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Introduction

XOR Ising Model
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Introduction

XOR Ising Model

o a1, 0o € {1}V two 1ID Ising spins on Ly = (V/(Ly), E(L1)).

o Both o1 and o5 has probability measure obtained from the weak limit
under periodic boundary conditions.

o oxor(v) = g1(v)oa(v), for v € V(Lq).

o Contours: present edges of L, separating different states of oxor.

o Conjecture (D. Wilson): the contours of critical XOR Ising converges
to CLE(4) in the scaling limit.

o . d .
o (B. de Tiliere and C. Boutilier) Contours of oxpr = level lines of
dimer height functions on the square-octagon lattice
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G = (72, E).
o Site percolation: Q = {0,1}%",
o Constrained percolation: Q' C Q.

o Examples: perfect matching, polygon model, 6V model...
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Constrained Percolation

G = (72, E).
o Site percolation: Q = {0,1}%",
Constrained percolation: Q' C Q.

©

©

©

Examples: perfect matching, polygon model, 6V model...

©

Auxiliary lattices: L1, Lo.
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Introduction Constrained Percolation

Constrained Percolation
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Figure: Local configurations of the constrained percolation around a black square.
Dotted lines mark contours separating 0's and 1's. White (resp. black) disks
represent 0's (resp. 1's).
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Constrained Percolation
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Introduction Constrained Percolation

Perfect Matching on Square-octagon Lattice

Figure: Square-octagon lattice: solid lines are edges of the square-octagon lattice;
dashed lines are edges of G.
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Introduction Constrained Percolation

Probability Meaure

(i: probability measure on €’ satisfying assumptions
@ 27 x 2Z-translation-invariant;
@ 27 x 2Z-ergodic;
and further assumptions
@ H-translation-invariant, where 7 is the subgroup of Z x Z generated
by (1,1) and (1, -1);
@ symmetric, i.e. let 8 : Q — Q be a map satisfying

f(w)(v) = 1 — w(v), for each v € Z2, then p is invariant under 6,
that is, for any event A, u(A) = u(6(A)).
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Contours and Clusters

o Cluster: maximal connected set of vertices of G in which every vertex
has the same state.

o Contour: maximal connected set of present edges of Ly or LL,.

o Example: O-cluster, 1-cluster.

o Example: LLi-contour, Ly-contour.
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Percolation

o Question: Is there an infinite “1"- or “0"-cluster?

o Question: Is there an infinite contour?

o (Harris, Kesten)IID critical Bernoulli bond percolation on Z? has no
infinite clusters.

o (Hara, Slade)lID critical Bernoulli bond percolation on Z9(d > 19)
has no infinite clusters.

o (Fitzner, Van Der Hofstad)IID critical Bernoulli bond percolation on
Z9(d > 11) has no infinite clusters.

o (Benjamini, Lyons, Peres, Schramm)Critical 1ID bond and site
percolation on any non-amenable group has no infinite clusters.

o (Coniglio, Nappi, Peruggi, Russo)Critical 2D ferromagnetic Ising

model has no infinite “+"- or “—" clusters.
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Introduction Constrained Percolation

Constrained Percolation

Theorem

Let i be a probability measure on the constrained percolation state space

Y, satisfying (1) — (4). Let A be the event that there exists a unique
infinite cluster consisting of 1's, then

n(A) =0.
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Introduction Constrained Percolation

Constrained Percolation

Theorem

Let i be a probability measure on the constrained percolation state space

Y, satisfying (1) — (4). Let A be the event that there exists a unique
infinite cluster consisting of 1's, then

n(A) =0.

o No assumption of stochastic monotonicity or FKG inequality.
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Proof
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Introduction Constrained Percolation

Proof

o (2)=u(A)=0o0r pu(A) =1.

o Let A’ be the event that there exists a unique infinite cluster
consisting of 0's, (4)=pu(A) = p(A").

o Assume p(A) =1, then u(ANA") =1.
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Introduction Constrained Percolation

Proof

©

(2)=pu(A) =0or u(A) =1.

Let A’ be the event that there exists a unique infinite cluster
consisting of 0's, (4)=pu(A) = p(A").

Assume u(A) =1, then u(ANA") = 1.

Let By (resp. B») be the event that there exists an infinite L (resp.
L) contour incident to both the infinite O-cluster and infinite
1-cluster, then p(ANA)Y=1= u(B1UBy) =1.
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(2)=pu(A) =0or u(A) =1.

Let A’ be the event that there exists a unique infinite cluster
consisting of 0's, (4)=pu(A) = p(A").

Assume u(A) =1, then u(ANA") = 1.

Let By (resp. B») be the event that there exists an infinite L (resp.

L) contour incident to both the infinite O-cluster and infinite
1-cluster, then p(ANA)Y=1= u(B1UBy) =1.

o (3)=n(By) = u(B2).
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Proof

©

(2)=pu(A) =0or u(A) =1.

Let A’ be the event that there exists a unique infinite cluster
consisting of 0's, (4)=pu(A) = p(A").

Assume u(A) =1, then u(ANA") = 1.

Let By (resp. B») be the event that there exists an infinite L (resp.

L) contour incident to both the infinite O-cluster and infinite
1-cluster, then p(ANA)Y=1= u(B1UBy) =1.

o (3)=u(B1) = u(B).
o (2)=pu(B1) = u(Bz2) =0 or pu(B1) = u(B2) = 1.
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Proof

©

(2)=pu(A) =0or u(A) =1.

Let A’ be the event that there exists a unique infinite cluster
consisting of 0's, (4)=pu(A) = p(A").

Assume u(A) =1, then u(ANA") = 1.

Let By (resp. B») be the event that there exists an infinite L (resp.

L) contour incident to both the infinite O-cluster and infinite
1-cluster, then p(ANA)Y=1= u(B1UBy) =1.

o (3)=u(B1) = u(B2).
o (2)=pu(B1) = u(Bz2) =0 or pu(B1) = u(B2) = 1.
Qo /L(BlUBg) = 1:>,M(Bl) :M(Bz) = 1:>,LL(BlﬂBzﬂAﬂA/) =1.
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Figure: Infinite clusters and incident contours

o u(BiNnBNANA)=0= p(A)=0.
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Unconstrained Percolation

o Question: Given (1)-(4), does the Theorem hold for unconstrained
percolation as well?
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Unconstrained Percolation

o Question: Given (1)-(4), does the Theorem hold for unconstrained
percolation as well?

o Answer: No.
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corresponding variables are all equal.

o run rectangle: | x J C Z?, where | is a run of X and Jis a run of Y.

o site rectangle: a run rectangle / x J where both / and J are runs of 1s.

o bond rectangle: a run rectangle / x J, exactly one of which is a run of
1s.
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Unconstrained Percolation

o Example:

o (Xm)mez and (Yn)mez: two independent sequence of i.i.d Bernoulli
random variables, each of which taking value 1 with probability 1/2.

o run of X (or Y): the maximal nonempty interval of Z on which the
corresponding variables are all equal.

o run rectangle: | x J C Z?, where | is a run of X and Jis a run of Y.

o site rectangle: a run rectangle / x J where both / and J are runs of 1s.

o bond rectangle: a run rectangle / x J, exactly one of which is a run of
1s.

o G: random graph whose vertex set is the set of all site rectangles and
edge set is the set of all bond rectangles. G is isomorphic to the 2D
square grid G.

o Take a uniform spanning tree of G. Assign each vertex in G value 1 if
and only if it lies on the uniform spanning tree of G.
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Introduction Constrained Percolation

Unconstrained Percolation

o Example:

o (Xm)mez and (Yn)mez: two independent sequence of i.i.d Bernoulli
random variables, each of which taking value 1 with probability 1/2.

o run of X (or Y): the maximal nonempty interval of Z on which the
corresponding variables are all equal.

o run rectangle: | x J C Z?, where | is a run of X and Jis a run of Y.

o site rectangle: a run rectangle / x J where both / and J are runs of 1s.

o bond rectangle: a run rectangle / x J, exactly one of which is a run of
1s.

o G: random graph whose vertex set is the set of all site rectangles and
edge set is the set of all bond rectangles. G is isomorphic to the 2D
square grid G.

o Take a uniform spanning tree of G. Assign each vertex in G value 1 if
and only if it lies on the uniform spanning tree of G.

o There is a unique infinite “1” cluster in the random construction.
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Introduction Constrained Percolation

More than 1 Infinite Clusters

o Question: Given (1)-(4), is it possible that there exist more than one
infinite “1" clusters?
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o Question: Given (1)-(4), is it possible that there exist more than one
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Introduction Constrained Percolation

More than 1 Infinite Clusters

o Question: Given (1)-(4), is it possible that there exist more than one
infinite “1" clusters?

o Answer: Yes.

o Example: each row of Z? is independently assigned all 0's with
probability % and all 1's with probability %
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Introduction Constrained Percolation

Finite Energy

® Let 11 (resp. 1) be the corresponding marginal distribution of 1 on
bond configurations of L (resp. Ly). Assume v has finite energy in
the following sense: let S be a face of L1, and 95 be the set of four
sides of the square S. Let ¢ € ®; . Define ¢5 to be the configuration
obtained by switching the sates of each element of 95, i.e.
ds(e) =1—¢(e), if e € JS; and ¢ps(e) = ¢(e) otherwise. Let E be
an event, define

Es ={¢s:¢c E}. (1)

Then v1(Es) > 0, whenever v1(E) > 0.
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Introduction Constrained Percolation

Finite Energy

Figure: Change of contour configurations
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Introduction Constrained Percolation
Unique Infinite Contour under Weaker Conditions.
Theorem

(A. Holroyd and Z. Li)Let u be a probability measure on ', satisfying
Assumptions (1),(2),(5), then u-a.s. there is at most one Li-contour.
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Unique Infinite Contour under Weaker Conditions.

Theorem

(A. Holroyd and Z. Li)Let u be a probability measure on ', satisfying
Assumptions (1),(2),(5), then u-a.s. there is at most one Li-contour.

Proof.
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Unique Infinite Contour under Weaker Conditions.

Theorem

(A. Holroyd and Z. Li)Let u be a probability measure on ', satisfying
Assumptions (1),(2),(5), then u-a.s. there is at most one Li-contour.

Proof.

o The number of ends of a connected graph is the supremum over its

nite subgraphs of the number of innite components that remain after
removing the subgraph.

O
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Unique Infinite Contour under Weaker Conditions.

Theorem

(A. Holroyd and Z. Li)Let u be a probability measure on ', satisfying
Assumptions (1),(2),(5), then u-a.s. there is at most one Li-contour.

Proof.

o The number of ends of a connected graph is the supremum over its

nite subgraphs of the number of innite components that remain after
removing the subgraph.

o For invariant percolation on amenable graphs, any infinite cluster has
at most two ends (Benjamini, Lyons, Peres, Schramm).

O
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Introduction Constrained Percolation

Unique Infinite Contour under Weaker Conditions.

Theorem

(A. Holroyd and Z. Li)Let u be a probability measure on ', satisfying
Assumptions (1),(2),(5), then u-a.s. there is at most one Li-contour.

Proof.

o The number of ends of a connected graph is the supremum over its
nite subgraphs of the number of innite components that remain after
removing the subgraph.

o For invariant percolation on amenable graphs, any infinite cluster has
at most two ends (Benjamini, Lyons, Peres, Schramm).

o If there exists more than one LLi-contour, by finite energy we can

merge multiple IL;-contours to form an infinite ; contour with more
than two ends.

O
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Introduction Constrained Percolation

Non-existence of Infinite Clusters and Contours

Theorem

(A. Holroyd and Z. Li)Let u be a probability measure on €', satisfying
Assumptions (1)-(5). Then pu-a.s.
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(A. Holroyd and Z. Li)Let u be a probability measure on €', satisfying
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o there are no infinite contours;
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Introduction Constrained Percolation

Non-existence of Infinite Clusters and Contours

Theorem

(A. Holroyd and Z. Li)Let u be a probability measure on €', satisfying
Assumptions (1)-(5). Then pu-a.s.

o there are no infinite contours;

o there are no infinite clusters.
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Constrained Percolation

o at most one infinite Li-contour and at most one infinite LLo-contour.
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Proof.

Constrained Percolation

o at most one infinite Li-contour and at most one infinite LLo-contour
LLp-contour.)

o B (resp. By): there exists exactly 1 infinite L;-contour (resp.
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Introduction Constrained Percolation

Proof.

o at most one infinite Li-contour and at most one infinite LLo-contour.

o B (resp. By): there exists exactly 1 infinite L;-contour (resp.
LLp-contour.)

o u(B1) = u(Bz2) =0 or p(B1) = p(B2) = 1.

[m] = = =
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Introduction Constrained Percolation

Proof.
o at most one infinite Li-contour and at most one infinite Lo-contour.

o B (resp. By): there exists exactly 1 infinite L;-contour (resp.
LLp-contour.)

o u(By) = p(B2) =0 or u(By) = pu(B2) = 1.
o Ao (resp. A1): there exists an infinite O-cluster (infinite 1-cluster)
incident to both the infinite IL;-contour and the infinite Ly-contour.
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Introduction Constrained Percolation

Proof.
o at most one infinite Li-contour and at most one infinite Lo-contour.

o B (resp. By): there exists exactly 1 infinite L;-contour (resp.
LLp-contour.)

o u(By) = p(B2) =0 or u(By) = pu(B2) = 1.

o Ao (resp. A1): there exists an infinite O-cluster (infinite 1-cluster)
incident to both the infinite IL;-contour and the infinite Ly-contour.

o If u(B1) = p(Bz2) = 1, there exists an infinite cluster incident to both
the infinite IL;-contour and LLp-contour, then u(Ag) = (A1) = 1.
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Introduction Constrained Percolation

Proof.
o at most one infinite Li-contour and at most one infinite Lo-contour.

o B (resp. By): there exists exactly 1 infinite L;-contour (resp.
LLp-contour.)

o u(By) = p(B2) =0 or u(By) = pu(B2) = 1.
o Ao (resp. A1): there exists an infinite O-cluster (infinite 1-cluster)

incident to both the infinite IL;-contour and the infinite Ly-contour.

o If u(B1) = p(Bz2) = 1, there exists an infinite cluster incident to both
the infinite IL;-contour and LLp-contour, then u(Ag) = (A1) = 1.

(+]

Same argument as before to obtain a contradiction.
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Introduction Constrained Percolation

Critical XOR Ising Model

Both o1, o2 has coupling constants J, (J,) on horizontal (vertical) edges
satisfying

exp(—2Jp) + exp(—2Jy) + exp(—2Jp, — 2J,) = 1.
Then o1 and o5 are critical.

Theorem

For the critical XOR-Ising model,
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Critical XOR Ising Model

Both o1, o2 has coupling constants J, (J,) on horizontal (vertical) edges

satisfying
exp(—2Jp) + exp(—2Jy) + exp(—2Jp, — 2J,) = 1.

Then o1 and o5 are critical.
Theorem

For the critical XOR-Ising model,

@ almost surely there are no infinite “+"-clusters, and no infinite

“o

—"_clusters;

Zhongyang Li University of Connecticut XOR Ising Model and Constrained Percolatior February 8, 2020

23/32



Introduction Constrained Percolation

Critical XOR Ising Model

Both o1, o2 has coupling constants J, (J,) on horizontal (vertical) edges

satisfying
exp(—2Jp) + exp(—2Jy) + exp(—2Jp, — 2J,) = 1.

Then o1 and o5 are critical.
Theorem

For the critical XOR-Ising model,

@ almost surely there are no infinite “+"-clusters, and no infinite

“o

—"_clusters;

@ almost surely there are no infinite contours.
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Introduction Constrained Percolation

Non-critical XOR Ising Model

o High-temperature: both o1, 02 has coupling constants J, (J,) on
horizontal (vertical) edges satisfying

exp(—2Jp) + exp(—2J,) + exp(—2J, — 2J,) > 1.
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Introduction Constrained Percolation

Non-critical XOR Ising Model

o High-temperature: both o1, 02 has coupling constants J, (J,) on
horizontal (vertical) edges satisfying

exp(—2Jp) + exp(—2J,) + exp(—2J, — 2J,) > 1.

o Low-temperature: both o1, o2 has coupling constants J, (J,) on
horizontal (vertical) edges satisfying

exp(—2Jp) + exp(—2Jy) + exp(—2Jp, — 2J,) < 1.
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Introduction Constrained Percolation

Probability Measures

@ Contours in XOR Ising model 2 Level lines of dimer height functions
on the square-octagon lattice.
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@ Contours in XOR Ising model 2 Level lines of dimer height functions
on the square-octagon lattice.
@ Level lines of height functions on the square octagon lattice

bijection . .
= Contours of the constrained percolation.
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Probability Measures

@ Contours in XOR Ising model 2 Level lines of dimer height functions

on the square-octagon lattice.
@ Level lines of height functions on the square octagon lattice
bijection . .
= Contours of the constrained percolation.

@ Critical XOR Ising model = Constrained percolation measure satisfies

(1)-(5)-
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Introduction Constrained Percolation

Probability Measures

@ Contours in XOR Ising model 2 Level lines of dimer height functions
on the square-octagon lattice.

@ Level lines of height functions on the square octagon lattice
bijection . .

= Contours of the constrained percolation.

@ Critical XOR Ising model = Constrained percolation measure satisfies
(1)-(5)-

@ Non-critical XOR Ising model = Constrained percolation measure
satisfies (1),(2),(4),(5).
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Introduction Constrained Percolation

High-temperature XOR Ising Model

Theorem

Let p. be the critical probability for the i.i.d Bernoulli site percolation on

the square grid (pc > %) Let hg > 0 be a positive number obtained from
pc by the following identity

eho

eho T e—ho = Pc-

Consider a high-temperature XOR Ising model on the square grid
satisfying 2(Jp + J,) < hg, then almost surely
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High-temperature XOR Ising Model

Theorem

Let p. be the critical probability for the i.i.d Bernoulli site percolation on

the square grid (pc > %) Let hg > 0 be a positive number obtained from
pc by the following identity

eho

eho T e—ho = Pc-

Consider a high-temperature XOR Ising model on the square grid
satisfying 2(Jp + J,) < hg, then almost surely

@ there are no infinite “+"-clusters or infinite “—"-clusters;
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Introduction Constrained Percolation

High-temperature XOR Ising Model

Theorem

Let p. be the critical probability for the i.i.d Bernoulli site percolation on

the square grid (pc > %) Let hg > 0 be a positive number obtained from
pc by the following identity

eho

eho T e—ho = Pc-

Consider a high-temperature XOR Ising model on the square grid
satisfying 2(Jp + J,) < hg, then almost surely

@ there are no infinite “+"-clusters or infinite “—"-clusters;

@ there exists exactly one infinite contour.
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Introduction Constrained Percolation

Low-temperature XOR Ising Model

Theorem

In the low temperature XOR Ising model, almost surely there are no
infinite contours.

Let J; >0, J, > 0 be obtained from Jy, J, by

exp(—2Jp) + exp(—2J)) + exp(—2J, — 2J.)
exp(—2Jp) + exp(—2J4.) + exp(—2J, — 2J,)

L (2)
1. (3)

If we assign the coupling constant Jj to each horizontal edge of the square
grid, and J|, to each vertical edge, then we obtain a low-temperature XOR
Ising model in which the total number of infinite “+"-clusters and

“

—"-clusters is exactly one almost surely.
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Introduction Constrained Percolation

Planar Lattices

o planar [m, 4, n, 4] lattice: each vertex is incident to four faces of
degree m, 4, n, 4.

Zhongyang Li University of Connecticut XOR Ising Model and Constrained Percolatior February 8, 2020 28/32



Introduction Constrained Percolation

Planar Lattices

o planar [m, 4, n, 4] lattice: each vertex is incident to four faces of
degree m, 4, n, 4.

o If % + % = % the lattice can be embedded to the Euclidean plane:
example: m = n = 4 (square grid); m=3,n=6.
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o planar [m, 4, n, 4] lattice: each vertex is incident to four faces of
degree m, 4, n, 4.

o If % + % = % the lattice can be embedded to the Euclidean plane:
example: m = n = 4 (square grid); m=3,n=6.

o if # + % > % the lattice can be embedded into the sphere, and the
lattice is finite
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Introduction Constrained Percolation

Planar Lattices

o planar [m, 4, n, 4] lattice: each vertex is incident to four faces of
degree m, 4, n, 4.

o If % + % = % the lattice can be embedded to the Euclidean plane:
example: m = n = 4 (square grid); m=3,n=6.

o if # + % > % the lattice can be embedded into the sphere, and the
lattice is finite

o If % + % < % the lattice can be embedded into the hyperbolic plane,
and the lattice is non-amenable.

Zhongyang Li University of Connecticut XOR Ising Model and Constrained Percolatior February 8, 2020 28/32



[3,4,7,4] Lattice in hyperbolic plane

Constrained Percolation

Zhongyang Li University of Connecticut

XOR Ising Model and Constrained Percolatior

February 8, 2020

20/32



Introduction Constrained Percolation

Constrained Percolation on [m, 4, n, 4] lattice.

o Same constraint required around each square face.
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Introduction Constrained Percolation

Thank you!
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