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Partition identities coming from representation theory

Integer partitions

Definition
A partition 7 of a positive integer n is a finite non-increasing sequence of
positive integers A1, ..., Ay such that A\; + -+ + Ay, = n. The integers

Al,...,Am are called the parts of the partition.

Example
There are 5 partitions of 4:

43+1,2+22+1+1and1+1+1+1.
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Partition identities coming from representation theory

Generating functions

Notation : (a;q)n = [17—5(1 — ag¥),n € NU {oc}.
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Partition identities coming from representation theory

Generating functions
Notation : (a;q)n = [17—5(1 — ag¥),n € NU {oc}.
Let Q(n, k) be the number of partitions of n into k distinct parts. Then

1435 Q0 k)24q" = (1+ 29)(1 + 2g°)(1 + 26°)(1 + zg*) - --

n>1k>1

=(-29;9)o0-
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Partition identities coming from representation theory

Generating functions
Notation : (a; q)n = [[1—g(1 — ag¥),n € NU {oo}.
Let Q(n, k) be the number of partitions of n into k distinct parts. Then

1435 Qn,k)24q" = (1+ 2q)(1 + 2¢°) (1 + 26°) (1 + zg*) - -

n>1k>1

=(-29;9)o0-

Let p(n, k) be the number of partitions of n into k parts. Then

l—i-ZZp(n,k)qu”:H(l—l—zq”+z2q2”+...)

n>1k>1 n>1

1
(295 @)oo
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Partition identities coming from representation theory

Generating functions

More generally:

@ The generating function for partitions into distinct parts congruent to

k mod N is
(—24% ¢")oo.
@ The generating function for partitions into parts congruent to k
mod N is
1
(2% qV)oo

So the general shape of a generating function for partitions with
congruence conditions is

(—219% qM) o - - - (— 25655 4™ ) o
(216" ") -+ (209" V)
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Asymptotics

Partitions with congruence conditions are easy to study asymptotically via
the circle method.

For all n € N,

1 q—n—l
n)=o— dq,
p( ) 2im %y (q; q)oo

where v is any circle centred at the
origin with radius p < 1.

Theorem (Hardy—Ramanujan 1918)
As n — oo,

p(n) ~ 4n\fe><p< \/ﬁ>
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Partition identities coming from representation theory

The Rogers—Ramanujan identities

Theorem (Rogers 1894, Rogers—Ramanujan 1919)

2

ZRRl n)g" Z(q” — 1

aDn (4:6°)0(d* 0%)’
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Partition identities coming from representation theory

The Rogers—Ramanujan identities

Theorem (Rogers 1894, Rogers—Ramanujan 1919)

2

Z RRy(n)q" Z ( q" 1

G (4 6)eo(d" )0’

Theorem (Partition version)

For every positive integer n, the number of partitions of n such that the
difference between two consecutive parts is at least 2 is equal to the
number of partitions of n into parts congruent to 1 or 4 modulo 5.
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Partition identities coming from representation theory

The Rogers—Ramanujan identities

Theorem (Rogers 1894, Rogers—Ramanujan 1919)

2

ZRRl n)g" Z(q” — 1

aDn (4:6°)0(d* 0%)’

Theorem (Partition version)

For every positive integer n, the number of partitions of n such that the
difference between two consecutive parts is at least 2 is equal to the
number of partitions of n into parts congruent to 1 or 4 modulo 5.

Theorem (Asymptotics)

As n — oo,

1 27T\/B
RRy(n) ~ '
l(n) 4_151/4.n3/4.sin(7['/5) eXP( \/E )

v
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The Rogers—Ramanujan identities

Theorem (Second Rogers—Ramanujan identity)
0 qn2+n 1

Z RR>(n)q" = Z = ,
n=0

—(aa)h (4% 9°)(9% 0°)0

Theorem (Partition version)

For every positive integer n, the number of partitions of n such that the
difference between two consecutive parts is at least 2 and the smallest part
is > 2 is equal to the number of partitions of n into parts congruent to 2
or 3 modulo 5.

Theorem (Asymptotics)
As n — oo,

RR(n) ~ '
2(”) 4. 151/4 . n3/4 . S|n(%ﬂ'/5) &P < \/E >
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Partition identities coming from representation theory

Some definitions on Lie algebras

Let g be a finite dimensional simple Lie algebra with Cartan subalgebra .
The corresponding (derived) affine Lie algebra § is constructed as

d:=goC[t,t7]®Cc,

where C[t, t~!] is the complex vector space of Laurent polynomials in the
indeterminate t, and Cc is §'s center (one-dimensional).
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Partition identities coming from representation theory

Some definitions on Lie algebras

Let g be a finite dimensional simple Lie algebra with Cartan subalgebra .
The corresponding (derived) affine Lie algebra § is constructed as

d:=goC[t,t7]®Cc,

where C[t, t~!] is the complex vector space of Laurent polynomials in the
indeterminate t, and Cc is §'s center (one-dimensional).

If V is an irreducible highest weight module of g, the central element ¢
acts on V' by multiplication by a scalar k, which is called the level of V.
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Partition identities coming from representation theory

Some definitions on Lie algebras

Let g be a finite dimensional simple Lie algebra with Cartan subalgebra .
The corresponding (derived) affine Lie algebra § is constructed as

§:=goC[t,t '] ®Cc,
where C[t, t~!] is the complex vector space of Laurent polynomials in the
indeterminate t, and Cc is §'s center (one-dimensional).

If V is an irreducible highest weight module of g, the central element ¢
acts on V' by multiplication by a scalar k, which is called the level of V.
The character ch(V) of V is defined as

ch(V) =" dim(V,)e",
w

where the sum is over the weights p of V/,
Vy:={veV:VHebh, H-v=p(H)v}isa weight space,
and e is a formal exponential satisfying etet = el TH'.
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Partition identities coming from representation theory

Representation theoretic interpretation

Lepowsky and Wilson 1984: representation theoretic interpretation
o0 2

1 1 1
(9: 4%) ZZ:O (@:@)n (007 (4:6°)oc(9* 4°)o0

Obtained by giving two different formulations for the principal
specialisation

e Vi5q, e Mg

of e Ach(L(A)) where L(A) is an irreducible highest weight Agl)—module of
level 3.

RHS: principal specialisation of the Weyl-Kac character formula

LHS: comes from the construction of a basis of V' using vertex operators

v
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Some other identities from representation theory

Studying other representations or other Lie algebras lead to new identities:
o Capparelli 1993: level 3 standard modules of A§2)
@ Nandi 2014: level 4 standard modules of Ag2)
@ Meurman and Primc 1987-1999: higher levels of A(ll)
o Siladi¢ 2002: twisted level 1 modules of Agz)
Primc 1999: Agl) and Agl) crystals
Primc and Siki¢ 2016: level k standard modules of C,(,l)
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Partition identities coming from representation theory

Capparelli's identity

From the study of level 3 standard modules of Agz):

Theorem (Capparelli (conj. 1992, proof 1994), Andrews 1992)

Let C(n) denote the number of partitions of n into distinct parts
congruent to 0,2,3,4 mod 6.

Let D(n) denote the number of partitions A1 + - - - + As of n such that
As # 1 and

2 ifA, A1 =0 mod3orAi+ A1 =0 mod®6
Ai — Aip1 =

4  otherwise.

Then for all n, C(n) = D(n).

Example

The partitions counted by C(9) are 9, 6 + 3, and 4 + 3+ 2.
The partitions counted by D(9) are 9, 7+ 2 and 6 + 3.
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The method of weighted words (Alladi-Andrews—Gordon)

o Consider partitions in coloured integers
o<1 <1y <2, <2.<2g< -+,
satisfying the difference conditions
Ai — Aitx1 > C(color(A;), color(Ait1)),

where C is the following matrix

a ¢ d
af2 2 2
C=c|1 1 2
d\0 1 2

After performing the transformations
ko> 3k — 1, ke — 3k, kg — 3k + 1.

these partitions satisfy the difference conditions of Capparelli's
identity.
Partition identities and A(nl) crystals AAC2020 12 /46



The method of weighted words (Alladi-Andrews—Gordon)

e Compute “directly” the generating function for C(n; i, J, k), the
number of partitions of n with / parts coloured a, j parts coloured ¢
and k parts coloured d , satisfying the difference conditions from
matrix D.

L, o
S Clmi b daigr = Y TET L Ca i ca T 0)
im0 = (% 92)i(q% 4?);
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The method of weighted words (Alladi-Andrews—Gordon)
e Compute “directly” the generating function for C(n; i, J, k), the

number of partitions of n with / parts coloured a, j parts coloured ¢
and k parts coloured d , satisfying the difference conditions from

matrix D.
s 202 L
S Cmig,kaddq" =S adiq" (—q; q)isi(—cq™ T, @)oo
ij,k,n>0 ij>0 (q2; qz)i(q2; CI2)J

@ Using g-series identities, we show that this is a suitable infinite
product if and only if ¢ =1, and in that case it equals

(=29: 4%)oo(=99: 9%)o0
(4:4%)oo
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Partition identities coming from representation theory

Non-dilated version (Alladi-Andrews-Gordon 1993)

Theorem (Non-dilated version of Capparelli's identity)

Let C(n; k, m) denote the number of partitions satisfying the difference
conditions of matrix C, with k parts coloured a and m parts coloured d.

Y Clmk.t,m)q"a d™ = (=29: 4°)oo(=99: 4%)oo
rykm20 N (0 4o
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Non-dilated version (Alladi-Andrews-Gordon 1993)

Theorem (Non-dilated version of Capparelli's identity)

Let C(n; k, m) denote the number of partitions satisfying the difference
conditions of matrix C, with k parts coloured a and m parts coloured d.

Y Clmk.t,m)q"a d™ = (=29: 4°)oo(=99: 4%)oo
rykm20 N (0 4o

The dilation g — ¢3,a — ag™ !, d — dq gives a refinement of Capparelli's
identity.
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Non-dilated version (Alladi-Andrews-Gordon 1993)

Theorem (Non-dilated version of Capparelli's identity)

Let C(n; k, m) denote the number of partitions satisfying the difference
conditions of matrix C, with k parts coloured a and m parts coloured d.

Y Clmk.t,m)q"a d™ = (=29: 4°)oo(=99: 4%)oo
rykm20 N (0 4o

The dilation g — ¢3,a — ag™ !, d — dq gives a refinement of Capparelli's
identity.

By using other dilations or changing the order on the integers, one can
obtain infinitely many new partition identities.
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. 1
Primc's identity from crystal bases of Ag ) (1999)

Partitions in four colours a, b, ¢, d, with the order
1, < <lce<lg<2;< <L2.<2g < vy

and difference conditions

a c d

af2 1 2 2

1 01 1

P_c 01 0 2
d\0 1 0 2

After performing the dilations
ky = 2k — 1, ky — 2k, ke — 2k, kg — 2k + 1,

the generating function for these partitions (not keeping track of the

colours) becomes ——.
(4:9)o0
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Partition identities coming from representation theory

Non-dilated version

Theorem (D.-Lovejoy 2017)

Let P(n; k,£, m) denote the number of partitions satisfying the difference
conditions of matrix P, with k parts coloured a, ¢ parts coloured ¢ and m
parts coloured d. Then

Z P(nk / m)qnakcédm _ (_aq; q2)00(_dq; qz)oo.
n,k,¢,m>0 . (q; q)OO(Cq; q2)oo

Proved via a variant of the method of weighted words (D. 2016) using
g-difference equations.
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Another identity of Primc (1999)
Studying crystal bases of Agl), Primc proved that, after performing certain

dilations (corresponding to the principal specialisation), the generating
function for coloured partitions satisfying the difference conditions

arxby axb1 aiby apgby axb aiby agbhy aiby agho
ar by 2 2 2 1 2 2 2 2 2
ar by 1 2 1 1 2 1 2 2 2
a1 by 1 1 2 1 1 2 2 2 2
agbg 1 1 1 0 1 1 1 1 1
ar b 0 0 1 1 0 1 1 2 2
a1 b 0 1 0 1 1 0 2 1 2
ob| O 1 0o 1 1 0o 2 1 2
a1 b 0 0 1 1 0 1 1 2 2
dag b2 0 0 0 1 0 0 1 1 2
becomes
1
( a, q)oo
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An identity of Meurman and Primc (1999)

Under the same dilations, the generating function for coloured partitions
satisfying the difference conditions

asbo 2 2 2 2 2 2 2 2
axby 1 2 1 2 1 2 2 2
a1 by 1 1 2 1 2 2 2 2
axby 0 1 1 1 1 1 2 2
aib 1 1 1 1 1 2 1 2
aob: 0 1 0 1 1 2 1 2
a1 by 0 0 1 1 1 1 2 2
aohy 0 0 0 0 1 1 1 2

and avoiding the patterns (k + 1), 4, + Kayb, + Kapp, and
(k+ 1)aob2 + (k+ 1)32172 + Kagb, 1S

3. 43
(9% 0")oo
CHAPS
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Infinite family of identities generalising Primc’s identity

Outline

© Infinite family of identities generalising Primc’s identity
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Infinite family of identities generalising Primc’s identity

Generalised difference conditions

Let (an)nen and (bn)nen be two sequences of symbols.
We use them to define sets of colours:

o free colours: {a;b; : i € N},

e bound colours: {ajby : i # k, i,k € N}.
Definition
For all i, k,i’, k" € N, we define the minimal difference A between a part
coloured ajby and a part coloured aj by in the following way:

A(a,-bk, a,-/bk/) = X(i > i/) — X(i =k = i/) + X(k < k/) - X(k =i = k/),

where x(prop) equals 1 if prop is true and 0 otherwise.

For every positive integer n, let P, denote the set of partitions with
colours {a;jby : 0 < i, k < n— 1}, satisfying the difference conditions A.
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Infinite family of identities generalising Primc’s identity

Generalised difference conditions

A(ajby, ajbyr) = x(i > i/) —x(i=k= i/) + x(k < k,) —x(k = i’ = k’).

@ P»: Primc partitions

a c d
af2 1 2 2
1 01 1
c{o0o 1 0 2Y)
d\0 1 0 2
with the correspondence
a = albo, = aobo, Cc = albl, d= aobl.

@ P3: 9-coloured partitions satisfying the difference conditions of
Primc's 9 x 9 matrix.
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Infinite family of identities generalising Primc’s identity

Frobenius partitions

A Frobenius partition is a two-rowed array

<)\1 Ay - /\S>

/1’1 ,LL2 P l’LS ?

where A := A1 + X2+ -+ As and p = p1 + po + - - - + ps are two
partitions into s distinct non-negative parts.

Its weight is s + > 7 A+ > .71 i

A |
Ay |

As

1|2 3

Frobenius partitions are in bijection with classical partitions (s = size of
Durfee square).
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Infinite family of identities generalising Primc’s identity

Coloured Frobenius partitions

A n®-coloured Frobenius partition is a Frobenius partition

<)\1 Ao - )\s)

/’Ll ,LL2 “e MS ’

where A = A1 + Ao + - - - 4+ As is a partition into s distinct non-negative
parts coloured with some a;, i € {0,...,n— 1}, with the order

Oay <0p <o <0a<ly | <ly ,<oor<ly< e

)

and p = p1 + p2 + - - + ps is a partition into s distinct non-negative parts
coloured with some b;, i € {0,...,n— 1}, with the order

Obo <0b1 <L v <Obn71 < 1b0 < 1b1 < e << 1b,,,1 <L v
Let F,, denote the set of n’-coloured Frobenius partitions.
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Infinite family of identities generalising Primc’s identity

Coloured Frobenius partitions

The colour sequence of

()\1 Ay - )\S>

p1op2 v M

is c(A1)e(p1), - c(As)e(us)-

Let Fo(m; g, ..., Un—1; V0, ..., Vs—1) denote the number of n?-coloured

Frobenius partitions of m, where for i € {0,...,n — 1}, the symbol a;
(resp. b;) appears u; (resp. v;) times in its colour sequence. Then

. . m _ug Up—1pvp Vn—1
E F,,(m, ug,...,Up—1,V0y..-, anl)q ag - anll bl s bnil
MLUQ,« ey Un—1,Y05+,Vn—1>0
n—1
_ 1,0 - _1b"
= [x] (—xaiq; q)oo (=X bj; q) co-
i=0
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Infinite family of identities generalising Primc’s identity

Reduced colour sequences

Given a sequence C = ¢y, ..., cs of colours taken from {a;by : i, k € N},
do the following operations as long as possible:
o if there is some j such that ¢; = axby and cj+1 = agby, then remove
ci+1 from the colour sequence,
o if there is some Jj such that ¢; = axby and c¢jy1 = axby, then remove
¢; from the colour sequence.
The resulting colour sequence is called the reduction of C, denoted red(C).
A colour sequence that cannot be reduced is a reduced colour sequence.

Example

The reduction of

arby,a1bo, axby, azbs, azby, a1 b3, azbz, azbz, azbo, a1 by

aibo, azby, a1 b3, azbo, a1 br.

v
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Infinite family of identities generalising Primc’s identity

Link between Primc generalised partitions and coloured
Frobenius partitions

Let A = A1 + -+ + A be a partition such that c(A\1) = a1, ..., c(As) = .
The kernel of X, denoted by ker()), is the reduced colour sequence
red(cy,...,Cs).

Theorem (D.—Konan (2019))

Let n be a positive integer and m a non-negative integer. Let

S=ci,...,cs be a reduced colour sequence. Then
Z qI/\| - Z qIFI'
AEPy: FeFn:
ker(A)=S ker(F)=S

Proof: combinatorial reasoning on reduced colour sequences + g-series
manipulations.
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Infinite family of identities generalising Primc’s identity

Generalisation of Primc’s identity

Set for all i, a; = bi_l.
Let P,(m; up,...,Up_1;V0,-..,Vs_1) denote the number of n?-coloured
Primc partitions of m, where for j € {0,...,n — 1}, the symbol a; (resp.

b;) appears u; (resp. v;) times in its colour sequence.

Theorem (D.—Konan (2019))

For every positive integer n, we have

. . m p.Vo—Ug Vn—1—Up—1
E P,,(m, Uo7--~7Un—1,V0,~--,Vn—1)q bO "'bnfl
M, Ug,...Up—1,Y0,---,Vn—1>0
_ . . m g vo—Uo Vn—1—Up—1
= E Fo(m;ug, ..., Up—1;Vo,...,Vn_1)q" by R

m,uo,...,Un—1,0,---,Vn—1>0

n—1
= X ] (=6 "xa: @)oo (—bix ™ @)oo
i=0

v
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Infinite family of identities generalising Primc’s identity

Principal specialisation

In his paper, Primc used the principal specialisation:

qg — q"
bi — q forallic{0,...,n—1}.

Corollary (D.—Konan (2019))

Let n be a positive integer. By doing the dilations above, the generating
function for the Primc generalised partitions in P, becomes:

n—1
KO TT(=a" "% 4" oo(—a'x 5 4700 = [x°1(— % @)oo(—X T @)oo
i=0

1
(q; q)oo .

The cases n =2 and n = 3 recover Primc's original results.
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Infinite family of identities generalising Primc’s identity

Asymptotics

Theorem (Andrews (1984))

Let F,(m) be the number of n?-coloured Frobenius partitions of m. As

m — 00,
1 2nm
F.,(m) ~ exp | M/ — | .
n(m) 4m\/3 p( 3 )

Recall that the asymptotics for the number of partitions of n was

1 2m
p(m) ~ a3 exp <7r\/j> .
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Infinite family of identities generalising Primc’s identity

Expression as a sum of infinite products

Theorem (D.—Konan (2019))

For every positive integer n, we have
n—1
O TT(=b;7"xa: @)oo (—bix ™ @)
i=0

nH—l (i i(i n—1

1 (ql(l+1); ql(l+1))oo I

N m ( (q, q)oo E | | bi +1q i(ri—riz1)
i=1

My..sfrn—1t j=1
0<r;<j—-1

rn=0
i-1 2\
“\~ Hbfbi q
( <be£ ) :(:+1 (i+1)r,-+ir,-+1;qi(,‘+1)> ‘

I‘+1)I’,’—I’I‘,’+1 . ql(l+1)>
o0
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Outline

© Representation theoretic consequences
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Representation theoretic consequences

Crystals: “combinatorial representations” of Lie algebras

Crystal for the vector representation of the affine Lie algebra AE,I_)l:

0

If by ;> bo, we write f,-bl = by, or equivalently by = &;b.
Let i(b) (resp. €j(b)) denote the length of the maximal chain of j-arrows
emanating from (resp. arriving in) b.

The dual of B:
BY : (0]« R e T R e TR

0

We have fiby = by in B if and only if &by = bJ.
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Representation theoretic consequences

Crystals: “combinatorial representations” of Lie algebras

If By is a crystal for the representation My and B; is a crystal for the
representation Mp, then we can define a crystal B; ® By with the following

arrows:

é,'(bl X bz) =

fi(by ® bp) =

éb1 @ by if pi(b1) > €i(b2),
by @ &by if wi(b1) < ei(b2),
bt @ by if @i(b1) > ei(b2),
bi@fiby if pi(b1) < ei(ba),

and B; ® By is a crystal for M; @ M.

Jehanne Dousse (CNRS)
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Representation theoretic consequences

1
Example: A(1 )

Flby o by) = 11802 1T i(br) > <i(ba),
. ’ by ® fiby if wi(b1) < gi(b2),

(o

[0]——[1]
\\U/
BeoBY: [0edl—-[e[d]

0 1

@10 —— 5[]
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Representation theoretic consequences

Energy functions

Definition
An energy function on B® B is a map H : B® B — Z satisfying for all i,

H(by @ by) if 140,
H (&b ® b)) = H(b; @ by) + 1 if i =0 and po(b1) > eo(b2)
H(bl ® b2) -1 if i=0 and (po(bl) < €o(b2).

v

By definition, the value of H(b; ® by) determines the values H(b] ® b)) of
all the vertices b ® b, which are in the same connected component as

b1 ® bo.

The matrix P of Primc gives the energy functions in (B® BY) @ (B® BY)
for Agl). Can this be generalised?

Jehanne Dousse (CNRS) Partition identities and Ag,l) crystals AAC2020 33 /46



Representation theoretic consequences

Our difference conditions as energy functions

Theorem (D.—Konan (2019))

Let n be a positive integer, and let B denote the crystal of the vector
representation of Agl. The crystal B = B® BY is a perfect crystal of
level 1. Furthermore, the energy function on B ® B such that

H((vo ® vy) ® (vo ® vg')) = O satisfies for all k,¢, k', ¢' € {0,...,n— 1},

H((ve @ vii) ® (ve @ vy)) = A(akbe; aw ber),

where A is the minimal difference for the Primc generalised partitions.

Previous result of Benkart, Frenkel, Kang, and Lee (2006) : value of the
energy on each connected component of B ® B after removal of 0-arrows.
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Representation theoretic consequences

A character formula with obviously positive coefficients

The (KMN)? character formula allows us to relate the character of the
irreducible highest weight Agl_)l—modules of level 1 with the generating

function for Primc generalised partitions.

Theorem (D.—Konan (2019))

Let Ao, ...,N,_1 be the fundamental weights of Agl_)l. For all
¢e€{0,...,n—1}, we have

A n—1 (e—f(i+1)§; e—i(i+1)5) 5 n—1 S 15
e~ ZCh(L(/\g)) — H oo Z e " H efici gri(fivi—ri
(676' 676)
i=1 ! o0 rla;-vri—()l =1
02n i1

y (_e(mﬂ—(iﬂ)n—@—ex(;2/>o))a+z;ﬁzlja,-_ eq(iﬂ)g)
(oo}
% (7e((i+1)r,-7;r,-+17%+zx(;zl>o))afzjzljaj. eﬂ'(ﬂrl)&)
o0

v
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Representation theoretic consequences

A character formula with obviously positive coefficients

Theorem (Kac—Peterson (1984))

Let Ny, ..., Ap—1 be the fundamental weights of Agl_)l. For all
0e{0,...,n—1}, we have

1 n—1
- = —s¢6 i oSi(Sit1—5i)d
NN = (e S @[t
! s, ,Sp_1€Z i=1
so=s,=0

This formula can be easily recovered from the generating function for
coloured Frobenius partitions. Thus, our partition identity gives a
combinatorial connection between the (KMN)? character formula and the

Kac-Peterson character formula for Af,ljl.
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Outline

@ Connection with Capparelli's identity
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Connection with Capparelli's identity

Original connection between Capparelli and Primc

Capparelli Primc
a c d a c d
a /2 2 2 2 /2 1 2 2
cl1 1 2 1 0 1 1
d\0 1 2 c|l0 1 0 2
d\o 1 0 2

(—aq; *)oo(—dq; 4%) (—aq; ¢*)oo(—dq; ¢%) o

(9: %) oo (9:9)s0(€q; %) 0
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Original bijection

Theorem (D. (2018))

Let CCy denote the set of partition pairs (A, (1) where X is a coloured
Capparelli partition and . is a classical partition coloured b.

Let P, denote the set of 4-coloured Primc partitions.

There is a bijection between CC> and P> which preserves the total weight,

the number of parts, the size of the parts, and the number of appearances
of colours a and d.

Can this also be generalised?
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Connection with Capparelli's identity

A first family of difference conditions

Definition
For all i, k,i’, k" € N, let us define the minimal difference 6(a;bx, ayby/)
between a part coloured a;b, and a part coloured ay by in the following

way:
5(akbk,akbk) =1 for all kK > 0,
(S(kak, akbg) =1forall /< k,
(S(E)gbk,akbk) =1forall /< k,
d(aibk, aybx) = A(ajbk, ajby) in all the other cases.

For every positive integer n, let C,, be the set of partitions with colours
{ajb : 0 < i,k <n—1,(i,k)# (0,0)}, satisfying the difference conditions
0 and some additional forbidden patterns of length 3 (except when n = 2).
n = 2: Capparelli
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Connection with Capparelli's identity

A second family of difference conditions

Definition
For all i, k,i', k" € N, define

&' (ax bk, ax b
&' (ak bk, agbk—1
5,(ak_1bg, akbk

5/(3,-bk, a,-/bk/

=1 for all k € N*,

=1forall {>k>1,

=1forall {>k>1,

= A(ajbg, ajbxs) in all the other cases.

~— — N N

For every positive integer n, let C, be the set of partitions with colours
{aib : 0 < i,k <n—1,(i,k)# (0,0)}, satisfying the difference conditions
' and some additional forbidden patterns of length 3 (except when n = 2).

n = 2: Capparelli
n = 3: Meurman—Primc’s 8 x 8 matrix + forbidden patterns

Jehanne Dousse (CNRS) Partition identities and Ag,l) crystals AAC2020 40 /46



Generalised bijection

Theorem (D.-Konan (2019))

For every positive integer n, let CC,, (resp. CC',) denote partition pairs
(\, 1), where X\ € C, (resp. Cl,) and v is a partition where all parts have
colour agbg.

There is a bijection between:
@ coloured partitions in P,
o coloured partition pairs in CCp,
e coloured partition pairs in CC!,.

This bijection preserves the total weight, the number of parts, the size of
the parts, and the number of appearances of each bound colour.

— After multiplication by (g; ¢)~, all the formulas for the generating
functions of Primc partitions are also true for these two generalisations of
Capparelli.
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Connection with Capparelli's identity

= 2: bijection between Capparelli and Primc

Free colours: b and c.

Important remark:

a c d

af2 1 2 2

1 01 1

Pic 01 0 2
d\0 1 0 2

The values in column and row b in matrix P mean that if there is a part
kp in the partition, then it can repeat but the number k cannot appear in
any other colour.
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Connection with Capparelli's identity

n = 2: bijection between Capparelli and Primc

Let (A, ) € CCa. The partition X satisfies the difference conditions

C =

= = N O
NN N Q

a
2
1
0

Q O L

and p is a partition coloured c.

Example

)\:8d+8a+6c+55+3d+187
p=8p4+8p+T7p+5p+3p+2p+2p+1p+ 1p.
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Connection with Capparelli's identity

Step 1: For all j, if there are some parts of size j in p but none in A, then
move these parts from p to A, according to the order:

1, < <l <lg<2;,< <2< 24 <+

Call A1 and py the resulting partitions.

2 d a c d
(11

C=c|1 1 2 — G =
d\o 1 2 cl1l 1 1 2
d\0 1 1 2

A1 satisfies the difference conditions of (i,
141 is a partition coloured b5 containing only parts of sizes that also appear
in A1 but in a colour different from

Example
)\1:8d+8a+ +6c+5c+3d+ + +1aa
1 =08+ +5,+3p+ 1p+
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Connection with Capparelli's identity

Step 2: For all j, if there are some parts J, in p1, and j. appears in A1 (by

(1, it cannot repeat nor appear in another colour), then transform those
's into j.'s and move them from g to A;.

Call A2 and po the resulting partitions.

a c d a c d
2/2 1 2 2 2/2 1 2 2
101 1 10 1 1
G= 1111 2 — Q=14 9 2]
d\o 1 1 2 d\o 1 1 2

Ao satisfies the difference conditions in the matrix G,
W2 is a partition coloured b containing only parts of sizes that also appear
in A\ with colour a or d.

Example
>\1:8d+83+ +6C+56+5C+3d+ + +1a>
p1 =8+ 8, + 35+ 1y +
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Connection with Capparelli's identity

Step 3: For all j, if there are some parts j, in up, then j appears in Ay in
colour a or d, but not c. Transform those /,’s into j.'s and insert them
inside \s.

Call A3 the resulting partition.

a c d a c d

2 /2 1 2 2 2/2 1 2 2
101 1 101 1
Q= 11102 7 P=clo1 0 2
d\o 1 1 2 d\o 1 0 2

The partition A3 satisfies the difference conditions P of Primc's identity.

Example
)\3:8d+8c+8c+8a+ +6c+5c+5c+3d+3c+ + +1c+1c+1aJ

All the steps are reversible.
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Connection with Capparelli's identity

Thank you for your attention!
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