the conformal map of ¢(£2;,) to A preserving the corresponding vertices.
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Analytic and percolation arguments

Step 2: Since in ), F, is power close to H,, we can use a percolation
argument (the so-called Harris systems on the level N >> n) to show that €, is
“close” to Q in the conformal sense: 8 (¢(2,)) is n° close to A in the
supremum norm.
Step 3:

1 -1

£~ 1—n—2

is the conformal map of ¢(£2;,) to A preserving the corresponding vertices.

Lemma. (Marchenko, '30s)

Let A1 C A, OA; - Jordan, doo (04, 0A1) < €.
Let g : A1 — A be a conformal map, normalized so that preimages of vertices
are e-close to them.

Then |g(w) — w| < (€| loge])'/®

for all w € A;.

llia Binder The polynomial rate of convergence of critical interfaces.
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Analytic and percolation arguments

Step 2: Since in ), F, is power close to H,, we can use a percolation
argument (the so-called Harris systems on the level N >> n) to show that €, is
“close” to Q in the conformal sense: 8 (¢(2,)) is n° close to A in the
supremum norm.
Step 3:

1 -1

£~ 1—n—2

is the conformal map of ¢(£2;,) to A preserving the corresponding vertices.

Lemma. (Marchenko, '30s)

Let A1 C A, OA; - Jordan, doo (04, 0A1) < €.

Let g : A1 — A be a conformal map, normalized so that preimages of vertices
are e-close to them.

Then |g(w) — w| < (| log €])'/? for all w € A;.

Just use the lemma for g and A; = ¢(}) to show that uniformly

|Fa(z) — p(2)] < Cnfd, zeQ).

llia Binder The polynomial rate of convergence of critical interfaces.



Polynomial convergence: interfaces.
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The main statement for Percolation.

In the spirit of LERW result of Benes-Kozdron-Viklund(2013) and
Viklund(2015):

Theorem (B-Richards, 2018).

There exists a p > 0 such that for any domain 2 with two boundary prime ends
A, B there exists a sequence of n-lattice approximations (2., An, Bn) and a
coupling of the exploration process 7y, in Q, from A, to B, and SLEs-curve vy in
Q from A to B which satisfy

P [distsup (Yny v) > nfp] <n”.
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The main statement for Percolation.

In the spirit of LERW result of Benes-Kozdron-Viklund(2013) and
Viklund(2015):

Theorem (B-Richards, 2018).

There exists a p > 0 such that for any domain 2 with two boundary prime ends
A, B there exists a sequence of n-lattice approximations (2., An, Bn) and a
coupling of the exploration process 7y, in Q, from A, to B, and SLEs-curve vy in
Q from A to B which satisfy

P [distsup (Yny v) > nfp] <n”.

Here
disteup(71,72) 1= inf sup|yi(p1(t)) — 72(w2(t))l,
P1,92 t

where the infimum is over all possible parameterizations.
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The main statement for Percolation.

In the spirit of LERW result of Benes-Kozdron-Viklund(2013) and
Viklund(2015):

Theorem (B-Richards, 2018).

There exists a p > 0 such that for any domain 2 with two boundary prime ends
A, B there exists a sequence of n-lattice approximations (2., An, Bn) and a
coupling of the exploration process 7y, in Q, from A, to B, and SLEs-curve vy in
Q from A to B which satisfy

P [distsup (Yny v) > nfp] <n”.

Here
disteup(71,72) 1= inf sup|yi(p1(t)) — 72(w2(t))l,
P1,92 t

where the infimum is over all possible parameterizations. For Léwner curves,
the same as the distance in Léwner parameterization.
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The main statement for Percolation.

In the spirit of LERW result of Benes-Kozdron-Viklund(2013) and
Viklund(2015):

Theorem (B-Richards, 2018).

There exists a p > 0 such that for any domain 2 with two boundary prime ends
A, B there exists a sequence of n-lattice approximations (2., An, Bn) and a
coupling of the exploration process 7y, in Q, from A, to B, and SLEs-curve vy in
Q from A to B which satisfy

P [distsup (Yny v) > nfp] <n”.

Here
disteup(71,72) 1= inf sup|yi(p1(t)) — 72(w2(t))l,
P1,92 t

where the infimum is over all possible parameterizations. For Léwner curves,
the same as the distance in Léwner parameterization.

Where prime ends are a concern, a weighted sum of the distances within
various regions defining the prime ends is considered.

llia Binder The polynomial rate of convergence of critical interfaces.



Polynomial convergence: interfaces.
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Cardy-Smirnov observable determines the driving function.

aQ uars [y

It is easy to see that S,(t) = S, (2 \ 74[0, t], A, B, C,va(t)) satisfies the
Markov property
E [Sn(t)[7[0,s]] = Sa(s) t>s.
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Cardy-Smirnov observable determines the driving function.

aQ € e TG gy 1OV

It is easy to see that S,(t) = S, (Q2\ 1[0, t], A, B, C,va(t)) satisfies the
Markov property

E [Sa(t)|74[0, s]] = Sn(s) t>s.
The same is satisfied for Soo(t) with an error of order n=%. This gives, by
Cardy formula, [E[G(x(t))|7[0,s]] — G(x(s))| < n™¥, t > s

llia Binder The polynomial rate of convergence of critical interfaces.
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It is easy to see that S,(t) = S, (Q2\ 1[0, t], A, B, C,va(t)) satisfies the
Markov property

E [Sa(t)|74[0, s]] = Sn(s) t>s.
The same is satisfied for Soo(t) with an error of order n=%. This gives, by
Cardy formula, [E[G(x(t))|7[0,s]] — G(x(s))| < n™¥, t > s
Here we need the convergence for domains with non-smooth boundaries.
Let An(t) be the driving function of the exploration process from D to B at
scale n. A,(t) determines x(t), since h; is just a re-scaled gi:

X(t _ )\n(t) — gt(c)
g:(A) — &(C)
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It is easy to see that S,(t) = S, (Q2\ 1[0, t], A, B, C,va(t)) satisfies the
Markov property

E [Sa(t)|74[0, s]] = Sn(s) t>s.
The same is satisfied for Soo(t) with an error of order n=%. This gives, by
Cardy formula, [E[G(x(t))|7[0,s]] — G(x(s))| < n™¥, t > s
Here we need the convergence for domains with non-smooth boundaries.
Let An(t) be the driving function of the exploration process from D to B at
scale n. A,(t) determines x(t), since h; is just a re-scaled gi:

o )\n(t) - gt(c)
0= g a0y
Now let A, C — B, and asymptotically expand G to get
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Cardy-Smirnov observable determines the driving function.
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It is easy to see that S,(t) = S, (Q2\ 1[0, t], A, B, C,va(t)) satisfies the
Markov property

E [Sa(t)|74[0, s]] = Sn(s) t>s.
The same is satisfied for Soo(t) with an error of order n=%. This gives, by
Cardy formula, [E[G(x(t))|7[0,s]] — G(x(s))| < n™¥, t > s
Here we need the convergence for domains with non-smooth boundaries.
Let An(t) be the driving function of the exploration process from D to B at
scale n. A,(t) determines x(t), since h; is just a re-scaled gi:

o )\n(t) - gt(c)
0= g a0y
Now let A, C — B, and asymptotically expand G to get
En(t) Aa(s))] = A(s)  E[N3(2) — 6t [A(s))] = Ao(s) — 6s

This means that A,(t) must have law of approximately B(6t).

llia Binder The polynomial rate of convergence of critical interfaces.



Polynomial convergence: interfaces.
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From the convergence of driving function to the convergence of interface

Tip structure modulus (Viklund) for a Léwner curve v(t), t < T, v(0) = D is
defined as
Neip(6) = sup diam(Ns),

where the sup is taken over all crosscuts S of Q; of diam S < §, separating ~(t)
from B, and Ns is a part of Q; cut by S.
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Assume that 1, > are two Léwner curves with driving functions Wy, Wa.
Assume that for somer >0, p >0
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Viklund's theorem

Theorem (Viklund 20

Assume that 1, > are two Léwner curves with driving functions Wy, Wa.
Assume that for somer >0, p >0

@ (Driving functions are close) |[Wi(t) — Wa(t)| <n ", t < T.
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Assume that 1, > are two Léwner curves with driving functions Wy, Wa.
Assume that for somer >0, p >0

@ (Driving functions are close) |[Wi(t) — Wa(t)| <n ", t < T.
@ (Tip modulus estimate for both curves) nip(n~P) < Cn™"".

© A derivative estimate, just for 7.
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Viklund's theorem

Theorem (Viklund 201

Assume that 1, > are two Léwner curves with driving functions Wy, Wa.
Assume that for somer >0, p >0

@ (Driving functions are close) |[Wi(t) — Wa(t)| <n ", t < T.
@ (Tip modulus estimate for both curves) nip(n~P) < Cn™"".
© A derivative estimate, just for 7.

Then, for some q depending on parameters in 1 — 3,

distap (2(t), 72(t)) < Cn°
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Viklund's theorem

Theorem (Viklund 2015

Assume that 1, > are two Léwner curves with driving functions Wy, Wa.
Assume that for somer >0, p >0

@ (Driving functions are close) |[Wi(t) — Wa(t)| <n ", t < T.
@ (Tip modulus estimate for both curves) nip(n~P) < Cn™"".
© A derivative estimate, just for 7.

Then, for some q depending on parameters in 1 — 3,

distap (2(t), 72(t)) < Cn°

For percolation: condition 2 is essentially standard 6-arm exponent estimate,
while condition 3 is needed only for SLEs and is established by Viklund (for any
Kk < 8).
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Kemppainen-Smirnov Condition

ay

Unforced crossing Forced crossing

Definition.

A family of random simple curves satisfy Kemppainen-Smirnov (KS) Condition
if for some C > 1 and for any random curve in the family and for any stopping
time T, for any annulus

A(zo,r,R):={z : r < |z—2z| < R}
with r > Cr > 0, the probability of unforced crossing of A(zo, r, R) in

Q\ v[0, 7] is at most 1.
T — T — T — T —
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Models with KS condition.

KS condition is proved for:

o Critical site percolation on hexagonal lattice.
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Models with KS condition.

KS condition is proved for:

o Critical site percolation on hexagonal lattice.

e FK and Spin Ising models.

@ Harmonic explorer.
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KS condition and tip modulus.

Theorem. (Kemppainen-Smirnov, 2015)

Any family of random curves satisfying KS condition is tight, all the limit
points lie on Hélder continuous Léwner curves and the corresponding driving
functions have bounded exponential moments for some positive € > 0.
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KS condition and tip modulus.

Theorem. (Kemppainen-Smirnov, 2015)

Any family of random curves satisfying KS condition is tight, all the limit
points lie on Hélder continuous Léwner curves and the corresponding driving
functions have bounded exponential moments for some positive € > 0.

Lemma.

| A

Suppose that a random family of curves satisfy Kemppainen-Smirnov
Condition. Then, for some 3 >0, >0, c >0, C >0, if r = cR'™ then

P [n:5(r) > R] < CR”.
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KS condition and tip modulus.

Theorem. (Kemppainen-Smirnov, 2015)

Any family of random curves satisfying KS condition is tight, all the limit
points lie on Hélder continuous Léwner curves and the corresponding driving
functions have bounded exponential moments for some positive € > 0.

| A

Lemma.

Suppose that a random family of curves satisfy Kemppainen-Smirnov
Condition. Then, for some 3 >0, >0, c >0, C >0, if r = cR'™ then

P [n:5(r) > R] < CR”.

Corollary.

Assume that a random family of curves satisfy Kemppainen-Smirnov Condition.
Then, for some constants C, p, r, «,

P [np(n~P) > Cn "] < n™".

A\
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