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The five vertex model: a generalization of the lozenge tiling model
a special case of the six-vertex model

A configuration has probability 1
Z evX+hY rc where r is the number of corners,

v is the number of vertical edges, h is the number of horizontal edges.
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lozenge tilings and the 5-vertex model

The 5 vertex model with r = 1 is the lozenge tiling model.

r 6= 1 means blue and green lozenges “interact”.



r = 1 r = .1r = 10

Simulations
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�(s, t) is piecewise analytic:

repulsive

1� s� t+ (1� r�2)st = 0

when r < 1,

plot of ��
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sample from a stochastic state
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<latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit><latexit sha1_base64="uTS6VQRnCcNEXQ5jjtR7Fskar98=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CklB9KIUvHisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmRZkUBj3v21lb39jc2i7tlHf39g8OK0fHTZPmmvGApTLV7YgaLoXiAQqUvJ1pTpNI8lY0upv5rSeujUjVI44zHiZ0oEQsGEUrBfrGrV32KlXP9eYgq8QvSBUKNHqVr24/ZXnCFTJJjen4XobhhGoUTPJpuZsbnlE2ogPesVTRhJtwMj92Ss6t0idxqm0pJHP198SEJsaMk8h2JhSHZtmbif95nRzj63AiVJYjV2yxKM4lwZTMPid9oTlDObaEMi3srYQNqaYMbT5lG4K//PIqadZc33P9B69avy3iKMEpnMEF+HAFdbiHBgTAQMAzvMKbo5wX5935WLSuOcXMCfyB8/kDr7yN6A==</latexit>

Boxed plane partition

<latexit sha1_base64="sjpbTVUFpU87CEC/pDzhpv3JAp4=">AAAB/nicbVDLSsNAFJ34rPVVFVduBovgqiSloCspunFZwT6gDWUyuWmHTiZhZiKWUPBX3LhQxK3f4c6/cZJmoa0HBg7n3Mfc48WcKW3b39bK6tr6xmZpq7y9s7u3Xzk47KgokRTaNOKR7HlEAWcC2pppDr1YAgk9Dl1vcpP53QeQikXiXk9jcEMyEixglGgjDSvH19Ej+DjmRACOiTQjcr1q1+wceJk4BamiAq1h5WvgRzQJQWjKiVJ9x461m2bzKIdZeZAoiAmdkBH0DRUkBOWm+fdn+MwoPg4iaZ7QOFd/d6QkVGoaeqYyJHqsFr1M/M/rJzq4dFMm4kSDoPNFQcKxjnCWBfaZBKr51BBCpbmcYjomklBtEiubEJzFk5dJp15zGrXGXb3avCriKKETdIrOkYMuUBPdohZqI4pS9Ixe0Zv1ZL1Y79bHvHTFKnqO0B9Ynz8l3JWa</latexit>



r = 2.5
<latexit sha1_base64="e++QPNMwpdPlZpv7GDY9Va7yE3c=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokLUU3asGNywqmLbShTKaTduhkEmYmQgl9BjcuFHHri/gG7nwbp2kX2npg4OOce5l7b5BwprTjfFuFtfWNza3idmlnd2//oHx41FJxKgn1SMxj2QmwopwJ6mmmOe0kkuIo4LQdjG9nefuRSsVi8aAnCfUjPBQsZARrY3nyqmrX++WKYzu50Cq4C6jcfNZyNfvlr94gJmlEhSYcK9V1nUT7GZaaEU6npV6qaILJGA9p16DAEVV+lg87RWfGGaAwluYJjXL3d0eGI6UmUWAqI6xHajmbmf9l3VSHl37GRJJqKsj8ozDlSMdotjkaMEmJ5hMDmEhmZkVkhCUm2tynZI7gLq+8Cq2q7dbs+r1TaVzDXEU4gVM4BxcuoAF30AQPCDB4ghd4tYT1bL1Z7/PSgrXoOYY/sj5+AKq9kCM=</latexit> r = 3.1

<latexit sha1_base64="OYzE+Cibk7wEpxBoZaxwFwK6PAo=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFtGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e1W23X605tlMILYM7h9rNZ71Qs1/96g1ikkZUaMKxUl3XSbSfYakZ4XRa6aWKJpiM8ZB2DQocUeVnxbBTdGKcAQpjaZ7QqHB/d2Q4UmoSBaYywnqkFrPc/C/rpjq89DMmklRTQWYfhSlHOkb55mjAJCWaTwxgIpmZFZERlphoc5+KOYK7uPIytM5st26f3zu1xjXMVIYjOIZTcOECGnAHTfCAAIMneIFXS1jP1pv1PistWfOeQ/gj6+MHpjOQIA==</latexit>



T ({1, 5, 6}, {3, 5, 7}) = r4

1

3

5

5

6

7

that is, find an explicit diagonalization of the 2N ⇥ 2N transfer matrix T

General r case: how to find the free energy F (X,Y )?

No determinant formula...need to use Bethe Ansatz
<latexit sha1_base64="F/YTLxMMXXaawTUmY8y1uw5f3Ag=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCsjjsbrcSPxkoiGBViCHN7E7O4u3fszgkx+Dts/Cs2ForYiY3/xr2Ywq+BgcebGea9l+RKOoqij2BsfGJyaroyU52dm19YrC0tn7qssAKbIlOZPU/AoZIGmyRJ4XluEXSi8Cy5OijnZ9donczMCfVzbGu4NLIrBZCnOrX4KOMpElotDRji3czqQkEYhgYx5ZTxwiHfR+oh3zMO6KZTq0dhNCz+F8QjUGejanRqbxdpJgqNhoQC51pxlFN7AJakUHhbvfAfchBXcIktDw1odO3B0NotX/dMWqry7eUN2e8XA9DO9XXiNzVQz/2eleR/s1ZB3e32QJq8IDTi61G3UKXjMieeSouCVN8DEFZ6rVz0wILwWbmqDyH+bfkvON0M4yiMjzfruzujOCpsla2xDRazLbbLDlmDNZlgd+yBPbHn4D54DF6C16/VsWB0s8J+VPD+CS9OoEw=</latexit><latexit sha1_base64="F/YTLxMMXXaawTUmY8y1uw5f3Ag=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCsjjsbrcSPxkoiGBViCHN7E7O4u3fszgkx+Dts/Cs2ForYiY3/xr2Ywq+BgcebGea9l+RKOoqij2BsfGJyaroyU52dm19YrC0tn7qssAKbIlOZPU/AoZIGmyRJ4XluEXSi8Cy5OijnZ9donczMCfVzbGu4NLIrBZCnOrX4KOMpElotDRji3czqQkEYhgYx5ZTxwiHfR+oh3zMO6KZTq0dhNCz+F8QjUGejanRqbxdpJgqNhoQC51pxlFN7AJakUHhbvfAfchBXcIktDw1odO3B0NotX/dMWqry7eUN2e8XA9DO9XXiNzVQz/2eleR/s1ZB3e32QJq8IDTi61G3UKXjMieeSouCVN8DEFZ6rVz0wILwWbmqDyH+bfkvON0M4yiMjzfruzujOCpsla2xDRazLbbLDlmDNZlgd+yBPbHn4D54DF6C16/VsWB0s8J+VPD+CS9OoEw=</latexit><latexit sha1_base64="F/YTLxMMXXaawTUmY8y1uw5f3Ag=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCsjjsbrcSPxkoiGBViCHN7E7O4u3fszgkx+Dts/Cs2ForYiY3/xr2Ywq+BgcebGea9l+RKOoqij2BsfGJyaroyU52dm19YrC0tn7qssAKbIlOZPU/AoZIGmyRJ4XluEXSi8Cy5OijnZ9donczMCfVzbGu4NLIrBZCnOrX4KOMpElotDRji3czqQkEYhgYx5ZTxwiHfR+oh3zMO6KZTq0dhNCz+F8QjUGejanRqbxdpJgqNhoQC51pxlFN7AJakUHhbvfAfchBXcIktDw1odO3B0NotX/dMWqry7eUN2e8XA9DO9XXiNzVQz/2eleR/s1ZB3e32QJq8IDTi61G3UKXjMieeSouCVN8DEFZ6rVz0wILwWbmqDyH+bfkvON0M4yiMjzfruzujOCpsla2xDRazLbbLDlmDNZlgd+yBPbHn4D54DF6C16/VsWB0s8J+VPD+CS9OoEw=</latexit><latexit sha1_base64="F/YTLxMMXXaawTUmY8y1uw5f3Ag=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCsjjsbrcSPxkoiGBViCHN7E7O4u3fszgkx+Dts/Cs2ForYiY3/xr2Ywq+BgcebGea9l+RKOoqij2BsfGJyaroyU52dm19YrC0tn7qssAKbIlOZPU/AoZIGmyRJ4XluEXSi8Cy5OijnZ9donczMCfVzbGu4NLIrBZCnOrX4KOMpElotDRji3czqQkEYhgYx5ZTxwiHfR+oh3zMO6KZTq0dhNCz+F8QjUGejanRqbxdpJgqNhoQC51pxlFN7AJakUHhbvfAfchBXcIktDw1odO3B0NotX/dMWqry7eUN2e8XA9DO9XXiNzVQz/2eleR/s1ZB3e32QJq8IDTi61G3UKXjMieeSouCVN8DEFZ6rVz0wILwWbmqDyH+bfkvON0M4yiMjzfruzujOCpsla2xDRazLbbLDlmDNZlgd+yBPbHn4D54DF6C16/VsWB0s8J+VPD+CS9OoEw=</latexit><latexit sha1_base64="F/YTLxMMXXaawTUmY8y1uw5f3Ag=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCsjjsbrcSPxkoiGBViCHN7E7O4u3fszgkx+Dts/Cs2ForYiY3/xr2Ywq+BgcebGea9l+RKOoqij2BsfGJyaroyU52dm19YrC0tn7qssAKbIlOZPU/AoZIGmyRJ4XluEXSi8Cy5OijnZ9donczMCfVzbGu4NLIrBZCnOrX4KOMpElotDRji3czqQkEYhgYx5ZTxwiHfR+oh3zMO6KZTq0dhNCz+F8QjUGejanRqbxdpJgqNhoQC51pxlFN7AJakUHhbvfAfchBXcIktDw1odO3B0NotX/dMWqry7eUN2e8XA9DO9XXiNzVQz/2eleR/s1ZB3e32QJq8IDTi61G3UKXjMieeSouCVN8DEFZ6rVz0wILwWbmqDyH+bfkvON0M4yiMjzfruzujOCpsla2xDRazLbbLDlmDNZlgd+yBPbHn4D54DF6C16/VsWB0s8J+VPD+CS9OoEw=</latexit>

The Free energy Fr(X,Y ) is determined from the leading eigenvalue of T .
<latexit sha1_base64="7hUu24v9gFXgoNTig6qGVwzvcps="></latexit><latexit sha1_base64="7hUu24v9gFXgoNTig6qGVwzvcps="></latexit><latexit sha1_base64="7hUu24v9gFXgoNTig6qGVwzvcps="></latexit><latexit sha1_base64="7hUu24v9gFXgoNTig6qGVwzvcps="></latexit><latexit sha1_base64="7hUu24v9gFXgoNTig6qGVwzvcps="></latexit>

Fr(X,Y ) = lim
N!1

1

N
log⇤.

<latexit sha1_base64="qBdvH4GHecDJINVUjEeCF+g0ogY="></latexit><latexit sha1_base64="9BraK6MNvd/DbahabWWIBaL2Ab0="></latexit><latexit sha1_base64="9BraK6MNvd/DbahabWWIBaL2Ab0="></latexit><latexit sha1_base64="9BraK6MNvd/DbahabWWIBaL2Ab0="></latexit><latexit sha1_base64="zrvmJH8cuKw0CtrQFgnSEW1Eed4=">AAACFnicbZDLSgMxFIYz9VbrrerSzWARKmiZcaMbpSCICykV7EU6ZcikmTY0kwzJGaEMfQo3voobF4q4FXe+jelloa0/BD7+c06S8wcxZxoc59vKLCwuLa9kV3Nr6xubW/ntnbqWiSK0RiSXqhlgTTkTtAYMOG3GiuIo4LQR9C9H9cYDVZpJcQeDmLYj3BUsZASDsfz88ZWvis2j+8Nzj7PITyseSI+JEAZDL1SYuBWPy653Y27s4JKfLzglZyx7HtwpFNBUVT//5XUkSSIqgHCsdct1YminWAEjnA5zXqJpjEkfd2nLoMAR1e10vNbQPjBOxw6lMkeAPXZ/T6Q40noQBaYzwtDTs7WR+V+tlUB41k6ZiBOggkweChNug7RHGdkdpigBPjCAiWLmrzbpYZMGmCRzJgR3duV5qJ+UXMO3TqF8MY0ji/bQPioiF52iMrpGVVRDBD2iZ/SK3qwn68V6tz4mrRlrOrOL/sj6/AFK6Z7P</latexit>

T k(A,B) is the total weight of configurations starting in state A and ending k
steps later in state B.

<latexit sha1_base64="IfKdJmLxWPko+Qeuyi9hdIRE0h4="></latexit><latexit sha1_base64="IfKdJmLxWPko+Qeuyi9hdIRE0h4="></latexit><latexit sha1_base64="IfKdJmLxWPko+Qeuyi9hdIRE0h4="></latexit><latexit sha1_base64="IfKdJmLxWPko+Qeuyi9hdIRE0h4="></latexit><latexit sha1_base64="IfKdJmLxWPko+Qeuyi9hdIRE0h4="></latexit>

e3Y
<latexit sha1_base64="PyJlH7OPyjt2sdJ/gOTxWABoO7Y=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARXJXEipeNFty4rGAv0sYymZ60YyeTMDMRSug7uHGhiFsfxDdw59s4SYuo9YOBn/8/hznneBFnStv2p5Wbm19YXMovF1ZW19Y3iptbDRXGkkKdhjyULY8o4ExAXTPNoRVJIIHHoekNL9K8eQ9SsVBc61EEbkD6gvmMEm2sBtwmlZtxt1iyy3YGnhXOVJTO3ysZtW7xo9MLaRyA0JQTpdqOHWk3IVIzymFc6MQKIkKHpA9tIwUJQLlJNu0Y7xmnh/1Qmic0ztyfHQkJlBoFnqkMiB6ov1lq/pe1Y+2fuAkTUaxB0MlHfsyxDnG6Ou4xCVTzkRGESmZmxXRAJKHaHKiQHeE05eh75VnROCg7lfLhlV2qnqEJebSDdtE+ctAxqqJLVEN1RNEdekBP6NkKrUfrxXqdlOasac82+oX19gVxuZFh</latexit>



zNA(z)n = (�1)n+1
nY

i=1

A(zi).
<latexit sha1_base64="WOkjTE2jwbdtvg45uIxZ4S1nE0g="></latexit>

For n = 3 particles, the eigenvectors are of the form

F (x1, x2, x3) =

������

zx1
1 zx1

2 zx3
3

A(z1)z
x2
1 A(z2)z

x2
2 A(z3)z

x2
3

A(z1)2z
x3
1 A(z2)2z

x3
2 A(z3)2z

x3
3

������

where A(z) = (1� r2)yz � 1. Here the zi are distinct roots of

<latexit sha1_base64="ywVpVAliStjOr2Lug+15fpitv60="></latexit>

(and y = eY )

<latexit sha1_base64="qKz+kyKPI0XhQo/kJ/WQ1hQaFeo=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRjDBC2kJiV40JF48YiIfBirZbgfYsN3W3S1JQ/gdXjxojFd/jDf/jQv0oOBLJnl5byYz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo6YKY0mhQUMeyrZHFHAmoKGZ5tCOJJDA49DyRjczvzUGqVgo7nUSgRuQgWB9Rok2klsiwsfF5AoeH4rnvXzBLttz4FXipKSAUtR7+a+uH9I4AKEpJ0p1HDvS7oRIzSiHaa4bK4gIHZEBdAwVJADlTuZHT/GZUXzcD6UpofFc/T0xIYFSSeCZzoDooVr2ZuJ/XifW/Ut3wkQUaxB0sagfc6xDPEsA+0wC1TwxhFDJzK2YDokkVJucciYEZ/nlVdKslJ1quXpXKdSu0ziy6ASdohJy0AWqoVtURw1E0RN6Rq/ozRpbL9a79bFozVjpzDH6A+vzB6/CkLs=</latexit>

Eigenvectors are determinants

<latexit sha1_base64="cegQfKEKSEZjIm0zgqhhLkqjZ2g=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KUgp6kIILHCvYD2lA2m0m7dLMJu5tCCT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5fsKZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CopeJUUmjSmMey4xMFnAloaqY5dBIJJPI5tP3Rzcxvj0EqFosHPUnAi8hAsJBRoo3Ut09v2QDEGKiOpcJEAg5Ag4yYIEKrvl12Ks4ceJW4OSmjHI2+/dULYppGIDTlRKmu6yTay4jUjHKYlnqpgoTQERlA11BBIlBeNn9jis+NEuAwlqaExnP190RGIqUmkW86I6KHatmbif953VSHV17GRJJqEHSxKEw51jGeZYIDJk0AfGIIoZKZWzEdEkmoSUKVTAju8surpFWtuLVK7b5arl/ncRTRCTpDF8hFl6iO7lADNRFFj+gZvaI368l6sd6tj0VrwcpnjtEfWJ8/sLeZQg==</latexit>



F (x1, x2, x0 +N) = F (x0, x1, x2).

<latexit sha1_base64="2mDYYCuvm3lXofJfH1w8oDgSLac=">AAACDXicbZDLSsNAFIYn9VbrLerSzWArtFhCUgq6UQqCuJIK9gJtCJPppB06uTAzkZbSF3Djq7hxoYhb9+58GydtFtr6w4Gf75zDzPndiFEhTfNby6ysrq1vZDdzW9s7u3v6/kFThDHHpIFDFvK2iwRhNCANSSUj7YgT5LuMtNzhVdJvPRAuaBjcy3FEbB/1A+pRjKRCjl4oXBdHjlUeORVV5ultCV7ABJnlFJcKhqPnTcOcCS4bKzV5kKru6F/dXohjnwQSMyRExzIjaU8QlxQzMs11Y0EihIeoTzrKBsgnwp7MrpnCE0V60Au5qkDCGf29MUG+EGPfVZM+kgOx2Evgf71OLL1ze0KDKJYkwPOHvJhBGcIkGtijnGDJxsogzKn6K8QDxBGWKsCcCsFaPHnZNCuGVTWqd5V87TKNIwuOwDEoAgucgRq4AXXQABg8gmfwCt60J+1Fe9c+5qMZLd05BH+kff4Awf6Xjg==</latexit>

F (x1, x2, x0 +N) =

=

������

zx1
i

A(zi)z
x2
i

A(zi)2zNi zx0
i

������
i=1..3

=
⇣Y

A(zi)
�1

⌘
������

A(zi)z
x1
i

A(zi)2z
x2
i

A(zi)3zNi zx0
i

������
i=1..3

=

������

zx0
i

A(zi)z
x1
i

A(zi)2z
x2
i

������
i=1..3

.

<latexit sha1_base64="gaKFYu14gpniwbAxYSw6hIVpshE="></latexit>

Lemma

<latexit sha1_base64="V31d4QFGd12OKT1SAywproYVLuM=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGgJ4k4MWDhwjmAckSZie9yZB5LDOzQljyGV48KOLVr/Hm3zhJ9qCJBQ1FVTfdXVHCmbG+/+0VNja3tneKu6W9/YPDo/LxSduoVFNoUcWV7kbEAGcSWpZZDt1EAxERh040uZ37nSfQhin5aKcJhIKMJIsZJdZJvawfxfgehCCzQbniV/0F8DoJclJBOZqD8ld/qGgqQFrKiTG9wE9smBFtGeUwK/VTAwmhEzKCnqOSCDBhtjh5hi+cMsSx0q6kxQv190RGhDFTEblOQezYrHpz8T+vl9r4OsyYTFILki4XxSnHVuH5/3jINFDLp44Qqpm7FdMx0YRal1LJhRCsvrxO2rVqUK/WH2qVxk0eRxGdoXN0iQJ0hRroDjVRC1Gk0DN6RW+e9V68d+9j2Vrw8plT9Afe5w8DW5ER</latexit>

Proof:

<latexit sha1_base64="L1vmepnI/POCPOY6joWOd2lkUvY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQfEgBS8eK9gPaELZbDft0s1u2N0IJfRvePGgiFf/jDf/jds0B219MPB4b4aZeWHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfLVBHaIZJL1Q+xppwJ2jHMcNpPFMVxyGkvnN4t/N4TVZpJ8WhmCQ1iPBYsYgQbK/mZH0aoraSMbubDas2tuznQOvEKUoMC7WH1yx9JksZUGMKx1gPPTUyQYWUY4XRe8VNNE0ymeEwHlgocUx1k+c1zdGGVEYqksiUMytXfExmOtZ7Foe2MsZnoVW8h/ucNUhNdBxkTSWqoIMtFUcqRkWgRABoxRYnhM0swUczeisgEK0yMjaliQ/BWX14n3Ubda9abD41a67aIowxncA6X4MEVtOAe2tABAgk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/q/mRbw==</latexit>

⇤

<latexit sha1_base64="WYhxY9fiIxR4qw28N1eCej5/yz8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTtCopUhsbHEREADF7K3zMGG3btzd8+EEH6FjYXG2Ppz7Pw3LnCFgi+Z5OW9mczMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PWjpOFcMmi0Ws7gOqUfAIm4YbgfeJQioDge1gdD3z20+oNI+jOzNO0Jd0EPGQM2qs9FDu6seUKiz3iiW34s5BVomXkRJkaPSKX91+zFKJkWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsTSiErU/mR88JWdW6ZMwVrYiQ+bq74kJlVqPZWA7JTVDvezNxP+8TmrCS3/CoyQ1GLHFojAVxMRk9j3pc4XMiLEllClubyVsSBVlxmZUsCF4yy+vkla14tUqtdtqqX6VxZGHEziFc/DgAupwAw1oAgMJz/AKb45yXpx352PRmnOymWP4A+fzB0GckAo=</latexit>

zNA(z)n = (�1)n+1
nY

i=1

A(zi).
<latexit sha1_base64="WOkjTE2jwbdtvg45uIxZ4S1nE0g="></latexit>



x1 x2 x3

y1 y2 y3

To check that F is an eigenvector,

TF (x1, x2, x3) =
x2X

y1=x1+1

x3X

y2=x2+1

x1+NX

y3=x3+1

T y1,y2,y3
x1,x2,x3

f(y1, y2, y3).

Applying the sum to the determinant (we just give the first column),

TF =

������

zx2
1 (1 + r2( y

z1
+ · · ·+ ( y

z1
)x2�x1�1))

A(z1)z
x3
1 (1 + r2( y

z1
+ · · ·+ ( y

z1
)x3�x2�1))

A(z1)2z
x1+N
1 (1 + r2( y

z1
+ · · ·+ ( y

z1
)N+x1�x3�1))

������

=

������������

zx2
1 (1 + r2

(
y
z1

)x2�x1� y
z1

y
z1

�1
)

A(z1)z
x3
1 (1 + r2

(
y
z1

)x3�x2� y
z1

y
z1

�1
)

A(z1)2z
N+x1
1 (1 + r2

(
y
z1

)N+x1�x3� y
z1

y
z1

�1
)

������������

<latexit sha1_base64="JVvK85idVUT9q1V7v+3snD5gY7g="></latexit>



⇤

<latexit sha1_base64="1F0QIcbmNL87MDd7w0Qab496GD0=">AAAB73icbZDLSgNBEEVrfMbxFXXppjEIrsKMBnSlATcuI5gHJEPo6dQkTXoe6e4RwpCfcONCEbd+h3/gzr+xM8lCEy80HO6toqvKTwRX2nG+rZXVtfWNzcKWvb2zu7dfPDhsqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wdpo3H1EqHkcPepygF9J+xAPOqDZWy+6oUUoldoslp+zkIsvgzqF083mRq9YtfnV6MUtDjDQTVKm26yTay6jUnAmc2J1UYULZkPaxbTCiISovy+edkFPj9EgQS/MiTXL3d0dGQ6XGoW8qQ6oHajGbmv9l7VQHV17GoyTVGLHZR0EqiI7JdHnS4xKZFmMDlEluZiVsQCVl2pzINkdwF1dehsZ52a2UK/dOqXoNMxXgGE7gDFy4hCrcQQ3qwEDAE7zAqzWynq03631WumLNe47gj6yPH7L1kfQ=</latexit>

=

������

zx2
1 B(z1) + zx1

1 yx2�x1D(z1)
A(z1)(z

x3
1 B(z1) + zx2

1 yx3�x2D(z1))
A(z1)2(z

N+x1
1 B(z1) + yN+x1�x3zx3D(z1))

������

where

B(z) = 1� r2y/z

y/z � 1
=

(1� r2)y/z � 1

y/z � 1

and D(z) = r2

y/z�1 .

=
Y

(y/zi � 1)�1

������

zx2
1 A(z1) + zx1

1 yx2�x1r2

A(z1)2z
x3
1 +A(z1)z

x2
1 yx3�x2r2

A(z1)3zN1 zx1
1 +A(z1)2zx3yN+x1�x3r2

������

=
Y

(y/zi � 1)�1

������

r2yx2�x1 1 0
0 r2yx3�x2 1

zNA(z1)3 0 r2yN+x1�x3

������
F.

<latexit sha1_base64="//s1SH/LtCJ3o7AMFELYDsRX8gg="></latexit>



Probabilities

<latexit sha1_base64="ZHSi6uCtI7B0UuMeXiTnzuyV0Mc=">AAAB9XicbVBNS8NAEN34WetX1aOXYBE8laQU9CQFLx4r2A9oY9lsJ+3SzW7YnSgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dtbWNza3tgs7xd29/YPD0tFxy6hUM2gyJZTuhNSA4BKayFFAJ9FA41BAOxzfzPz2I2jDlbzHSQJBTIeSR5xRtNJDsaFVSEMuOHIw/VLZq3hzuKvEz0mZ5Gj0S1+9gWJpDBKZoMZ0fS/BIKMaORMwLfZSAwllYzqErqWSxmCCbH711D23ysCNlLYl0Z2rvycyGhsziUPbGVMcmWVvJv7ndVOMroKMyyRFkGyxKEqFi8qdReAOuAaGYmIJZdp+zlw2opoytEEVbQj+8surpFWt+LVK7a5arl/ncRTIKTkjF8Qnl6RObkmDNAkjmjyTV/LmPDkvzrvzsWhdc/KZE/IHzucPQsySWg==</latexit>

Pr(x1, x2, x5) =
hv⇤|TM |v1,2,5ihv1,2,5|TM |v⇤i

hv⇤|T 2M |v⇤i

<latexit sha1_base64="9WTkoiXSRrwcEvYIEyNWBk3R1tw="></latexit>

Pr(x1, x2, x5) =
1

Z
F (x1, x2, x5)F (N � x5, N � x2, N � x1)

<latexit sha1_base64="iVebr/UFQfnzMjK0WrupcwMBWuU="></latexit>

v⇤

<latexit sha1_base64="qSlKoA5vYYB9o7V4HNn23cs8BKo=">AAAB6nicbVDLSgNBEOyNr5j4WOPRy2AUgoewKwE9ScCLx4jmAckSZiezyZDZ2WVmNhCW+AV68aAEr36RN//GyeOgiQUNRVU33V1+zJnSjvNtZTY2t7Z3sru5/N7+waF9VGioKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x/ezvzmiErFIvGoxzH1QtwXLGAEayM9jLoXXbvolJ050Dpxl6RYLUyfn0pn+VrX/ur0IpKEVGjCsVJt14m1l2KpGeF0kuskisaYDHGftg0VOKTKS+enTtC5UXooiKQpodFc/T2R4lCpceibzhDrgVr1ZuJ/XjvRwbWXMhEnmgqyWBQkHOkIzf5GPSYp0XxsCCaSmVsRGWCJiTbp5EwI7urL66RxWXYr5cq9SeMGFsjCCZxCCVy4gircQQ3qQKAPL/AG7xa3Xq2p9bFozVjLmWP4A+vzBxaKj+I=</latexit>

v⇤

<latexit sha1_base64="qSlKoA5vYYB9o7V4HNn23cs8BKo=">AAAB6nicbVDLSgNBEOyNr5j4WOPRy2AUgoewKwE9ScCLx4jmAckSZiezyZDZ2WVmNhCW+AV68aAEr36RN//GyeOgiQUNRVU33V1+zJnSjvNtZTY2t7Z3sru5/N7+waF9VGioKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x/ezvzmiErFIvGoxzH1QtwXLGAEayM9jLoXXbvolJ050Dpxl6RYLUyfn0pn+VrX/ur0IpKEVGjCsVJt14m1l2KpGeF0kuskisaYDHGftg0VOKTKS+enTtC5UXooiKQpodFc/T2R4lCpceibzhDrgVr1ZuJ/XjvRwbWXMhEnmgqyWBQkHOkIzf5GPSYp0XxsCCaSmVsRGWCJiTbp5EwI7urL66RxWXYr5cq9SeMGFsjCCZxCCVy4gircQQ3qQKAPL/AG7xa3Xq2p9bFozVjLmWP4A+vzBxaKj+I=</latexit>

v1,2,5

<latexit sha1_base64="Cn+lJyq+PB93rVxSe4VhKkqjyy0=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tToNgEcJdiGglgTSWEcyHJEfY2+wlS3b3jt29SDhSWFuKYKGIrT/Hzn/j5qPQxAcDj/dmmJnnR4wq7TjfVmpldW19I72Z2dre2d3L7h/UVRhLTGo4ZKFs+kgRRgWpaaoZaUaSIO4z0vAHlYnfGBKpaChu9SgiHkc9QQOKkTbS3bCTuPli/nzcyeacgjOFvUzcOcmVj+/ZY+X5odrJfrW7IY45ERozpFTLdSLtJUhqihkZZ9qxIhHCA9QjLUMF4kR5yfTgsX1qlK4dhNKU0PZU/T2RIK7UiPumkyPdV4veRPzPa8U6uPQSKqJYE4Fni4KY2Tq0J9/bXSoJ1mxkCMKSmltt3EcSYW0yypgQ3MWXl0m9WHBLhdKNSeMKZkjDEZzAGbhwAWW4hirUAAOHJ3iFN0taL9a79TFrTVnzmUP4A+vzB8f+krg=</latexit>

M

<latexit sha1_base64="9FbRe4YXUlGJ9PTSf9dOyWlMsEE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEC7rSghs3Qgv2Am0ok+lJO3YyCTMToYQ+gRsXirj1VXwDd76N07QLbf1h4OP/z2HOOX7MmdKO823lVlbX1jfym4Wt7Z3dveL+QVNFiaTYoBGPZNsnCjkT2NBMc2zHEknoc2z5o5tp3npEqVgk7vU4Ri8kA8ECRok2Vv2uVyw5ZSeTvQzuHErXn+eZar3iV7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7BgUJUXlpNujEPjFO3w4iaZ7Qdub+7khJqNQ49E1lSPRQLWZT87+sk+jg0kuZiBONgs4+ChJu68iebm33mUSq+dgAoZKZWW06JJJQbW5TMEdwF1dehuZZ2a2UK3WnVL2CmfJwBMdwCi5cQBVuoQYNoIDwBC/waj1Yz9ab9T4rzVnznkP4I+vjB52YjwQ=</latexit>

M

<latexit sha1_base64="9FbRe4YXUlGJ9PTSf9dOyWlMsEE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEC7rSghs3Qgv2Am0ok+lJO3YyCTMToYQ+gRsXirj1VXwDd76N07QLbf1h4OP/z2HOOX7MmdKO823lVlbX1jfym4Wt7Z3dveL+QVNFiaTYoBGPZNsnCjkT2NBMc2zHEknoc2z5o5tp3npEqVgk7vU4Ri8kA8ECRok2Vv2uVyw5ZSeTvQzuHErXn+eZar3iV7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7BgUJUXlpNujEPjFO3w4iaZ7Qdub+7khJqNQ49E1lSPRQLWZT87+sk+jg0kuZiBONgs4+ChJu68iebm33mUSq+dgAoZKZWW06JJJQbW5TMEdwF1dehuZZ2a2UK3WnVL2CmfJwBMdwCi5cQBVuoQYNoIDwBC/waj1Yz9ab9T4rzVnznkP4I+vjB52YjwQ=</latexit>

}

<latexit sha1_base64="ggFD3WGrCQ/wtpP3QvHKeq+DPw8=">AAAB6XicbVDLSgNBEOyNrxhfUY+CDAbBU9iVgJ4k4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJB0Vz9I2/+jbNJDppY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvM385hMqzWP5aEYJ+hHtSx5yRo2VHjqTbrHklt0ZyCrxFqRUPf3IMK11i1+dXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P55dOiHnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSyl4n/ee3UhNf+mMskNSjZfFGYCmJikr1NelwhM2JkCWWK21sJG1BFmbHhFGwI3vLLq6RxWfYq5cq9TeMG5sjDCZzBBXhwBVW4gxrUgUEIz/AKb87QeXHenem8NecsZo7hD5zPH+9tkVs=</latexit>

}

<latexit sha1_base64="ggFD3WGrCQ/wtpP3QvHKeq+DPw8=">AAAB6XicbVDLSgNBEOyNrxhfUY+CDAbBU9iVgJ4k4MVjFPOAZAmzk95kyOzsMjMrhJA/8OJB0Vz9I2/+jbNJDppY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvM385hMqzWP5aEYJ+hHtSx5yRo2VHjqTbrHklt0ZyCrxFqRUPf3IMK11i1+dXszSCKVhgmrd9tzE+GOqDGcCJ4VOqjGhbEj72LZU0gi1P55dOiHnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSyl4n/ee3UhNf+mMskNSjZfFGYCmJikr1NelwhM2JkCWWK21sJG1BFmbHhFGwI3vLLq6RxWfYq5cq9TeMG5sjDCZzBBXhwBVW4gxrUgUEIz/AKb87QeXHenem8NecsZo7hD5zPH+9tkVs=</latexit>



0 1 2

1 2 4

w1

w2

w3

Schur function

<latexit sha1_base64="XA0xeCi5Mi8i+fkH+JZj+4AfHpo=">AAAB9XicbVA9T8MwEL2Ur1K+CowsFhUSU5VUlWBClVgYi6AfUhsqx3Vaq44d2Q6oivo/WBhAiJX/wsa/wWkzQMub3r13p7t7QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeYXGd+55EqzaS4N9OY+hEeCRYygo2VHu7IOFEoTATJykG54lbdOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/FyjDC6azUTzSNMZngEe1ZKnBEtZ/Or56hM6sMUSjtfikMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhNe+ikTcWKoIItFYcKRkSiLAA2ZosTwqSWYKGZvRWSMFSbGBlWyIXjLL6+Sdq3q1av121qlcZXHUYQTOIVz8OACGnADTWgBAQXP8ApvzpPz4rw7H4vWgpPPHMMfOJ8/mvuSkg==</latexit>

s112 = · · ·+ w2
1w2w3 + . . .

<latexit sha1_base64="LIS1fXNWZHfl6YZWQfZylhjF2x4=">AAACDnicbVDLSgMxFM3UV62vUTeCIMFSEIQyUwu6UQq6cFnBPqCtQyZN29jMg+SOpQz9AjeCX+LGhQ/cunbn35g+Ftp6SODk3Hu4uccNBVdgWd9GYm5+YXEpuZxaWV1b3zA3t8oqiCRlJRqIQFZdopjgPisBB8GqoWTEcwWruN3zYb1yx6TigX8N/ZA1PNL2eYtTAlpyzIxyYtvODfAprjcDUPgQ9xz7Jtdz9DnSr5HqmGkra42AZ4k9IenC3sXOI7zdFh3zS/to5DEfqCBK1WwrhEZMJHAq2CBVjxQLCe2SNqtp6hOPqUY8WmeAM1pp4lYg9fUBj9Tfjph4SvU9V3d6BDpqujYU/6vVImidNGLuhxEwn44HtSKBIcDDbHCTS0ZB9DUhVHL9V0w7RBIKOsGUDsGeXnmWlHNZO5/NX+k0ztAYSbSL9tEBstExKqBLVEQlRNE9ekIv6NV4MJ6Nd+Nj3JowJp5t9AfG5w8JGZyI</latexit>

s112 =

������

w1+0
1 w1+0

2 w1+0
3

w1+1
1 w1+1

2 w1+1
3

w2+2
1 w2+2

2 w2+2
3

������
������

w0+0
1 w0+0

2 w0+0
3

w0+1
1 w0+1

2 w0+1
3

w0+2
1 w0+2

2 w0+2
3

������

<latexit sha1_base64="MScJdqHkd3Qwaw5lflQ5epSAOQc="></latexit>

n = 3, N = 6

<latexit sha1_base64="iCrm5wQufIIehqVA2drKhZjHA+M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCBylJLeqlUvDiSSrYD2xD2Ww37dLNJuxuhBL6L7x4UMSr/8ab/8Ztm4O2Phh4vDfDzDwv4kxp2/62Miura+sb2c3c1vbO7l5+/6CpwlgS2iAhD2Xbw4pyJmhDM81pO5IUBx6nLW90M/VbT1QqFooHPY6oG+CBYD4jWBvpsSiq52fornpR7OULdsmeAS0TJyUFSFHv5b+6/ZDEARWacKxUx7Ej7SZYakY4neS6saIRJiM8oB1DBQ6ocpPZxRN0YpQ+8kNpSmg0U39PJDhQahx4pjPAeqgWvan4n9eJtX/lJkxEsaaCzBf5MUc6RNP3UZ9JSjQfG4KJZOZWRIZYYqJNSDkTgrP48jJplktOpVS5Lxdq12kcWTiCYzgFBy6hBrdQhwYQEPAMr/BmKevFerc+5q0ZK505hD+wPn8A3SaPEg==</latexit>

vandermonde �

<latexit sha1_base64="68vN84sqL7uQLteQVWNzYJ2bU14=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g63gqiSloMuCLlxWsA9oQ5lMbtqhk0mYmRRqKP6KGxeKuPU/3Pk3TtsstPXAvRzOuZe5c/yEM6Ud59taW9/Y3Nou7BR39/YPDu2j45aKU0mhSWMey45PFHAmoKmZ5tBJJJDI59D2Rzczvz0GqVgsHvQkAS8iA8FCRok2Ut8+HRMRgIxi03G5dwtck3LfLjkVZw68StyclFCORt/+6gUxTSMQmnKiVNd1Eu1lRGpGOUyLvVRBQuiIDKBrqCARKC+bXz/FF0YJcBhLU0Ljufp7IyORUpPIN5MR0UO17M3E/7xuqsNrL2MiSTUIungoTDnWMZ5FgQMmgWo+MYRQycytmA6JJFSbwIomBHf5y6ukVa24tUrtvlqq1/I4CugMnaNL5KIrVEd3qIGaiKJH9Ixe0Zv1ZL1Y79bHYnTNyndO0B9Ynz+tf5Sr</latexit>



-1

-1

-1

-1

-1

-1

-1

-1

-1

-1

0 1 2

0 1 2 3 4 5

where A(w) = 1
w � 1.

<latexit sha1_base64="1ZVDkZyKoz+xkJlv+VUhJt1bWEA=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AixIPLbgjoRYl48RjBPCBZwuykNxky+2Bm1hBC8OKvePGgiFe/wpt/4yTZg0YLGoqqbrq7vJgzqWz7y8gsLa+srmXXcxubW9s75u5eXUaJoFCjEY9E0yMSOAuhppji0IwFkMDj0PAG11O/cQ9Csii8U6MY3ID0QuYzSpSWOubBsA8CcOGqODzBF7jtC0Kd4alTsDpm3rbsGfBf4qQkj1JUO+ZnuxvRJIBQUU6kbDl2rNwxEYpRDpNcO5EQEzogPWhpGpIApDuevTDBx1rpYj8SukKFZ+rPiTEJpBwFnu4MiOrLRW8q/ue1EuWfu2MWxomCkM4X+QnHKsLTPHCXCaCKjzQhVDB9K6Z9olNQOrWcDsFZfPkvqZcsp2yVb0v5ymUaRxYdoiNURA46QxV0g6qohih6QE/oBb0aj8az8Wa8z1szRjqzj37B+PgGa0CU2w==</latexit>

F (x1, x2, x5) = D2
2D1s113 =

������

w1
1 w1

2 w1
3

A(w1)w2
1 A(w2)w2

2 A(w3)w2
3

A(w1)2w5
1 A(w2)2w5

2 A(w3)2w5
3

������
�

<latexit sha1_base64="OBr/HzE+jHQR1sGQ297HH8eyiTc="></latexit>

Then A(wi) =
1
wi

� 1

<latexit sha1_base64="uvgLn/1TgpiNZxPe0h0eENY1DCE=">AAACB3icbVDLSsNAFJ3UV42vqEtBBluhLixJKehGqbhxWaEvaEOYTCft0MkkzEyUErpz46+4caGIW3/BnX/jtM1CqwcunDnnXube48eMSmXbX0ZuaXlldS2/bm5sbm3vWLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o+up374jQtKIN9Q4Jm6IBpwGFCOlJc86NBtDwmHxqnTv0RN4AXuBQNhJ9Wty6hQ9q2CX7RngX+JkpAAy1D3rs9ePcBISrjBDUnYdO1ZuioSimJGJ2UskiREeoQHpaspRSKSbzu6YwGOt9GEQCV1cwZn6cyJFoZTj0NedIVJDuehNxf+8bqKCczelPE4U4Xj+UZAwqCI4DQX2qSBYsbEmCAuqd4V4iHQQSkdn6hCcxZP/klal7FTL1dtKoXaZxZEHB+AIlIADzkAN3IA6aAIMHsATeAGvxqPxbLwZ7/PWnJHN7INfMD6+ARIcluU=</latexit>

discrete derivatives

<latexit sha1_base64="wDaSdwmifzIU3WYmOo4sb2TDSu0=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAbBU5gJAT0GvHiMYBZIhtDTU0ma9Cx09wTiEPwVLx4U8ep/ePNv7CRz0MQHBY/3qqiq5yeCK+0431ZhY3Nre6e4W9rbPzg8so9PWipOJcMmi0UsOz5VKHiETc21wE4ikYa+wLY/vp377QlKxePoQU8T9EI6jPiAM6qN1LfPAq6YRI0kQMknRp2g6ttlp+IsQNaJm5My5Gj07a9eELM0xEgzQZXquk6ivYxKzZnAWamXKkwoG9Mhdg2NaIjKyxbXz8ilUQIyiKWpSJOF+nsio6FS09A3nSHVI7XqzcX/vG6qBzdexqMk1Rix5aJBKoiOyTwKEnCJTIupIZRJbm4lbEQlZdoEVjIhuKsvr5NWteLWKrX7arley+MowjlcwBW4cA11uIMGNIHBIzzDK7xZT9aL9W59LFsLVj5zCn9gff4A9t6Vgw==</latexit>

Let wi =
zi

(1�r2)y .

<latexit sha1_base64="7VisK3rgE7gjuycAHTDa+QX7GB0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o61QF5akFHSjFNy4cFHBPqCNYTKdtEMnD2YmSgxZu/FX3LhQxK1f4M6/cdpmoa0HLhzOuZd773FCRoU0jG8tt7C4tLySXy2srW9sbunbOy0RRByTJg5YwDsOEoRRnzQllYx0Qk6Q5zDSdkYXY799R7iggX8j45BYHhr41KUYSSXZ+v4VkbB0b1N4BnsuRzh5sGmalM1jfls9itNKydaLRsWYAM4TMyNFkKFh61+9foAjj/gSMyRE1zRCaSWIS4oZSQu9SJAQ4REakK6iPvKIsJLJKyk8VEofugFX5Us4UX9PJMgTIvYc1ekhORSz3lj8z+tG0j21EuqHkSQ+ni5yIwZlAMe5wD7lBEsWK4Iwp+pWiIdIBSJVegUVgjn78jxpVStmrVK7rhbr51kcebAHDkAZmOAE1MElaIAmwOARPINX8KY9aS/au/Yxbc1p2cwu+APt8wdWq5jB</latexit>
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012

Pr(x1, x2, x5) =
1

Z
F (x1, x2, x5)F (N � x5, N � x2, N � x1)

<latexit sha1_base64="iVebr/UFQfnzMjK0WrupcwMBWuU="></latexit>

The red MNLP process is a
C-valued determinantal process

<latexit sha1_base64="nIYjiF5yFI6SPtIZoLkhZK80Ldg="></latexit>

Pr(x1, x2, x5)

<latexit sha1_base64="KXNZXyj3QpgX60SPW0gtJeWHASc=">AAACB3icbVDLSsNAFJ34rPEVdSmUYBEqSElKRVdScOOygn1AG8JkOmmHTiZhZiItITs3foJ+ghsXirj1F9z5N07SLrT1wIXDOfcxc7yIEiEt61tbWl5ZXVsvbOibW9s7u8befkuEMUe4iUIa8o4HBaaE4aYkkuJOxDEMPIrb3ugq89t3mAsSsls5ibATwAEjPkFQKsk1inqDl5NevijxaIzTsWufjt2qqrP0xDVKVsXKYS4Se0ZK9eJjhqeGa3z1+iGKA8wkolCIrm1F0kkglwRRnOq9WOAIohEc4K6iDAZYOEl+PjWPldI3/ZCrYtLM1d8TCQyEmASe6gygHIp5LxP/87qx9C+chLAolpih6SE/pqYMzSwUs084RpJOFIGIE/VWEw0hh0iq6HQVgj3/5UXSqlbsWqV2o9K4BFMUwCE4AmVgg3NQB9egAZoAgXvwDF7Bm/agvWjv2se0dUmbzRyAP9A+fwDsKZxw</latexit>

1

<latexit sha1_base64="tDB/0/RVPsYu8ccnJzye9ZMJqEI=">AAAB9XicbVDLSgNBEOz1GddX1KOXwSB4Crsa0JMGvHiMYB6QrGF20psMmX0wM6uEJf/hxYMiXv0I/8Cbf+Nkk4MmFjQUVd3T0+UngivtON/W0vLK6tp6YcPe3Nre2S3u7TdUnEqGdRaLWLZ8qlDwCOuaa4GtRCINfYFNf3g98ZsPKBWPozs9StALaT/iAWdUG+ne7uRPZL5Icex2iyWn7OQgi8SdkdLV51mOWrf41enFLA0x0kxQpdquk2gvo1JzJnBsd1KFCWVD2se2oRENUXlZvnJMjo3SI0EsTUWa5OrviYyGSo1C33SGVA/UvDcR//PaqQ4uvIxHSaoxYtNFQSqIjskkAtLjEpkWI0Mok9z8lbABlZRpE5RtQnDnT14kjdOyWylXbp1S9RKmKMAhHMEJuHAOVbiBGtSBgYQneIFX69F6tt6s92nrkjWbOYA/sD5+AEDvlI8=</latexit>

2

<latexit sha1_base64="fkZ+B2b+tnAVcbpYRAxjh1lBQqQ=">AAAB9XicbVDLSsNAFL2prxpfVZdugkVwVZJa0JUW3LisYB/QxjKZ3rZDJ5MwM1FK6H+4caGIWz/CP3Dn3zhNu9DWAxcO59w7d+4JYs6Udt1vK7eyura+kd+0t7Z3dvcK+wcNFSWSYp1GPJKtgCjkTGBdM82xFUskYcCxGYyup37zAaVikbjT4xj9kAwE6zNKtJHu7U72RBrwBCflbqHoltwMzjLx5qR49XmWodYtfHV6EU1CFJpyolTbc2Ptp0RqRjlO7E6iMCZ0RAbYNlSQEJWfZisnzolRek4/kqaEdjL190RKQqXGYWA6Q6KHatGbiv957UT3L/yUiTjRKOhsUT/hjo6caQROj0mkmo8NIVQy81eHDokkVJugbBOCt3jyMmmUS16lVLl1i9VLmCEPR3AMp+DBOVThBmpQBwoSnuAFXq1H69l6s95nrTlrPnMIf2B9/ABCc5SQ</latexit>

5

<latexit sha1_base64="IqTEy6a/zk4KIGo+QNQkNn/+ykk=">AAAB9XicbVDLSgNBEOyNr7i+oh69DAbBU9jViJ404MVjBPOAZA2zk04yZPbBzKwSlvyHFw+KePUj/ANv/o2TTQ6aWNBQVHVPT5cfC66043xbuaXlldW1/Lq9sbm1vVPY3aurKJEMaywSkWz6VKHgIdY01wKbsUQa+AIb/vB64jceUCoehXd6FKMX0H7Ie5xRbaR7u509kfoiwfFZp1B0Sk4GskjcGSlefZ5mqHYKX+1uxJIAQ80EVarlOrH2Uio1ZwLHdjtRGFM2pH1sGRrSAJWXZivH5MgoXdKLpKlQk0z9PZHSQKlR4JvOgOqBmvcm4n9eK9G9Cy/lYZxoDNl0US8RREdkEgHpcolMi5EhlElu/krYgErKtAnKNiG48ycvkvpJyS2XyrdOsXIJU+ThAA7hGFw4hwrcQBVqwEDCE7zAq/VoPVtv1vu0NWfNZvbhD6yPH0b/lJM=</latexit>

}

<latexit sha1_base64="hL9WLjSoP1bUswyM7TLOgSCoDTU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQU9S8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5aKYJ+hEdSR5yRo2VHkr92aBccavuAmSdeDmpQI7moPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx6oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE177GZdJalCy5aIwFcTEZP43GXKFzIipJZQpbm8lbEwVZcamU7IheKsvr5N2rerVq/X7WqVxk8dRhDM4h0vw4AoacAdNaAGDETzDK7w5wnlx3p2PZWvByWdO4Q+czx/TII18</latexit>
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<latexit sha1_base64="a1JSWdW4/ND2+84w0k2ENzOiGEg="></latexit>

By Cauchy-Binet and Jacobi-Trudi,

<latexit sha1_base64="lgiVuWWTlDkIvctJ/g97mdoBLo0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwMGE3BLSSkDRiFSEvSEK4OztJhszOLjOzwhJS2/grNhaK2PoFdv6Nk0ehiQcuHM65d+be40WcKe0431ZqbX1jcyu9ndnZ3ds/sA+PGiqMJaF1EvJQtjxQlDNB65ppTluRpBB4nDa9UWXqNx+oVCwUNZ1EtBvAQLA+I6CN1LNPywmuQEyGSa5sntAYhI/vgIQey9Vk7LPLnp118s4MeJ W4C5JFC1R79lfHD0kcUKEJB6XarhPp7hikZoTTSaYTKxoBGcGAtg0VEFDVHc9OmeBzo/i4H0pTQuOZ+ntiDIFSSeCZzgD0UC17U/E/rx3r/nV3zEQUayrI/KN+zLEO8TQX7DNJieaJIUAkM7tiMgQJRJv0MiYEd/nkVdIo5N1ivnhfyJZuFnGk0Qk6QxfIRVeohG5RFdURQY/oGb2iN+vJerHerY95a8pazByjP7A+fwBcIJlp</latexit>

which is a Toeplitz matrix determinant...

<latexit sha1_base64="vCYQYVulhbLpyXfYpgFRmOZYfD4=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgzXEXAlpJwMYyQr4gCWFvM0mW7O0du3NqDPkNNv4VGwtFbK3s/DduPgpNfDDweG+GmXlBLIVBz/t2Uiura+sb6c3M1vbO7l52/6BqokRzqPBIRroeMANSKKigQAn1WAMLAwm1YHA18Wu3oI2IVBmHMbRC1lOiKzhDK7WzZ3d9wftUGMpoOQK7Eh9oyFCLe9oBBB0KxRS6rtvO5jzXm4IuE39OcmSOUjv71exEPAlBIZfMmIbvxdgaMY2CSxhnmomBmPEB60HDUsVCMK3R9KUxPbFKh3YjbUshnaq/J0YsNGYYBrbTXts3i95E/M9rJNi9aI2EihMExWeLuomkGNFJPrQjNHCUQ0sY18LeSnmfacZtFiZjQ/AXX14m1bzrF9zCTT5XvJzHkSZH5JicEp+ckyK5JiVSIZw8kmfySt6cJ+fFeXc+Zq0pZz5zSP7A+fwBac+dSw==</latexit>

hk = [tk]
nY

i=1

1

1� twi

<latexit sha1_base64="W7jbpk6LEw+qLtYEbx6w2Uo11Oo="></latexit>

Z = det
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<latexit sha1_base64="VIIZB5w+Br2L9ix2ASalCnIrj/o="></latexit>

where H̃(z) = (1� z)n�1
H(z)2.

<latexit sha1_base64="dz+ebhL6U1UDm5zAh7hFoG3Luhw=">AAACEXicbVC7SgNBFJ31GeMramkzmAhJkbAbAtooAZuUEcwD8mJ2cpMMmZ1dZmaVZMkv2PgrNhaK2NrZ+TdOHoUmHrhwOOde7r3HDThT2ra/rbX1jc2t7dhOfHdv/+AwcXRcVX4oKVSoz31Zd4kCzgRUNNMc6oEE4rkcau7wZurX7kEq5os7PQqg5ZG+YD1GiTZSJ5F+GIAEnGpqxruAS+lxBl/htJMdZ9qRyDqTqdLOp3KdRNLO2TPgVeIsSBItUO4kvppdn4YeCE05Uarh2IFuRURqRjlM4s1QQUDokPShYaggHqhWNPtogs+N0sU9X5oSGs/U3xMR8ZQaea7p9IgeqGVvKv7nNULdu2xFTAShBkHni3ohx9rH03hwl0mgmo8MIVQycyumAyIJ1SbEuAnBWX55lVTzOaeQK9zmk8XrRRwxdIrOUBo56AIVUQmVUQVR9Iie0St6s56sF+vd+pi3rlmLmRP0B9bnDxFOmfk=</latexit>

Local probabilities can be obtained from the associated projection kernel.

<latexit sha1_base64="HWLbuGlgpUeOuabUBh9+P0/UASc="></latexit>



Thank you 


