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The bve vertex model] a generalization of the lozenge tiling mod

A conbguration has probability Zie"X *hY r¢ wherer is the number of corners
v IS the number of vertical edgesh is the number of horizontal edges.

a special case of the six-vertex mod (! !'"
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lozenge tilings and the 5-vertex mode
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The 5 vertex model with r = 1 Is the lozenge tiling model

r # 1 means blue and green lozenges “interact”.
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when r < 1, o(s,t) is piecewise analytic: stochastic line

l—s—t+(1—r"%)st=0
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General r case: how to find the free energy F(X,Y)?

No determinant formula...need to use Bethe Ansatz

that is, find an explicit diagonalization of the 2% x 2% transfer matrix 7T

5 7
1_H I I H I I T({1,5,6},{3,57)) = rte®
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TX(A, B) is the total weight of conbgurations starting in state A and ending &
steps later in state B.

The Free energyF, (X, Y ) is determined from the leading eigenvalue ofT .

_ 1
F(OX,Y) = |\||||r"n Wlog! .



Eigenvectors are determinants

For n = 3 particles, the eigenvectors are of the form

Lz Zy" Z5

F(x1,X2,X3) = 1A(z1)Zy?  A(Z2)z32  A(z3)Z3° |
A(21)%Z5°  A(22)%23°  A(z3)%z5°

where A(z) =(1 ! r?)L 1 1. Here thez are distinct roots of

NAGZ) = (-1)" ! HA(ZZ-).

(and y = e")



NA) = (—1)"H HA(ZZ-).

Lemma F(X1,X2,X0+ N)= F(Xg,X1,X2).

Proof:

F(z1, 22,20 + N) =

Z ! A(z)z; ! z; 0
— | A(z)z™ - (H A(z) 1) A(z)227 — | A(z)2"
A(2)%2) 27 1 A(2;)3 2 27 e A=)




To check that F' is an eigenvector,
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TF(ZUl,QZ’Q,SUg Z Z Z Tff,’gjjgg y17y27y3)'

y1=x1+1ya=w2+1ys=x3+1

Applying the sum to the determinant (we just give the first column),
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Zf213(21)'+w2f1y10!:til)(zl)
= | A(21) (272 B(21) + 272y*' ®2D(z1))
A(z1)2(2) T B(2) + yN T ®a2®2 D(2))

where
TQ:U/Z _(1! 7“2)y/z! 1

B(z)=1! a1 T

212 A(z1) + 20 y™2 T
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Probabilities
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Schur function

_"'—|—UJ%UJ2’U}3—|—...
S$112 —

140
0
140 UJ%_'_ w%_l_l
’U)l 2 N
1+1 wl "
“1 2 5492 w2
2+ w2
- 0 0+0
— 040 0+ w?
S112 = w4 w%+1 041 ‘\ comdermonde A
wOH UJ2 , UJ%_I_Q
1 0+ w
02 0
’U]l ’UJ2



2
F(x1,x9,25) = D5D18113 =
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discrete derivatives f 0 1 2 3 4 5

where A(w) = + — 1.
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The red MNLP process is a

1 5 C-valued determinantal process



ik 1
hi = [tk]H T 7

1=1

By Cauchy-Binet and Jacobi-Trudi,

1 -1 ha D
1 hy he hs hsa hs 1 —1 h2 h3
Z=det |0 1 hy ha hs hg 1 -1 11 h2
0 0 1 hy hy hs 1 —1 0 11

which is a Toeplitz matrix determinant...

hs hy s )
Z =det | ho hs hy where H(z) = (1 — 2)" 1 H(2).
hi ho hs

Local probabilities can be obtained from the associated projection kernel.




Thank you



