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31 sped'ra\ -Hneory oc regular Sraplm

X k-régalar connected undured‘ed

gl'dplr\ on n ver-l-.au

A ALX) = adjacency ma'l'nx o¢ X
Af(x)y= Z f(vy

XY

Eigenvalues of A are +he spectrum of X
R=A, >\, 3 - -. >,A,,>,-k,__

A"(x) = larguf eigenvalue <k

X (x) = amalle.o‘r uguwalae >-k

Let {X;} be an infinite family of k- rej

grapl\o Auol’ﬂ\d‘ IXJI—’M MJ-_)M,

shwly the behavior of Ki(x"‘).
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Bt k(x)>zj"" -a:—’ k-t —1

whevre dmm ()() > ad+a
The ‘(L.) Assume ij',' Ad‘fi‘scy
(0) +he length of shortest odd cyele in X
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Spectrum '[ -3 [, zJF] [ 00

normalized
measure on (-2, 2)
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NS

with
Mep = v l-ﬁ‘; dx
I§ kete = prime power, Hhen
T = PallBV/PaL(0)
wnd AxT = Hedke operator
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$2. Spc_c'l-ra( ‘Huory of hyper,rap’u

An n 'hypcrgrapl\ consists of a set of
verfices and a oct of hyperedges with
each hyperedqe bcinj a aimplex on n
verticea 40 that X is an (n-1) ~dim’]

oimrlici‘al 60&,'0!.

 Assume

\A(P, (+ype) Each vertex x hao atype Tix)€
Z/wU Ao that no 4wo verbices of the came
type are adjacent,

~ Deline n-t adjacency operators A; = A (x)
for C=2l,-,0-t by
A S = = Fy.

Y adj. 4o x
TlLY) = TUx) 3¢




() (+ranepese) A: and A,.: are transpese

o each oﬂter,

(C) (dohmw‘u“vﬂy) The opcn’l‘brs A;, izl »-
Commute .
)

(u) (uniﬁnnibv) Griven any pair of verkicea
X, 9 of X, forany (, 5 € Z/n% ouch that
TY) = T +{+), vhe number of commen
nbhrs of x and y of type Tlx)#i is

 the same as those of Hype T +)

DN
+ 5 x* ‘




€y >
(d) ( iiuﬂonaliaab.‘la‘}y) The operators A; ore

aimultaneously dingonalizable.

An n- hyperqraph io called (§+1)- requler
0t
(RY Lreqularity) For (=l,--,n-t, each vertex

X has exachHly

%“::. ) - -+ . 1)

M R S0 € S REN € 5

nbhrs of fy'pe Tlx) +C .

S QA ($+|\-r¢,u|¢r Q- hy’cr,ﬂlr'\ is a
(N—l)-rejuhr bfpar'l'b’"& 9"‘?“'




F = énon_'an“-. local $reld mﬂ\ 4 elementa 'n
.'.tfl'é.rgstdug Preld (. F=RE™)
O'F = rc‘hs of integers in F (0?%'— tF‘CC'l']]

T e a uniformizer (w=T)

(8,, e PG-L..lF)/PGL..(aF) Bruhat = Tets
‘ | bml‘ma |

>

Clgtmi GM, is & (3+c)-r¢’ular n-_hyrcr’n

Q vertex x = g 6Ln(0:) Z(F) rcpuscn‘ho" th
eguv. clase of rank n latficas L, over O
" with basie the columme of q.

det § = o™ cunit ;. m is well-def. moln.

T(x) = ‘m--tu'od n.




Twe verfices ¥, v of G“oF are adjacent ¢
X and Y can be reprecented by lattices

L,‘ and L., Auch that
Lﬁx 2 Ly ‘2*'—, ( 2 wly).
[L*g Ly1= 1" & Tly)® Tx) +¢

Verhiceso ¥, -, X, form o hyperedyge r$f

Ky, e

: "' %¥n can be repre sented by lathicen
L\, °*, Ln Ao "‘\Qf |

Ligly 2--2Lawl,.
,_ﬂ\is verifreos (P). |
For e=i,°, n-{, A; s Hecke orcra'l'lr T.-

i

w.‘\t'
T, © PG'—.,(%)( “wr ) PGL.(UF)
. ;
= 1L o« PGal., (GF)
des;




(T 6) (1) = 5. Htga.])

Fix the 'Folloutn, dm‘cg of rcprcacn"'al;'vu "~ §.

‘' x e
d-::( TE R = (a.)
o L l ‘ J‘
0 \

\

w g
1) wpper fridug-u-lar',' tntries v o’p.
2) Qx&c'ﬂy ¢ 4.“,0&4( entries qual o @,
r‘¢mmn?nj onée 4’“4‘ + 1

3) For jcd, a).{,_'[ in o;/«a,, ot a;.
0

and .lg'

pl-kgrwtsc |
i .y ? ; eall |
o, Wo) € fo, 1) the type of &
and {5 : w; 21y the .ouﬂnrf--of A or W

Call & basie matrix of +y'e w,




I;= i‘-"— : lSurrlll"'i..‘ "I:"""(?).

Fer tach W €1, there are

€le) En e $0ea)/2 = w, “AIW, - - =N W,
} =1

basie matrices wm S; of +ype W,
The © of nbhrs of x of +ype TOO ¢¢

- _ ele)
-l$:| -gzcl,% =8ﬂ,t'
Thina proves (R).

(€) Hllowo From (V) (‘“Y)

By g s contrackible = Ba,e is the universa

cardqin

cover of (P4 ~req. n- hypergraphs.

Evcry verdex In G,,.F ‘s rcprcscu'!'u( By
a Linbe Pnlud’ o# baelec mabrices.




Ano-l'l\er way +o0 see f'e’ulanl-, (2)

l\.

L /L, 8
A '\ypcredge. corresPonJ.a +o

L /vL, 2 Lo/al, 2 - -+ 2 La/wL, 2('5
St | Sl R

U %

""\af 'S, . o ~Fa l‘h-a'hon o{ 4"«. ne dn..l vector
$Fac-e. ﬂ:ﬁ m‘b nu‘l’cd .oubcpuu mﬂ- udml

'n the previoue .oracc

# of nbhrs of [L] with type dcffﬂenc

= # of subspaces of E = of codim ¢
. & of £ Indep. vcc‘brs (Vi,*, Vn-¢) wn f‘

% 0‘.‘”»‘4’» vectors (V,, -, Va.;) "éf,

AT SR et

ne¢




Spectrum of A; on CB".F .
Let - |

w, Wy,
| ﬁ(‘l,"')'n)g z L TURALE A

wriw, -, )€l
L !.f‘\ Q('ﬂ!‘ﬂh"’ ngm.r“’ .'j“ a;_',"
Let o | _
| ‘ |
ﬂn'i=‘f‘l§.‘--'§“\ 8,0, 30 €S, B ,”._.4}

C(p=t)/a

The arcghum g'F A‘. s %

nc -

carfuﬂ'sltf:‘ S“,_‘..’ s Huc bom\lary 0‘ 'Q'h,d'

is the curve traced by

\F (e‘:"o © "o GF"., e.'r:. (r->0 ) ,

‘osOsaw,




A g0 regular n-hypergraph X is said
To have radiue d f 4 is the (ad«f
intejger m duch that X condaino o ball

of c?o.d:a;o m whick s isomorphic 1o o ba
of cadive m in Ba,e
Thm Let fK | be o family of Finite (3*')-.
rcgu(u- n- hypergraphe ouch that H;e mleu
of X; tendy +0 20 ag j—00, Then for IS8
the closure of the collechon of eljenvalues of

« C(n=-)y/
A:(Xj),);l, contains § z'_().,,“.

sk&'h:‘\ O‘F‘_&roef.

Griven ®¢,°°, Ba "S, wil 2, i 1’ write
S(n=8)/2 |
A =g (2, -, 2,y




ETS if X io a bows

(§#0)~req. n-hypergraph of radiuo d+a, +hen

Here o & Fen $ on X auch that for 1E0 S0

CA:f-at, AE-2:45/<4, 85 20 as d-se0,

3 B dra) in X = Bldt2) in B

£:0 ....fa.-a B“(dﬂ).
Centered ot C-’dJ.

ol'der&'clfs tn U Ie a0 that

€

s(w, -.

P » W,

L\_J.\ > !’3 (w/, 'U)

i,’ a.t,

)

' “i P W and w,sw! fy m>).

e




Am.n, all w ¢ 1'“

- weys (1,--,1,0, *-,0)
Ny e

‘.

- | ,{ | - . () S-S
s the Amallest in onder and %ﬂe s s‘m Y 'S

rkc,_lqr,ur. Call W) minimal.

Ml (9] € Gn.F of datance m 4o (cd] can
Bc (cruQQaﬂOl (n a uq{,gc wuy) B, M('e) M("w
with ‘w 3 *w % - 3™y Here M(x)is a baelc
matnix of dype w,

| Saj, Cs9) v&l minimal fype ?fcuk j_h; c‘i i)
Ln thin cace, the Qu.'rn'l' oey. o{tﬂ Aa#s(n‘
Supp ' 2 Suppw > . 2’«ré"‘=

M :"\ ={ 9] ¢ Bld) of minl type §

MUY= f[9) ¢ M(d) whose Sepp 4¢g contaims

ft, 2, -, n-ry D, =, m2] > -« >¢1,2} > {1}

o) & ouﬁé‘t ’ , tnberior of M(d)




Saft | |
-i“-i’lt - -
°J‘"'"3 %."‘,' v i, 0t

G’“ﬂ “W‘v w ‘:(W"’-' “\. ‘Chﬂ‘

| W,"wy W, W Wney = W,
a(w\ = |
(=) q, al- v Bpey

l'Dc-chc. § =0 outsaide M(der) a-ﬁl £for
91 =(M('%) - - m(™w)) €& MId+) minimal

ok olint m v Lid],
$([9)) = al‘w)-- al™w).
l;éuuna't . FPor [9) € M’(d) , all nbhrg of c,] [+

E————

‘n M(det), Purther, for (S80I,

(A:$)Ea)) = f(ta)) £ . 'y *”mi A; $I9),
Y

ﬂuucvrc A;{- - A:-f- s zen'-'&xu.pf' on
Wy the boundgfy rfg__ M(de) s_.M.ld)‘

i1 verMces in B(der) s M(d4) which have come
nbhre *n M ceder) .




F-':n'a.lly, éoﬁ-.:“"
¢t £ =004
CAb-ak, Af-actks =00d™y, ggp,

Q_c_ﬁ. A Finite (3"")"‘1- ﬂ-hypﬂ"uphx ‘s

called Ramanujan i€, for 1S €0, all e’qenve

ot A.-(,X) other +han 3”‘.. 'g:‘ , 1&m Sn‘- #_“”
TNV "

‘n the chl'n-' % ne.

‘RMnauujan complexes of +ype ﬁn“
Corfwright, Solé and 2uk




§$3. Explecit un;m##m of R~ graphs |
(0 K=s@ or 'Faul'lh; 'F-"GH ‘(c's. F(t))
" oo = Pluc OG K (e, t )

v Qu mu-H.cr place (eq. p if k=*Q
| ¢ lf K = F(e)

H= ,u.'l-crm‘on alg. over K, unram. d' v”.
and ram. at oo .
D= H” / center '
“xu = DI\ D(A,‘)/D(K YOLOI K

wlurc 1(, is o cpl open sulbjr of T D(OL)

W#oe,v

S'I'n'ng Q."nx fhory )
Xy, = M \ DK /BB, T bi)an
s 1( \ P‘L;(Kv)/ P6l.(0.)

- PR R A T




= auly. Sorme of DIMAY)

Certnin Cusp formo frr G la (M)

RC ho“n =) nentrivial ¢l’¢nv.lk¢4 A 0‘ Xu

/u'h‘;f’ | Al ¢ 3J- s aJk
U», E‘o‘\‘cr “Shinura K @
Prwfeld | £ i€ = $en ‘-’cla( )

Lubo‘h‘ty,'lpkiuqu- Sarnak /Mm-,ul.‘a
K=¢, H® Hamiltonlan guat. “"fxﬂ-,'

Mestre - Oesterle K'-fa' Hl = sud‘ ram,
W ma| cpt. —~ {xt&

Morgenatern  KK=FC), $<(Fl odd ~ [ Xy

H =K ®©OK: OKy @kg i*= 5. i
rém, of 00 d ¢t-( Y= ~j¢




$ 4. Explicit construction of Ralnanujan
n- hypcr,r&p‘ts

n %3, K= hu freld with a Patbe beeld of ¢

Pty o P(G‘C v, anether place o % v.

= cardinality of the residue Reld ot v,

H = division ﬂlg def. over K of d:;- n?,

- tt. ram. at oo and unram,6 at v.

D= H"/ center

X1 = DO\ DA/ D(koy DIO) %
= T\ Dlky/pio,)

= 0\ PGLA(K,) / PGLA(O,)
=M\ 8,

tfﬂ?"’c (§#¢) - req. n- hyp-cr,ﬂpk




RO, )= $ne m Xy
= [ eoito, +wiska by S.'Y @ A(D, 1)’

I:n.

cerbain autv. Forme for G’L..(“g)
(-‘-'—)Mp:da.‘)

L&F‘FO!’&G: RC ¥+rue for Gla
Thin would i'h.’ly X.u Ramanujan,

TL CO"("”‘JC“‘C I‘ an“ 'Fvl’ ns3 bv .‘“’

Pratbetshi- Shapho é Shalika ,

not nettled Hor nzdg, , b nSZ ',fa..c
CDlnros,{-g

e Laume = Rapeprd Mu

bk

: infate —dm’l Frved. auto.

H'! ¢ unram, then RC holde ¢ T




Tohe H 4o be +ot. ram. at so and andher
place vo'% v, 6o wuch that H(Ke) and H(K,.-)
are opposite, and H aloo ram, at a fnite
mmc...pty ot S of places, Let H' be another
div. aly over K of degq n* ram. at S,

L“ D’= LH')‘/ center . (@oh n“f '.,1‘)
Uose irece Hrvmude $or D, p/ 4 show that

00 - dim'l trred. auld. repns @ occurring in
ALD, )" (o8 +o auwl. nepns ¢ of DA
Sinee ¥ atvois frival , T’ atse s Steinb
. R.C. hods Hw e

11&"0 x“ l.ﬂ Ram‘”“j.“ .

lu I. Rr n23 and prime powar 3 tlere

tvwte an tnbinthe family of fmite (§e1)-rey.
Ramanuj an he hy’ca,rapl.__.. .




W % 0o, oo’
D

(u
D' Pal.(k.) PGl (k. D,

Badulescw :

D Du Do

-\ ”
Local JL map Do — PGlL.(KL) axists
~' ’

deo
which osends Trivi :‘ s stein ‘,"'5
| rfpn. I'-OP [

u43n9 +race -‘-‘armula, one can shew

T_l‘.!‘_ Given an infinite - cdlin'l adm. creed, auto .
Mp:u s ®.:Tl'w of ‘D(Ak), there exists an

cnd. =dia'l odm. ‘rred. auwhy. rcp-'s 'IT'=@""" of

D,(AK) such that ot w=o00, se’, w'= JL(™m,),

and ot wifoe s0’, T, x> w




EXPli ¢t construchona with &xrlfc.‘* 3¢n¢r4‘b

For Kamanuj an g raPl\ S,

Lubotzky - P‘\s‘"u’pﬂ" Sarnak / Norgcmfcm
Cayley graphs on Pﬁls(‘:s) or PSL;(‘F’)

genecators are €rom elements in H(Z) of

norm p / funchion Feld analogue

.'Term graPLs, norm 9rarl~s are guoﬁ'cuf
Horgcnshn\ grap'\s |

FO( Ramanajah kupcrsrup‘m. oimilar Conshru,

Aliceza Sarveniazi over (F(t)
He +ook divigion ﬂ‘j- wvom, ot only two
placas of dim d*, obtained hypergraphs
on PALyFga)and PSLybFun) forn2 (.

(ﬂ\ey are an;-tj.n for d'!, Pﬂ'me>




Lubo‘h.ky, Samuels, Vichne have Similar

Congtruchono.

* norm hypcrgrap‘\s".
Let H be +he division a(’, over ‘:‘(‘t)
O-F dim da and Ccnhr F‘(:t) Su‘vcn by

. d-1
[F%“('t) + "'s‘wt $-- & f“(t) T

where 'C‘ = ¢ and T = d."‘ "0!‘

¢ i:sd
'nlCu "' ;v ram. ob 0o with Snvar: ant -j‘
t o<

and unram. elsewhere,

Let N =fd~¢ﬂ:‘d ! Al‘;‘,‘_.(.n.-d,}




Facto
. uf 40 mulbiplicaten by elemente o Ny .

l=av , aeNg,,6 are the elements . H

of ceduced noerm |-¢

* Regard a poly T q.z’ over fF’.l a0 an
IF"ll‘nc.or map on F‘d by #ending X +o 2 o x
that o, reqarding T ae the Frob. map on
Fed, Given o complete Filtration
0 v,y eV, U9 €~ &V, -, Vg>*

0‘ ‘F‘d with ‘U’; f‘f?ﬂu‘;’eular +» ‘rt,.", 'r.‘-t,

we oee that <V, s the kernel of :-v:"

W, Ve {5 the kerne| of
(1-tv-v' tob) ! =) (- v, %)

\._'-_,_..__J——-/ ———

o, ol,




Y, Ty, ., V% s the kernel of

(teded e, 2) -- (i-d,T)

mﬁ.tt

with &, -, a; ¢ ”“‘ and for 20, d
S:wce fthe product
(""dt)(" dy_,t) -- (t-d, )

with const. |

‘o & poly of dc’ d o0 T which vanisheo

on lF'll ' w c‘ual o t - t"l.

Sarveniazi showed that : there s q 1-1
f_.rre.orudcnce blmccn the Lactorizafion

d

=T = (1-dge) ~ ((~a,®) Wik o e,

and the complete Rltrakiong of ﬂ:‘d.

At the p(occ t-i, the Hecke operators Ty -,
dactors
Tg-, are given by the 'éd:‘s-h‘ncf (i1-4,T),

(- o,xd)le-d,¢) ) -, (t-dy.,T)~ (1-4,T) ofy.




Sarveniazi showed:

| LC" ‘F‘t) be an irred. P.ly ouc'f F‘ of
AC’ = dﬂ.;gf‘ 11|¢n the ’l’luP "n. by

l-dT , o & N"‘.*, (_mul f(¢) s isom. to

PGLA(‘Fi‘. ) i-‘ t=¢ | is net & o- th powe
ST med f(E) |

PSL..(fs,..) ik s

Tlu.y give rice 1o ({#) -reqy. d- hypergp

T‘tcy are Ramanu_,an 'For 4’3 prime
or whenever ."- eorusr 'Fu- the div. a"

*/ cenfer hﬂ“‘ ‘.

| &
PR VoS
- d-2




Let D = H’/ center and conaider

X = D(K)\D(Am/vuc,.)(u&"‘)'lr V(0.
wiee ¢

The elemente X can be nepresented by

41
""Qyt‘._""' +aL.Lt P Q.".‘ a‘_' GF“’

wath rcopcd' tov the same Pn‘uf rule

an ol 'c‘lco.

o

x y?c(dn [ % ($+|)-re3ular J-hycn-’rapl Xd
with verfex aet d cop-‘u of i"', mavied
by (;,l)' e, (;,d)’ with the secad

Ga\nfuun'l’ dcncﬁna rhe -h,';, EBlementes
Ly, 1), LX,2), - (%4, 4) Form a hy per edg

ik and uly ¢ tlere is & fachrization




'-v‘:("‘dt)"' (toed,®) W d'-GN.[‘,

suth that
x‘ = | “".t) K.
Xy = U=dDU-,7)X, = (¢-,T) X,
X, & (leclgT) - (t-d,T) X, s (4-ay7) X ot
In other uordo, nbhrs of (X,¢) with type
dibberence § are
((‘-‘.Jt) e (-4, %) X, l.'*j' med d),

wheve (-oT) -~ Cl-a,%) rung theu' all

elements occurring - T;.
FM' &kcm"G, when AGQ‘ x3 is & (‘#l)-"’.

RAmcnujan 3~ hy,cr’rarlt Aa‘ngg VC’;NO 0"
rhe diviaion Q.'J of 0‘0’ ? de c.ormpom‘ to

Lpre o § Gly va e eon verse tha 40 that




one may apply Lafforgue.
Note that X, med 1+®,., yieldo ancther

(§#0) - 729 Ramanujan hyergreph X' whiel
can be described more eanily:

The varkex aat is (B, 0) V (F,,» v (£,
with fhe send component marking the hype .
the nbhssof type diff. 4 of (x ) ave
Cxerd, ter mod 3) o e N,

the nbhrs of type cditf 2 of (%,7) ave
(x+p, Cv2a med 3) g eN,

I

The Ramancjan propaty of X, can be
verified net woing Latfrgue and repn theory
The nontrivial tigenvalies of A\, uph hwists
by 3, are the 9encralized Kloosterman




SUmne

KL(F a):= I oT; () a¢f
gé¢ N’:“’ *f "F‘”‘P ’

S

= ¢ (
-{d (F a):a 2" ef‘fr Tru'luw

and Deligne chowed that
4-.1.(6‘, a) = (8, + 2, +3,) 3
For seme 3,2, 2, €S and 3,3,2,=1

The .Q,.'ac-vduca of A' are the eouju,d‘«

OG “04‘ 0" Al-




3 ~
(1-a,0) (- e (1-,®)=1-T =| on X

In termo of matrices,

{ a«a b
(+aT + bt e TN S a,béf‘,
o 0 |

KGMdﬂkjah br Converse f‘ﬂ\d and LQM"S“Q




‘."";"'"30‘ “- 6”".

zamanujan sSinee the nontrinal eo'jnwal“s

of A, are genemuud Klooster man sumo
ﬂl,(F , %), u-ﬂ'-i" ,
Deligne showed

&L (F,0) = (2,+2,+2,)8,

' L
where 21, 22, ;€5 wih S 8.8 =1,






